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Preface 



The current volume constitutes the proceedings of the International Conference in 
Algebraic Topology, held on the Isle of Skye, Scotland in June 2001. 

Many of the the talks at the conference focused on categorical decomposition 
techniques currently used in algebraic topology, such as Goodwillie’s “calculus of 
functors” and the various approximation techniques that have proved so useful for 
the study of classifying spaces. 

The contents represent these, and other themes in algebraic toplogy, as they 
are being developed by experts in the field. For instance, the homotopy theory of 
classifying spaces is represented by the articles of Aguade-Broto-Saumell, Davis 
and Iwase-Mimura. The papers by Betley, Kuhn and Panov-Ray-Vogt deal with 
general categorical decomposition techniques. The papers of Anton, Goerss-Henn- 
Mahowald and Hodgkin- Ostvaer bring us to the forefront of computational homo- 
topy theory. Other papers deal with assorted topics of current interest in algebraic 
topology. 
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The Functor T and the Cohomology 
of Mapping Spaces 

Jaume Aguade, Carles Broto, and Laia Saumell 



1. Introduction 

In his fundamental work [15] Lannes has introduced a functor T defined in the 
category /C (resp. U) of unstable algebras (resp. modules) over the Steenrod algebra 
which has many important applications in homotopy theory. This functor is, in 
some sense, the algebraic analogue of the mapping space functor Map(BI/, — ) for 
an elementary abelian group V. More precisely, there is a functor T = Ty: JC ^ JC 
which is adjoint to the functor - 0 H*{BV) : /C /C, and which computes, under 
some hypothesis, i/*(Map(5F, — p )). Here, and throughout this paper, H*{—) 
denotes iJ*(— ;Fp) for some fixed prime p and denotes the p-completion of 
Y in the sense of Bousfield-Kan ([7]). We also assume that all constructions are 
done simplicially. For practical purposes, one would like to work on a component 
of the mapping space containing a particular map /: BV X. This is done by 
considering an algebraic “connected component” of the functor T which we denote 
Tf. Hence, we will assume that we have fixed a map f:BV^Xso that we have 
a natural transformation 

r: Tf{H*{X)) = T{H*{X)) 0 ^t(h^x))o ^ H*{MMBV,X^)f) 

which is, under quite general conditions, an isomorphism. Here means Fp 

considered as a module over T{IT^X)^ via the restriction to degree zero of the 
adjoint of the map /* : H*X H*BV and Map(T, denotes the subspace 
of the mapping space Map(T, Z) which contains all maps g:Y Z with g* = 
/* : H''{Z) — > i7*(F). (In the cases which we deal with in this paper, this subspace 
is just the connected component which contains /.) 

It is clear that some hypothesis on X are needed for F to be an isomorphism. 
For instance, if we take H == 0, the spaces X such that F is an isomorphism are 
called Fp-good (cf. [7]) and it is known that there are spaces which are not Fp- 
good (cf. [6]). It is more difficult to find an example in which A is a 1-connected 
p-complete space with JT*(A) of finite type and, nevertheless, T does not compute 
the cohomology of the mapping space. We provide an example of this kind in the 
last section of this paper. 



The authors acknowledge support from DOES grant PB97-0203. 
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The relationship between TfH*{X) and iJ*(Map(BT/, X^) /) was made clear 
in the work of Dror-Smith ([10]) and Morel ([17], [18]). It turns out that Tji7*(X) is 
isomorphic to the continuous cohomology of the profinite space Map(BI/, Y) where 
Y is the p-completion of the profinite completion of X. On the other side, there are 
some well-known conditions on the low-dimensional behavior of TfH*{X) which 
imply that F is an isomorphism. Lannes ([15]) proves that F is an isomorphism 
if H*{X) and TfH*{X) are of finite type and TfH*{X) vanishes in degree 1 or, 
more in general, if TjiF*(X) is free in degrees < 2 (see [15], 3.2). The purpose 
of this paper is to find more general conditions which imply also that F is an 
isomorphism. 

In [1] it was necessary to compute the cohomology of some mapping spaces 
in cases in which the functor T does not vanish in degree one and where Lannes’ 
freeness condition does not hold. The problem was solved there by some ad hoc 
method adapted to the specific value of TfH*{X). The same kind of problem was 
encountered in [8] and again an ad hoc method was devised to solve it. Once again, 
along the investigation of the classifying spaces of Kac-Moody groups from a ho- 
motopy point of view ([2], see also [3]) it was necessary to compute the cohomology 
of some mapping spaces in cases when Lannes’ condition does not hold. 

What we want to do here is to put all these ad hoc methods into a quite 
general framework in such a way that we can deduce from a single theorem all 
computations of the cohomology of mapping spaces that we have just mentioned 
as well as some other computations which could arise. In Section 3 we introduce 
a condition - which looks rather technical but has many direct applications - 
called T -representability or finite T -represent ability and then Theorem 3, our main 
theorem, states that finite T-represent ability together with the usual finiteness 
conditions is a sufficient condition for the homomorphism 

r: Tf{H*{X)) ^ F*(Map(W,X;)/) 

to be an isomorphism. 

This condition of T-represent ability looks much more complex than Lannes’ 
freeness condition. However, we show in Sections 4 and 5 of this paper how this 
condition of T-representability can be deduced from the low-dimensional behavior 
of Tf{H*{X)). This provides us with several concrete examples of cases in which 
the functor T effectively computes the cohomology of the mapping space. We 
recover Lannes’ criterion, as well as the cases which have been studied in [1], [8] 
and [2]. Our arguments here heavily depend on group cohomology calculations. 
The main idea in Sections 4 and 5 is to reproduce the low-dimensional behavior 
of TfH*{X) by the cohomology of a finite p-group P. 

Given a p-complete space X and a map f : BV X^ the structure in low 
dimensions of Tf{H*{X)) is formally captured by an auxiliary algebra L that we 
define as follows. Let Wf denote the Fp- vector space of elements of degree one of 
T/(iF*(X)). Adjoint to the inclusion it is defined a map of unstable algebras over 
the Steenrod algebra U{Wf) — > T/(iF*(X)), where U is Steenrod’s free unstable 
algebra functor. If Q 2 denotes the kernel of this map in degree two, we obtain 
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a factorization U{Wi)//U{Q 2 ) Tf{H*{X)) which is an isomorphism in degree 

one and a monomorphism in degree two. We define L = U{W*)//U{Q 2 )> 

To one such algebra L, we attach a system of finite p-groups C(L) by the 
property that their mod p cohomology algebras mimic the behavior of L in low 
dimensions; more precisely, a finite p-group belongs to C(L) if there is a homo- 
morphism of unstable algebras over the Steenrod algebra p: L H*{P) which 
is an isomorphism in degree one and a monomorphism in degree two. The par- 
ticular nature of the system C{L) would imply T-representability and even finite 
T-representability. The case in which the system consists of only one finite p-group 
behaves particularly well and is developed independently in Section 4. In cases in 
which we can deduce finite T-representability, we also show that the fundamental 
group of Xp) f is either a finite p-group of the system or a pro-finite 

p-group obtained as a limit of a chain in the system. 

As said before, the paper ends with an example where T does not compute 
the cohomology of Map(TI/, )/ for some 1-connected space X of finite type. 
This example helps in understanding the scope of the main theorem. 

We are grateful to F.-X. Dehon for his comments on a previous version of 
this paper. 



2. Finiteness conditions and the geometric interpretation of T 

To simplify the notation, let us say that a connected space Y is of finite Zp- 
type if 7Ti{Y) is a finite p-group and Tii{Y) is a finitely generated Zp-module for 
all % 1. Let us say that Y is of finite IF^-type if H^(Y^ is a finite-dimensional 

Fp- vector space for all i. For 1-connected, p-complete spaces, both conditions are 
equivalent (see [1], 5.7). On the other side, if Y is of finite Zp-type then Y is p- 
complete and of finite Fp-type. To prove this, consider the universal cover of T, 
Y -^Y ^ A(7Ti(T), 1). y is of finite Fp-type and tti{Y) is a finite p-group. Hence, 
by [7] II. 5. 2 the fibration is nilpotent in the sense of [7], II. 4 and Y is p-complete. 
Then, the Serre spectral sequence shows that Y has also finite Fp-type. 

We would like to remark that a finitely generated Zp-module is an Ext-p- 
complete abelian group in the sense of [7], VI. 3. Conversely, an Ext-p-complete 
abelian group A has a canonical structure of Zp-module given by a natural iso- 
morphism A = Ext(Zpoo, A). This implies that the category of finitely generated 
Zp-modules is a. full subcategory of the category of abelian groups. Moreover, these 
same ideas can be used to prove that the category of finitely generated Zp-modules 
is closed under abelian group extensions. 

Let us recall also the well-known fact that lim is an exact functor in the 
category of towers of finite groups and in the category of towers of finitely gener- 
ated Zp-modules (Jensen, [14]). Also, a homomorphism of towers of finite groups 
{Gs} {Hs} is a pro- monomorphism (pro-epimorphism) if and only if it induces 
a monomorphism (epimorphism) lim Gs lim Hg . 
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Finally, we recall the geometric interpretation of the functor T developed by 
Dror Farjoun-Smith in [10]. Let X be a space such that H*X is of finite type 
and vanishes in degree one. Then ttiX is Fp-perfect and we get that X^ is simply 
connected, p-complete and H*X = H*Xp. Also, the homotopy groups of X^ are 
finitely generated Zp-modules. Let /: BV — > X be a map and consider TfH^X. 
Let {PgXp} be the Postnikov tower of X^ and denote Eg = Map(BF, PgX^ 

{fs is the map induced by /). Then Dror Farjoun-Smith prove ([10]) that 

TfH*X 

the isomorphism being induced by the natural map. Hence, the homomorphism 
T: Tf{H*{X)) 

is an isomorphism if and only if H"'{holimEs) = limH*{Es) and so the problem 
that we are investigating in this note is, in a certain sense, a problem about the 
commutation of homology and inverse limits. 

We claim that the spaces Es are of finite Zp-type. We prove this by induction 
on s. Recall that the spaces Eg are defined by Eg = Map(PP, PsX ^) . Hence, we 
have principal fibrations Eg Eg-i whose fibre is a union of components from 
Map(PV, X(7TsXp , s)). Each component is a product of Eilenberg-MacLane spaces 
{BV;7TgXp)^ j)^ 1 < j < s. Notice that X^ is simply connected. Hence, if 

we take into account the remarks on the category of finitely generated Zp-modules 
that we have made above, the homotopy long exact sequence of these fibrations 
yields the result by induction. 



3. T-representability 

Here is our condition on the low-dimensional behavior of TfH*X: 

Definition 1. We say that f: BV X is T -representable if there is an increasing 
sequence a{s) and a map of towers 

9- {^^a(s)} {-B4 

such that 

1. Bg = K{Gg^ 1) and Gg is a finite p- group for all s. 

2. g induces a pro-isomorphism in Bfi and a pro-epimorphism in H 2 . 

3. JT*(lmGs) = \im H*{Gg), induced by the natural map. 

If we have a T-representation g\ {^s}, then we denote B^o = 

holimPs and Goo = limGs. Then, since the groups Gg are finite, we have Poo = 

i^(Goo,l). 

Here are some straightforward examples of T-representability: 

1. If TfH*X vanishes in degree one then we get T-representability in a trivial 
way, by taking Bg = ^. 
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2. lfTfH*X is free in degrees < 2 (see [15], 3.2) we also get T-representability in 
the following way. Let W be the Fp- vector space TjH*X. We can take {Bs} 
to be the constant tower {K{W,1)}. Then, conditions 1 and 3 are trivially 
satisfied and 2 is just the condition of being free in degrees < 2. 

In the next sections, we present some other examples of T-representability. 
In order to prove that T is an isomorphism we need that the T-representation 
satisfies some finiteness condition. Notice that a T-representation {Tq,(s)} {Bs} 
produces a structure of iL*(Goo)-module on TfH*X = lirn JT*(Tg). 

Definition 2. We say that /: BV ^ X is finitely T -representable ifTjH^X is 
of finite type and there is a T-representation ^ {Bs} such that either of 

these conditions holds true: 

1. Goo is a finite p- group. 

2. H*{Goo) is of finite type andToTfil^^ ^{TfH*X,¥p) is finite- dimensional in 
each total degree. 

In most practical cases, it happens that TfH*X is free over i]T*(Goo) and the 
above finiteness condition on Tor holds trivially. 

We are now ready to state the main result of this paper which says that 
finite T-representability implies that the functor T computes the cohomology of 
the appropriate mapping space. 

Theorem 3. If X is a space of finite ¥p-type such that H^X — 0 and f : BV X 
is finitely T -representable, then 

T: Tf{H%X)) H%MMBV,X^)f) 

is an isomorphism. Furthermore, Ma,p{BV,Xp)f is p- complete and if the tower of 
p-groups {Gg} provides a T-representation and we write Goo = lim Gg, then we 
have 7Ti Map{BV, Xp) f = Goo- 

Proof We want to show that iL*(holim Tg) = 1^ H*{Es). We will work in homol- 
ogy. Notice that if we assume that both TfH*X = lim H*{Es) and iL*(^oo) are 
of finite type then we have that if » (lim Gg) = lim H^{Gs) and we need to prove 
that H^{holim Es) = lim if^(Tg). 

We start with a T-representation {Es} {-^s} (we take o;(s) = s without 
loss of generality) and we denote by Tg the homotopy fibre of the map Es ^ Bg. 
Then, we split the proof in several steps. 

(1) Without loss of generality, we can assume that Eg is connected. 

To see this, consider (f)g \ niEg ^ iriBg and define B'^ = TT(Im(/)g, 1). We have 
a map of towers {Eg} {B^} and if we could prove that ^ {5g} is a weak 
pro- homotopy equivalence ([7], III. 3) then it would be clear that {Eg} {B^} is 
also a (finite) T-representation with connected fibers. 

Recall now that the maximal subgroups of a finite p-group are normal and of 
index p. Then, define iigCiGg to be equal to Gg if (j)g : iiiEg T^iBg is onto and to 
be a maximal subgroup of Gg containing the image of niEg if (j)g is not onto. We 
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want to show that {Hg} {Gs} is a pro-epimorphism i.e., we need to show that 
limGs/Hs = 1. By hypothesis, {Hi Eg} {HiGg} is a pro-epimorphism and so 
it is {HiHg} {HiGg}. But the cokernel of HiHg — > HiGg contains a copy of 
Gg/Hg. 

(2) The tower {HiFg} is pro-trivial. 

We have for each s a fibration Eg ^ Eg ^ Bg with connected fibre. Notice 
that the spaces Eg are of finite Zp-type and so they are p-complete and of finite Fp- 
type. Hence, to prove that {HiFg} is pro-trivial we can prove that the (ascending) 
tower of finite Fp-vector spaces {H^Fg} is pro-trivial. 

Let us consider the cohomology Serre spectral sequences Et'*{s) of the fi- 
brations F, 5,. Let a G E°'\s) = H°{Bs-,WFs) = and let 

us consider da G H^Bg. Since {H^Bg} — > {H^Fg} is a pro-monomorphism, if we 
take s large enough we can assume da = 0. Hence, a represents an element in 
H^Eg not in the image of H^Bg. Since {H^Bg} {H^Eg} is a pro-epimorphism, 
again if we take s large enough we see that a = 0. 

Thus, we have seen that for any s there is h such that 

{WFgf^ ^ {WFg^hf^^^ 
is trivial. We finish now with a lemma: 

Lemma 4. Let {V^} be an ascending tower of ¥p-vector spaces. Let {Gi} be a 
descending tower of finite p-groups. Assume that each Vi is a Gi-module and that 
the obvious coherence condition is satisfied. Then, if the tower of invariants 
is pro-trivial then the tower {Vi} is also pro-trivial. 

Proof. Recall that when a finite p-group G acts on an Fp-vector space V, then there 
is a finite filtration of V by G-submodules, 0 = C V^^^ C • • • C V^^^ = V 
such that G acts trivially on each quotient V^'^^ 

In our case, we want to prove that for any s there is N such that Vg Vg^N 
is the trivial map. We find N by induction along the filtration of Vg. Assume 
we have found h such that all elements of vj^"^ die in Vg^h- By hypothesis, all 
elements in (Vg^h)^^^^ die in some Vg^h^k- Since ^ Vg+h factors through 

it factors also through and so -+ Vg+h+k is trivial 

and the induction goes on. □ 

(3) The tower {HiFg} is pro-constant for any i. 

This statement is the point where the finiteness assumption is needed. To 
prove that the tower {HiFg} is pro-constant it is enough to show that \im HiFg 
is finite. This is proven using the Serre spectral sequence or the Eilenberg- Moore 
spectral sequence, depending on which finiteness condition we assume. 

If Gg is a finite p-group then we use the (homology) Serre spectral se- 
quence in the following way. The fibrations Eg ^ Eg ^ Bg produce an inverse 
system of Serre spectral sequences of finite-dimensional Fp-vector spaces 

H^{Bg, H^Fg) => H^Eg. 
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Since lim is exact in this context, we get a spectral sequence 

H^Fs) UmH^Es. 

By hypothesis, this spectral sequence converges to a graded F^- vector space of 
finite type. Let us investigate the £^^-term. First of all, we have an isomorphism 
(use the spectral sequences of Theorem 4.4 in [14]) 

H^Fg). 

Now, HiFg is a lim Gg-module via ImGs Gg and Gg is a finite p-group. Hence, 
HiFg has a finite filtration whose factors have trivial IrnGg-action. By the T- 
representability hypothesis, iJ*(lmGs; N) = \^H^{Gg; N) if N' is a trivial FpG^- 
module. Then, by induction along the filtration of HiFg and using the exactness 
of Im on finite Fp- vector spaces, we get isomorphisms 

= ^Im jH>^(Gs; H^Fr) = lim H^{G g] H^Fg). 

r s s 

Hence, we have a spectral sequence starting at H^{l^Gg;limH^{Fg)) and con- 
verging to something of finite type. By hypothesis, lim Gg is a finite p-group. Then, 
we can show inductively that lim H^{Fg) is of finite type, using the following easy 
lemma: 

Lemma 5. If G is a finite p-group and M is an ¥pG-module such that Hq{G;M) 
is finite, then M is finite. 

Proof. Let / be the augmentation ideal of FpG. Since G is a finite p-group, it is 
well known that H = 0 for some n and so it suffices to prove inductively that 
F M/F^^M is finite. M/IM = Hq{G;M) is finite by hypothesis. The homology 
exact sequence 

Hi{G-,rM/r+^M) ^ Ho{G-,r+^M) -> Ho{G-,rM) 
yields the inductive step. □ 

If the finiteness condition 2 (involving Tor) is assumed then we use the coho- 
mology Eilenberg- Moore spectral sequence. It converges strongly by [11] because 
the fundamental group of the base space is Gg, a finite p-group, thus acting nilpo- 
tently on the mod p cohomology of the fibre. In the limit, the exactness of lim 
produces a spectral sequence 

The assumption on Tor implies that lim H*Fg is of finite type. 

(4) holimFg is p- complete, simply connected, and H^{holim Fg) = limH^Fg. 

This is proved as follows. For a space X let us denote by {RgX} the Bousfield- 
Kan Fp-tower of X ([7]). Each RgFg is Fp-nilpotent, and therefore the coaugmen- 
tation of Rg induces a weak pro-homotopy equivalence {RgFg} {RgRgFg}. 
Hence, also the map {RgFg} {RgRgFg} obtained by applying the functor Rg to 
(f): Fg ^ RgFg is 8i weak pro-homotopy equivalence and then, the map of towers 
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{Fs} {RsFs} induces pro- isomorphisms {Hi{Fs)} = {Hi{RsFs)} for all i (see 
[7], III.6.6). Now the tower of fibrations of Fp-nilpotent spaces {RgFs} satisfies the 
hypothesis of Lemma 9.3 in [5] . We can conclude that holim RgFg is p-complete and 
simply connected and there are pro- isomorphisms {i7i(holim RsFs)} = {Hi{RsFs)} 
for all i. Since each Fg is p-complete, holim RgFg = holim Fg. We deduce that there 
are pro- isomorphisms (holim Fg)} = {Hi{Fg)} for all i and the claim follows. 

(5) Final step. 

Consider the inverse system of fibrations {Fg ^ Eg Bg}. For simplicity, 
let us denote Eoo = holim Eg, Foo = holim Fg. Since the homotopy fibre of a map 
is a particular kind of homotopy limit, we have a fibration Foo Eoo Eoo. 

As discussed above, the fibrations Fg Eg Bg produce an inverse system 
of Serre spectral sequences of finite Fp-vector spaces 

H4Bg;H,Fg) ^ H,Eg 
and a limit spectral sequence 

lmF*(Fg;F*Fg) ^ \imH,Eg. 

Let us analyze the F^-term of this second spectral sequence. He have seen that 
the tower {H^Foo} is pro- isomorphic to the tower {H^Fg}. Notice now that it is 
easy to show that a homomorphism of towers is a pro- isomorphism if and only if it 
is a pro-isomorphism of pointed sets. We mean that {iL^cFoo} and {H^Fg} are also 
pro-isomorphic as towers of Fp Goo -modules. Hence, the towers [H^{Boo] H*Foo)} 
and {H^{Boo', F*Fg)} are pro-isomorphic too and this implies that 

F,(Foo;77*Foo) - lm//,(Foo;F,Fg). 

Now, the same argument as in step 3 of the proof shows that 
l\mH^{Boo;H*Eg) = lim H^{Bg;H:,Fg) 

and the proof of the theorem is complete. □ 



4. Examples I 

In this section and in the next one we want to show how we can obtain T- 
representability for cohomology algebras, assuming some low-dimensional condi- 
tions on Tf{H*{X)). As we have already pointed out, if we assume that r/F*(X) 
is free in degrees < 2 then we have T-representability in a trivial way, by a con- 
stant tower BW where W is an Fp-vector space, and we want to deal now with a 
more general situation. 

Given two algebras over the Steenrod algebra A and F, we will say that 
a /C-map /: F ^ A is an n-equivalence if it is bijective in degrees r < n and 
injective in degree n. A sequence of connected algebras over the Steenrod algebra 
C ^ B ^ A is called an n- approximation of A if the composition is trivial in 
positive degrees and induces an n-equivalence BjjC A. T-representability will 
be seen to be related to n-approximations for small values of n. 
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If ^ is a finite type connected unstable algebra over the Steenrod algebra, 
we can obtain a 2-approximation of A in the following way. Let Wi be the Fp- 
vector space dual to A^. The Fp-linear map — > A extends to a /C-algebra 

homomorphism 

<p: U{W^)^ A, 

where U is Steenrod’s free unstable algebra functor. Let now Q 2 be the Fp- 
vector space dual to the kernel of in degree 2. Then, we have a canonical 2- 
approximation 

U{Q*2) — UiWl) A. 

This 2-approximation produces a central extension of finite p-groups in the follow- 
ing way. Let H 2 (Wi) — > Q 2 dual to the inclusion Q 2 C U‘^{Wi) = 

This defines an element u; G ] Q 2 ) and therefore a central extension of finite 

p-groups 

( 1 ) 1 ^Q2^P^Wi 1 . 

Then, one can check by a spectral sequence argument that tt induces a 2-approxi- 
mation 

(2) U{Ql) U{W,*) — H*{P) . 

Notice that this 2-approximation depends only on the structure of the initial al- 
gebra A in degrees one and two. 

As always throughout this paper, let X be a connected space of finite Fp-type 
withfL^(X) =0andlet/: BV -^Xbeamap. Assume that T/(iL*(X)) is of finite 
type and let us perform the above construction starting with A = Tf{H*{X)). We 
obtain a 2-approximation like (2). 

Theorem 6. If the 2 -approximation (2) associated to Tf{H*X) is a 3-approxima- 
tion, then f is finitely T -representable. 

Hence the question of finite T-representability is essentially reduced to one 
about group cohomology. Notice also that if Tf{H*{X)) is free in degrees < 2 then 
this theorem applies trivially {Ql = 0) and so this theorem generalizes Lannes’ 
criterion. 

Proof of Theorem 6. The idea here is to prove that the constant tower {BP} can 
be used to prove T-representability. Let {Eg} be the tower of fibrations with Eg = 
M&p{BV, PgX^) as in Section 2. It provides in mod p cohomology a direct system 
{H*{Es)} with limit Tf{H*{X)). On the other side, we have the canonical 2- 
approximation 



U{Q*2) — U{wn Tf{H*{X)). 
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Then, for some large index 5, there is a factorisation 

U{Wl)//U{Ql) 



H*{Es) — ^ Ts{H*{X)) 

Js 

where : U{Wi) — > H*{Es) is induced by a map Qs'. Eg ^ BWi which should 
lift to BP. Hence, we have a diagram 



H*(BP) 




U{W,*)//U{Q*^) H*{Es) — - Tf{H*{X)) 

9s JS 

where we defined g* — js o g*. Ptt* is a 3-equivalence by hypothesis and therefore 
g * : BP {BP) Tf{H*{X)) is a 2-equivalence. It follows that the obvious map of 
towers {Ps} ^ {BP} induces a pro-isomorphism in Hi and a pro-epimorphism in 
H 2 and so /: BV ^ X is T-representable. □ 

The question is now to decide when the sequence 

(3) U{Q*2) — U{W*) — H*{P) 

associated to a group extension Q2 ^ bFi is a 3-approximation. This question 
can be investigated by means of the Serre spectral sequence of the extension. The 
first differential ^2 : E^'^ ^2’^ is identified with the map 7/^ in (3) in degree 2. 

The next differential d^: E^' — > P3 is the transgression 

r: ■ Q*^ 

that satisfies r{l3q) — /3{'ip{q)) modulo limj. 

We thus have Fp- vector spaces isomorphisms El^ = W* = B^(P), and 
E^^ = U‘^{Wi)/Q 2 C H‘^{P), with complement isomorphic to E^ 0 E^\ and 
furthermore, there are exact sequences 

0 — - E^^ — ^ w; ® q*2 ^ u^{w^)iwi ■ q*2 — - 0 

0 ^E^J I3Q*2 U^W^)/W,* ■ Ql E^J C H\P), 

where m is given by multiplication in U{W*): m{uj ^ q) — uj ■ 'ip{q). 

It follows that the necessary and sufficient condition for (3) to be a 3- 
approximation is that m and r are injective. If p = 2, then m is always injec- 
tive because U{Wi) does not contain zero divisors but for an odd p this is not 
necessarily so. We have thus proved 

Proposition 7. (3) is a ‘^-equivalence if and only if either p — 2 and the trans- 
gression map r: Sq^Q^ U^{Wf)/Wf • Q 2 is injective; or p is odd and both 
the transgression r: / 3 Q 2 U^{Wf)/Wf • Q2 m\ Wf U^{Wf) are 
injective. □ 
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We will now look more closely at the particular case in which Q 2 is 1- 
dimensional generated by a quadratic form q G In this case the extension 

Z/p P ^ Wi is an extraspecial group and the cohomology of these groups 
has been largely studied. The mod 2 cohomology of extraspecial 2-groups was de- 
scribed by Quillen ([19]). At odd primes our knowledge is not complete. Diethelm 
([9]) and Leary ([16]) computed the mod p cohomology of extraspecial groups or 
order p^, A general reference is a beautiful paper by Benson and Carlson [4]. 

For p = 2, if ^ is the dimension of W* and h is the codimension of a maximal 
isotropic subspace of q in W*, we have 

iJ*(P; F2) = P[xi,X2, . . . , Xn]/{qo^ gi, • . . , Qh-i) ^ P[C] 

where X{ are all of degree 1, qo = q has degree 2, = Sq^ qi^ and deg^ = 2^. 

Corollary 8. Assume that p = 2 and T/(P*(A)) has a 2 -approximation 
urn — U{W^) Tf{H*{X)) 

where Q2 is generated by a single quadratic form q G U^{Wf) with the property 
that a maximal isotropic subspace of q has codimension h>2. Then f: BV X 
is finitely T -representable. □ 

Example 9. If p = 2 and T/(iL*(A)) has two generators x, y in degree one which 
satisfy a single relation q in degree 2, there are three possible cases: g = 
g = xp or g = x^ -f xp + p^. In the first two cases, the codimension of a maximal 
isotropic subspace is 1 and Corollary 8 does not apply. Here the group P is either 
Z/4Z X Z/2Z or the dihedral group of 8 elements. Those cases will be considered 
in the next section. In the case in which g = x^ + xp + p^, P is the quaternion 
group of order 8, h = 2 and Corollary 8 applies. □ 

If p is odd, g G H‘^{Wi) is not really a quadratic form. We have 
H^{Wi;¥p) ^ ^ (3Wf , 

thus g can be written as g = s + A, where s G A^(Pjf) is a symplectic form and 
A G fdWf a linear form. 

Corollary 10. Assume that p is odd and Tf{H*{X)) has a 2 -approximation 
U{Q*2) — U{W^) Tf{H*{X)) 

where Q 2 is generated by a single form g = s + A G Then, if both s and 

A are non-trivial, f : BV X is finitely T -representable. 

Proof. Let Z/p ^ P W\ be the extension classified by g = s -h A. If we write 
P*(Z/p) = P[z] C) A(t), the differential c?2 in the Serre spectral sequence of the 
extension hits the extension class d 2 {t) = g. If A 0, then g is not a zero divisor 
and ^3’^ = 0. The next differential is ds{z) — /3(g) = /3(s), and if s 7^ 0, then it 
is not divisible by A. Hence ds{z) ^ 0 in P3’* and 2; does not survive to P^*. It 
follows that U{Ei)//U{Q 2 ) ► P*(P;Fp) is a 3-equivalence. □ 
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Example 11 . If p is odd and Tf{H*{X)) has two 1-dimensional generators ^2, 
that satisfy a single relation q G (2/12/2, ^1, 3:2), where we write Xi = jSyi^ then there 
are three possibilities. 

1. U q — xi then P '^^ILjp and Corollary 10 does not apply. 

2. U q = yiy 2 then P is the non- abelian group of order and exponent p. Its 
mod p cohomology is described in [16]. Again Corollary 10 does not apply. 

3. If g = 2 / 12/2 + then P is now a non- abelian split metacyclic group of order 
p^. The cohomology ring was computed in [9]. Now, Corollary 10 applies. □ 

5. Examples II: Systems of p-groups with fixed 
low-dimensional cohomology 

This section is devoted to a further investigation of cases in which Theorem 6 does 
not apply. That is, cases in which the 2- approximation of Tf{H*{X)) determines 
an extension Q2 P Wi for which U{Wi)//U{Q2) H*{P;¥p) is not a 

3-equivalence (cf. Example 9 for ^ xy). 

Fix the algebra L = U{Wi)//U{Q2)- As a first step we attach to L a system 
of finite p-groups, or, more precisely, a system of isomorphism classes of finite 
p-groups: 

C(L) — {P finite p-group | there is a 2-equivalence p: L H*{P) } 

where we just write P for the isomorphism class that it represents. C{L) is a poset 
with the relation P < P' if there is an epimorphism tt : P' -» P. It is useful to 
observe that this epimorphism induces a commutative diagram in cohomology 

L 




H%P) ^ P*(P') 

where pi and p2 are 2-equivalences. In fact, if K is the kernel of tt, we have an 
exact sequence 0 ^ P^(P') ^ so that tt* is a monomorphism 

in degree 1, but H^{P) and P^(P') have the same finite dimension. This shows 
the commutativity of the diagram in degree 1. In degree 2 the commutativity of 
the diagram follows because L is generated by degree one elements. 

Now we state some properties of the system C(L). 

(A) If P G C{L) and 1 ^ V -^P'^P-^lisa central extension, with V 
elementary abelian p-group, determined by an inclusion E* C H‘^{P)^ then, 
P' G C{L) if and only if E* n p{L^) = {0}. 

(B) A relation P <P' can be refined to a chain P = Pi < P2 < P3 Pr = P' 

in C{L) such that, for each k there is a central extension 1 Vk ^ Pk 
Pk-i 1, with Vk elementary abelian p-group. 

(C) There is an initial element. Namely, the extension given by the 2-approxi- 

mation ^ U{W^) L. 
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(D) An element P in C{L) is maximal if and only if the 2-equivalence p: L ^ 
is actually an isomorphism in degree 2 . 

We will say that a system C(L) is of finite type if for any infinite chain 
PX,<PX2< '<P\S< ' 

the mod p cohomology of the p pro- finite group Px^ = limPA^ is of finite type 

andP*(PA^)^limP*(PAj. 

Before providing some examples of system of p-groups we show how to prove 
the above properties. For (A), we use the Serre spectral sequence for the extension 
1 ^ V ^P'^P-^ 1 . In low dimensions it provides an exact sequence 

(4) 0 H\P) H\P') H\V) ^ H^{P) H^{P') . 

But the differential c ?2 is given by the extension class, so, in our case it is identified 
with the inclusion V* C H^{P) and the exact sequence breaks to an isomorphism 
H^{P) = H^(P') and a monomorphism H‘^{P)/V* ^ H^{P'). The composition 
L H*{P) H*{P') in degree 2 factors through this monomorphism and this 

proves the statement. 

For (B) we start with an epimorphism P' P. If it is an isomorphism we are 
done, otherwise, let K be the kernel. Using the action of P' on K by conjugation 
we can find an elementary abelian subgroup of P, U, which is central in P', 
and then we can form the factorization P' P' /V P, and repeat the same 
argument inductively until we obtain a sequence of epimorphisms P' — Pr ^ 
Pr-i ^ P 2 Pi = P where each step is a central extension. We can 

compose the restrictions with the 2-equivalence p\ L ^ H*{P) and get a diagram 



L 




P*(Pl) — P*(P2) ^ ^ P*(Pr) ■ 

In degree one p and p' are isomorphisms, while the exact sequence (4) applies 
to each step 14 ^ P/c Pfc-i and then the morphisms in the bottom row 
are all monomorphisms, hence isomorphisms. In degree two (4) now implies that 
H\Pk-i) ^ H\Pk) factors as H\Pk-i) H\Pk-i)/V^ ^ H^{Pk) and 
since both p and p' are injective in degree two, it follows that at each step 
14 * n pk{L‘^) = {0} and then property (A) applies and Pk G C{L). 

We will now show that the central extension Q 2 ^ P W\ determined 
by L = U{W*)//U{Q 2 ) is an initial object in C(L), thus proving property (C). 
Assume that P' G C{L). The 2-equivalence p: L ^ H*{P') gives Wi = H^(P'), 
and then it gives an epimorphism P' W\ = Pi(P')- Let K be the kernel. 
The Serre spectral sequence for the extension 1 ^ iG ^ P' — > Wi — > 1 gives an 
exact sequence 0 ^ ^ H^{P'). The last homomorphism 

factors through L in degree 2 L‘^ H‘^{P') and so, therefore, Q 2 — 
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C H^{K). The dual of this inclusion provides an epimorphism K ^ Q 2 
and a map of extensions 

0 K P' ITi 0 



0 Q 2 P 0 

where the middle vertical homomorphism will also be an epimorphism, thus prov- 
ing P < P'. 

Finally we prove (D). Assume first that = H^{P) and that P' is another 

group in C{L) with P < P'. According to (B) there is another group P" G C{L) 
and a central extension V ^ P" ^ P. This extension is classified by an inclusion 
F* C H‘^{P), that according to (A) satisfies V* fl = 0. But this can only be 

true if y = 0, that is P" = P and then, also, P' = P. 

Conversely, if ^ H‘^{P) there is a non-trivial complement V* of 

in H^{P), defining a central extension V ^ P' P with P' G C(L), by (A), so 
that P < P' with P ^ P' and P is not maximal in C{L). 

Example 12 (The cyclic system). We call cyclic system to the system The system 
attached to A(x), a single exterior generator of degree 1, is called the cyclic system. 
Clearly, C(A(x)) consists of an infinite chain of cyclic groups Pi = with 

limit Poo = Zp. so, this is a system of finite type. 

Example 13 (The dihedral system). The system attached to P[x,y]/{x‘^ + xy) at 
the prime 2 is called the dihedral system. This system consists of dihedral, gener- 
alized quaternion and semidihedral 2-groups. The respective cohomology rings are 
described in [12, 13] (see also [20]). For dihedral groups, n > 1, 

H*{D 2 ^+ 2 ) = P[x, y, w\/[x^ + xy) 

with X and y of degree 1 and w of degree 2. Clearly, pn- P[x,y]/{x^ + xy) 
H*{D 2 n+ 2 ) is a 2-equivalence and has codimension 1 in degree 2. A possible com- 
plement q for Im pn in degree 2 is either ic, ic + w x‘^ or ic -h + y^, and 
the respective central extensions are either the dihedral group ^2^+3, for q — w., 
or equivalently for y = ic + -h y^, the generalized quaternion group (52^+3, for 
q = w + y‘^^ that gives the cohomology ring 

H*{Q2<^+3) = P[x,y,v]/{x'^ + xy,y^) 

where degx = 4, or the semidihedral group SD2n+3^ for y = re -h x^, with coho- 
mology ring 

H*{SD2n+3) = P[x, y, u, t]/ (x^ + xy, xii, x^,u^ + (x^ + 2/^)0 

where deg u — 3 and deg t = A. 

Since the given maps 

Pn+i: P[x,y]/{x'^ + xy) H*{Q2n+3) 
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or 

Pn+i - P[x,y]/{x‘^ +xy) H*(SD2r.+3) 

are 3-equivalences, the generalized quaternion groups and the semidihedral groups 
are maximal elements in the system. 

Therefore, we have only one infinite chain in the system. The one consisting 
of the dihedral groups 



BD2i+2 BD. 



Bth 



2i+i 






BDs. 



Notice that the group D 2 n is a semidirect product xj Z/2. We see that 

\\mD 2 r^ = Zp XI Z/2 with action given by sign change. Let Doo be the infinite 
dihedral group D^o — IL'a Z/2 = Z/2 * Z/2. Notice now that the fibration BZ 
BDoo BTjjl is homologically nilpotent. This implies that limD 2 r^ is the p- 
completion of Doo and that BDoo is F^-good. Hence 

F*(lmD2.) ^ H*{{BD^)^) ^ H*{BD^) ^ ¥2[u,v]/u^ + uv^ limff*(£)2n). 
So, C[P[x, y]/(x^ + xy)) is a system of finite type. 



We indicate one last example. The system associated to the remaining case 
of Example 9; that is L = P[x,y]/{x‘^) for p = 2. It is worth mentioning that, 
although L splits L = A[x] ^ P[y], the system is not only composed of products of 
cyclic groups. 



Example 14 (The system of L = P[x, p]/(x^) at the prime 2). For L = P[x, y]/ (x^), 
p = 2, the system C(L) consists of the groups Z/2^ x Z/2, with 

P*(Z/2^ X ZI2) ^ P[x,y,v]/{x^) ; degx = 2 

and the non-abelian metacyclic groups M 2 n+ 2 , n > 2, defined as the central ex- 
tension 

Z/2 M2r.+2 Z/2^ X Z/2 

classified by the extension class v-\-xy e x Z/2; Z/2). Their cohomology, 

as computed by Rusin [20, Lemma 10] is 

H*{M 2 n+ 2 ) ^ P[x, y, z, t]/{x^, xy^,xz, z'^) ; deg(z) = 3, deg(f) = 4 . 

In particular these are maximal elements in the system. Then, the possible infinite 
chains are chains of products of finite cyclic 2-groups and Z/2. The limit of such 
chains is Z 2 x Z/2, and therefore the system is of finite type. 



Assume that we have a space X of finite F^-type with B^(X) = 0 and a 
map /: BV X. If T/(P*(A)) is of finite type, then we have a 2- approximation 
U(QI) [/(Wf) T/(LT*(A)). Write L = U(W^*)//U(QI), and let C(L) the 

associated system of finite p-groups. 



Lemma 15. There is a chain of groups in C{L), Pi < P 2 < • * • < Pz • 
of towers 



9- ^ {BPi} 



, and a map 



such that 
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1. For each i, gi'. £’5(2) — > BPi induces a commutative diagram 



L 




H%P,) ^ Tf{H%X)) 

9i Js^ 

where pi'. L ^ H*{Pi) is a 2 -equivalence. 

2. For each i, the epimorphism iTi : ^ Pi satisfies 7r*(ker(js. o g*)) = 0. 

Proof. We construct the tower {BPi} and maps gi'. E^^i) BPi inductively, 
starting at gi'. Ps(i) PPi, where P\ is the initial object of C{L) and gi is 
constructed like in the proof of Theorem 6. 

Assume now that gi : Ps(j) — ^ BPi has been constructed. Denote = 
ker(js. o ^*) c H‘^{BPi). Since pi and p are 2- equivalences, fl pi{L‘^) = 0. 

Then, if we define Pj+i by the central extension ViJ^i ^ Pi classified 

by the inclusion C H^{BPi), belongs to the system C{L) by the prop- 
erty (A). Furthermore, there is a larger index s{i + 1) such that the composition 
C W{BPi) ^ ^ is trivial, SO that there is a lifting 

BPi^i 

^s(z+l) BPi-^i 

Es{i) BP K{Vi+i,2) 

and, by construction, 7r*(ker(j5. o^*)) = = 0. □ 

Theorem 16. Let X he a space of finite ¥p-type such that H^{X;¥p) = 0 and 
f: BV ^ X a map. Assume that 

( 5 ) U{Ql)-^UiWn-^Tf{H*{X-,¥j>)) 

is a 2- approximation 0/ T/(P*(A; Fp)) and L = U{Wi)//U{Q 2 ). If the system 
C{L) is of finite type, then f: BV X is T -representable. 

Proof According to Lemma 15 we can build a tower {BPi}, with Pi G C{L) and 
a map g: {^^(i)} ^ {BP^}. 

Eventually, the tower {BPi} might become constant. This would happen at a 
stage gi : Eg(^i^ BPi where ~ ker(js. o^*) = 0 (see the proof of Lemma 15); 
that is, js^ o g * : H*{Pi) Tf{H*{X)) is a 2-equivalence. 

Otherwise we obtain an infinite chain Pi < P2 < • • • < Pi < • • • in C{L). We have 
assumed that the system C{L) is of finite type, hence, if we write Poo = lim P^, 
then P*(Poo) = limP*(P^), and this is an Fp-algebra of finite type. Furthermore 
we obtain an induced map 
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which will be an isomorphism in degree one. Also condition (2) of the tower {BPi} 
stated in Lemma 15 implies that this is injective, hence a 2-equivalence. 

So, in either case, the map of towers g : {£'s(q } — > {BPi} is a T-representation 
for/:W->A. □ 

Remark 17. Notice that our conditions for a finite type system of p-groups C{L) 
includes already the fact that the pro-finite groups Poo obtained as limits of infinite 
chains in C(L) has finite type mod p-cohomology, so the only remaining condition 
for showing that /: BV ^ X is finitely T-representable is the Tor condition. 
The counterexamples in the last section will show that this condition cannot be 
removed. 

Remark 18. The cases analyzed in Section 4 correspond to the situation in which 
a system C{L) consists of a single element. Fix an algebra L = U{Wi^)//U{Q 2 ) 
and let P be the initial object of the system C(L); that is, P is the extension 
1 ^ Q 2 P ^ Wi 1 determined by the homomorphism U{Q 2 ) P(VF*). 

If the induced homomorphism p\ L H'"{P) is a 3-equivalence, then P is also a 
maximal element of C{L)^ thus P is the only element in C{L). 

Corollary 19. Let X he a space of finite ¥p-type such that H^{X) = 0 and f : BV 
X a map. If there is a 2- equivalence K{x) Tf{H'^{X)), where degx = 1, then 
f : BV ^ X is T -representable. 

This is the special case of T-represent ability that was studied in [1] 

Corollary 20. Let X he a space of finite ¥p-type such that H^{X) = 0 and f : BV 
X a map. If there is a 2- equivalence P[x^y]/ {x^Pxy) Tf{H*{X)), where degx = 

degy = 1, then f: BV X is T -representable. 

The situation encountered in this corollary is significant in the investigation 
of the homotopy type of the classifying spaces of rank two Kac- Moody groups ([2], 

[ 3 ]). 

Corollary 21. Let X he a space of finite ¥p-type such that H^{X) = 0 and f : BV 
X a map. If there is a 2-equivalence P[x,y]/{x‘^) Tf{H*{X)), where degx = 

degy = 1, then f: BV X is T -representable. 

Remark 22. As a final remark, let us note that all our above calculations assume 
only very little knowledge of the structure of TfH*X. This has the advantage 
that this structure can be recognized very easily. However, in many applications 
a richer structure can be successfully applied. These include the algebra structure 
in higher degrees, and also Steenrod operations in low degrees. A very impor- 
tant tool in many cases might be the Bockstein spectral sequence. This makes 
sense, since TfH*X inherits a Bockstein spectral sequence from the isomorphism 
TfBPX = limP*(Ps). If we have information about the higher Bockstein opera- 
tions in TfH^X we can obtain finite T-represent ability in cases where the funda- 
mental group of the mapping space Map(PH, X^) / is a finite abelian p-group, not 
necessarily elementary abelian. 
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6. A counterexample 

In this section we show a family of examples in which a particular component of 
a mapping space with source 5Z/p and target a 1-connected p-complete space of 
finite Fp-type is not p-good, hence T does not compute its cohomology. 

The idea is simple. Choose a space X which is 1-connected and of finite Fp- 
type, a non trivial map / : BZ/p ^ X, and a finite complex B which is p-bad. The 
space W = X A will also be 1-connected and of finite Fp-type, however for the 
composition w: Blj/'p X ^ W , the mapping space Map(BZ/p, is likely 

to be p-bad. We will work out the particular case X = CP^, / : BZjp — > CP^ a 
non- trivial map, and B = \/ S'^. 

Define Y = x and W as the homotopy cofibre of ^Y] 

that is IT = CP^ A {S^ V 5"^)+. We can easily obtain the mod p cohomology 
algebras of these spaces. We choose an odd prime p, although similar considerations 
can be made for p = 2: 

H*{Y) = P[e] O A[a,b]/{ab) , dege = 2, deg a = 1, deg 6 = m 
H*{W) ^ P[e] (g) A[x, y]/{xy) , deg x = 3 , degp - m + 2 . 

Moreover, the map g: Y ^ IT, from Y to the homotopy cofibre, induces in coho- 
mology p*(e) = e, g*{x) = ea, and p*(p) = eb. It follows that V^x ^ and 

= ye^~^. Notice that IT is 1-connected of finite Fp-type. 

The map PZ/pxCP"^ — > CP"^ induced by the multiplication Z/pxS^ 
extends to a map 

fi: BZ/p X CP^ X (5^ V S^) CP^ x {S^ V 5^) — ^ CP^ A (5^ V ; 

that is, /i: BZjp xY IT. If we write P*(PZ/p) = A[u] (g) P[v], the map in 
cohomology induced by /i is /i* : P*(IT) H*{BZ/p) (g) P*(T), determined by 
^*(e) = (g) 1 -h 1 (g) e, = 1 (g) ae, and g*{y) = 1 (g) 6e. 

Lemma 23. Let w: BZjp IT the restriction of pi to BZjp at the base point of 

Y. The adjoint of pA is an isomorphism p* : Ty^{P['" {W)) H*(Y). 

Proof. We sketch the proof. It follows the methods of [1 , §3] . H* (IT) fits in an exact 
sequence of unstable P*(IT)-W-modules that can also be seen as P[e]-ZY- modules 

0 — ^ xP[e] ^ yP[e] H%W) P[e] — > 0 . 

Since xP[e] = yP[e] = YeP[e] as unstable P[e]-W-modules, where E de- 
notes the suspension functor, we obtain T^j{xP[e]) = Tw{yP[e\) = YTyj{eP[e\) = 
X]p[e] = zP[e], with trivial Steenrod algebra action on z. Hence, there is an exact 
sequence 

0 aP[e] ^ bP[e] T^(P*(IT)) P[e] 0 
and the induced homomorphism e: H*{W) Tyj{H'"{W)) maps s{e) = e, e{x) = 

ae, and s{y) = be. Since the composition H*{W) ^ Tw{H*{W)) P*(T) 

should coincide with p*, it turns out that jP : T^{H*{W)) P*(T) is an isomor- 
phism. n 
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Corollary 24. /i induces a homotopy equivalence ^ y[d.p{B'L/p^W^)yo- 
Proof. It follows directly from Lemma 23 above and [15, 3.3.2]. □ 

According to [6], V 5^ is Fp-bad, hence, so is 1" = CP^ x (5^ V 5^). 
More precisely, Bousfield shows that, for m > 2, H 2 m{{S^ V S^)^) is uncountable, 
and this implies that H 2 m{Xp) is uncountable, as well. Also, in the case m = 1 , 
either H 2 {{S^ V S^)^) or V S^)^) is uncountable, and the same will be 

true for This means that, definitely, Tuj{H*{W)) is not isomorphic to 

P*(Map(PZ/p,iy;)^). 

For m = 1 , Tu,{H* (W)) is not T-representable. A[a,b]/ (ab) T^{H''{W)) 

is a 2 - approximation, but the possible towers of groups {Gs} associated to this 
2-approximation would give Goo = lim Gg = (Z * Z)p , the p-profinite completion of 
Z*Z, which is the fundamental group of (5^ V5^)p , but in this case \im H*{Gs) 7 ^ 
H*{Goo)- 

For m > 2, T^{H*{W)) is T-representable according to Example 12, but 
it is not finitely T-representable because Tor^’*^^ (Tu;(iL*(VF)), Fp) is not finite- 
dimensional in each total degree. We can decompose 

T^{H\W)) ^ P[e] 0 A[a, b]/{ab) ^ (P[ej O A[aj) 0 bP[e] 
as A [a] -modules, and then 

Tor;’;, Fp) ^ Tor;’;, ((F[e] ® A[a]) © bP[e],Wp) 

- Tor^’y [P[e] ® A[a], Fp) © Tor^’^ ( 6 P[e], F^) - P[e] © (r[ 7 o] ® bP[e]) 

where F[ 7 o] is an algebra of divided powers on a generator of total degree zero, 
thus making Tor*’*^^(T^<;(iL*(VF)), Fp) infinite-dimensional in total degree zero. 

This last example shows also that the condition on Tor cannot be removed 
from the hypothesis of the main theorem. 
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On Morava theories of an 
S'-arithmetic Group 

Marian F. Anton 



Abstract. We completely describe the Morava A'-theories with respect to the 
prime p for the etale model of the classifying space of VpD when 

p is an odd regular prime. For p = 3 and m = 2 (and conjecturally for m = oo) 
these cohomologies are the same as those of the classifying space itself. 



1. Introduction 

By using an Eilenberg-Moore type spectral sequence, Tanabe calculated the 
Morava i^-theories for the classifying spaces of certain Chevalley groups. In par- 
ticular, if K{n) is the n-th Morava X-theory with the ring of coefficients 

K{n)*{pt) = Fp[v„, ■(;;;■ 1] 

where p is a prime and Vn has degree 2(p^ - 1), and if g is a power of a prime 
different from p, then [12] 

(1.1) K{n)*BGL^{Fg) « K{n)* » j^(n)*(p^)[[ci, . . . , c^]] 

i.e., a ring of formal power series in certain “Chern classes” ci,. . . ,Cm modulo an 
ideal given in terms of generators. Here is the “Adams operation” induced from 
the Frobenius automorphism x oi the algebraic closure of the field 

with q elements. The same formula (1.1) holds for the p-adic version K[n) of K[n) 
obtained by replacing K[nY[pt) with k[nY[pt) = Zp[vn,v~^] where Zp denotes 
the ring of p-adic integers [12]. 

On the other hand, if A = Z[^, 1/p] and p is a regular prime in the sense of 
number theory, then Dwyer and Friedlander [5, 6] calculated the mod p cohomol- 
ogy of a space BGLm[A^t) which is naturally associated to the classifying space 
BGLm[A) of the S'-arithmetic group GLm[A). We call the space BGLm[Aet) the 
etale model at p for the classifying space BGLm[A) and recall that it is endowed 
with a natural map [4, 2.5] 

(1.2) Ia : BGLm{A) ^ BGL^[A,i) 
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The goal of this article is to show how we can use these two calculations in 
order to completely describe the Morava JT- theories with respect to the prime p 
of the etale model above. The main result is 



Theorem 1.1. If A = Z[^, 1/p] withp an odd regular prime, then the n-th Morava 
K -theory with respect to the prime p of the etale model BGLm{A^t) is an exterior 
algebra given by the formula 

KinyBGLmiAa) « K{n)*BGLm{W,){ai, . . . , 

where q is a prime = 1 mod p but ^ 1 mod p^ , the tensor product is over the 
ring K (n)* BG Lm{^ q) , cL'fid ai has degree 2i — 3 (1 < i < m). Moreover, the same 
formula holds for the p-adic version K{n). 

In particular, if m = oo and n = 1 (and conjecturally for n > 1) the above 
theorem and (1.1) give K{n) and K{n) theories of the classifying space BGL^{A) 
itself for p odd and regular, according to [7]. Here GLoo denotes the union of all 
GLn for n > 1 with respect to the block inclusions. 

Also, if p = 3 and m — 2, then we showed that the natural map (1.2) is a 
mod p equivalence [1] . Hence we deduce the following 



Corollary 1.2. The n-th Morava K -theory at the prime 3 of the S -arithmetic group 
GL 2 (Z[^, 1/3]) is given by 



Kin)*BGL2{Z[^,l/^) 



I^3K,t'n^][[g,C2]] 

{o7"' ,C 2 mod a’ 






where the degrees of the generators are \vn\ = 2(3^ — 1), \a\ = 2, \c 2 \ = 4, |cri| = — 1, 
|<J 2 | = 1, and the second generator of the ideal is up to an indeterminacy mod a. 
Moreover, a similar formula holds for the 3-adic version K{n). 



Notation 1.3. In what follows p is an odd regular prime when not otherwise stated 
and A = Z[Cp, 1/p] where (p = exp(27ri/p) is a prescribed p-th root of unity in the 
field C of complex numbers. 



0 

2. Etale models for classifying spaces 

2.1. The original definition 

Let R — Z[l/p], G a group scheme over Spec{R), and BG the classifying simplicial 
scheme obtained by a bar construction as in [8, 1.2]. Then the classifying space 
BG{D) of the group G{D) of the D-points of G where D is any finitely generated 
jR-algebra can be thought of as the connected component of a simplicial function 
complex [6, 1.4] 

( 2 . 1 ) BG{D) = Map^{Spec{D), BG)spec(R) 

containing the natural base point induced by the unit map Spec{R) — > G of G over 
Spec{R). We recall that Map{X, Y)z is a simplicial set given in dimension i by the 
set of simplicial scheme maps X (8) A[i] — > T over Z where X and Y are simplicial 
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schemes over Z (a scheme is regarded as a constant simplicial scheme) and A[i] is 
the standard simplicial i-simplex. The tensor product between a simplicial scheme 
and a simplicial set is defined in [8, 1.1]. 

Also, we recall that the etale topological type Xgt in the sense of Friedlander 
[8, 4.4] is a pro-space (i.e., inverse system of simplicial sets) which is naturally 
associated to a noetherian simplicial scheme X and refiects the etale cohomology 
of X. For any finitely generated i^- algebra D, let D^t denote the etale topological 
type Spec{D)ef By replacing Spec{D), BG, and Spec{R) in (2.1) by their etale 
topological types Det, (BG) 4 t, and the space BG(Det) is defined in [6, 1.2] as 
the connected component of the simplicial complex of p-adic functions over R^t 

(2.2) BG{D,t) = {BG),t)R,, 

containing the corresponding natural base point. This construction is similar to 
(2.1) and we can associate with each i-simplex of BG{D) an i-simplex of BG{D 4 .t) 
regarded by definition as a map of pro-spaces over R^t from D^t x A[i] to the 
fibrewise p-adic completion of {BG)^t over R^t denoted by (Z/p)*(BG)et [4, 2.4], 
This assignment is natural in both G and D and gives a map [4, 2.5] 

/g : BG{D) ^ BG{D,t) 

from the classifying space of the group G{D) to its etale model BG{Det) at p. In 
the case when G = GLm is the group scheme over SpecR corresponding to the 
general linear group G{R) = GLm{R) and D = A,we obtain the map (1.2). These 
definitions actually hold for any prime p. 

2.2. A model structure definition 

For convenience we will give an alternative way of thinking of (2.2) pointed out 
by Isaksen and based on his model structure. Namely, if pro-55 is the category of 
pro-spaces then there is a proper simplicial model structure on pro-55 introduced 
in [9] . This means that there are three classes of morphisms in pro-55 called weak 
equivalences^ cofibrations^ and fibrations subject to various axioms. Also there is a 
notion of simplicial function complex i.e., a natural assignment to each two pro- 
spaces X and y of a simplicial set Map{X, Y) interacting appropriately with the 
model structure [9, 16.2]. 

For the purpose of this paper we will use the induced proper simplicial model 
structure on the over-category pro-55y of pro-spaces over a fixed pro-space V. 
With respect to this model structure there is a relative simplicial function complex 
Map{X^Y)y naturally associated with every pair of objects X, T in pro-SSy. 
Keeping the same notations as in the previous subsection we have the following 

Proposition 2.1. For any finitely generated R-algebra D, the space BG{Det) is 
weakly equivalent to the connected component of the natural base point of the sim- 
plicial function complex Map{Det,Tp{BG)^t)R^^ in the over-category of pro- spaces 
over R^t, 

BG(Det) - Map\D,t,Tp{BGy)R,, 
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Here Tp{BG)et a fibrant replacement of {Z/p)*{BG)^t over R^t in the sense of 
the simplicial model structure of [9] . 

Proof. Let A - - {^a}, Y = (5G)et, and F = Ret. Then T F is a 

(strict) map of pro-spaces and let Tp{Y) be the level-space Moore-Postnikov tower 
naturally associated to the fibrewise p-adic completion of Y over V. Then we can 
think of Tp{Y) = {Tp{Y)s} as a pro-space over V = {Vs} and by definition [4, 2.3] 

(2.3) Homp{X,Y)v = holimscolimaMap{Xa,Tp{Y)s)vs 

where Map is the usual relative simplicial function complex of simplicial sets and 
holim denotes the homotopy inverse functor from pro-spaces to spaces [2, §6]. By 
[9, 10.6], the pro-space Tp{Y) is the fibrant replacement of Tp{Y) in the model 
structure of Edwards-Hastings. By standard arguments, the space (2.3) is weakly 
equivalent to 

Map{X,Tp{Y))v = limscolimaMap{Xa,Tp{Y)s)vs 

and the conclusion follows from (2.2). □ 



3. A homotopy fibre square 

3.1. Preliminaries 

We collect here a couple of known facts which will be used in the construction of 
a computable model for BGLm{Aet) given in the next subsection. This model is 
naturally associated to the action of 7Ti{Rst) on the p-primary roots of unity. 

Let D be a finitely generated normal i^-algebra and pt : Spec{k) — > Spec{D) 
a geometric point corresponding to a homomorphism from D to a separable closed 
field k. Then pt determines a base point of Det and we recall that 7Ti{Det^pt) is 
the pro-finite Grothendieck fundamental group of D pointed by pt [8, §5]. This 
group classifies finite etale covering spaces of Spec{D). 

Let be the set of all complex numbers z such that z'^ = 1 and iipoo the 
union of all /ip- for u >0. Let Roo denote the ring obtained from R by adjoining 
the set fipoo of all p-primary roots of unity, 

and r the Galois (pro-)group 

r = Gal{Roo.R) = {Aut{fip.),u> 1} ^ {(Z/p")*,zy > 1} 

In this context, observe that 7ri(i^^t) is the Galois group of the maximal 
unramified extension of R and let 

(3.1) 0:7Ti{Rst)-^r 

be the homomorphism given by the action of this Galois group on the p-primary 
roots of unity. In other words, R^t is provided with the natural structure map 
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i?4t ^ 1) which “classifies” the finite etale extensions R Also, A^t 

is provided with a natural structure map 

Ret ^ K{T, 1) 

If A: is a field, then k^t is a pro-space of type K{tt, 1), where tt is the Galois 
group over k of the separable algebraic closure of A:. In particular. Get is contractible 
and {¥q)et is equivalent to the pro-finite completion of a circle. If ^ Fg is a 
residue field map, then (¥q)^t is provided with a natural structure map 

(Fg)et-iiet^i^(r,l) 

as well. This structure map sends the Frobenius element of the Galois group of Fg 
over Fg identified with 7Ti((Fg)4t) to g G Aut{iipu) = [Zjp^y in F [6, 3.2]. 

3.2. A homotopy fibre square 

Let Um be the Lie group of m x m unitary matrices and BUm the p-completion 
of its classifying space. The following proposition is the unstable analogue of [5, 
4.5] and its proof is almost the same. For convenience, we review here the main 
arguments. 

Proposition 3.1. Let p be an odd regular prime, A = Z[(^p, l/p], and q a rational 
prime = 1 mod p but ^ 1 mod p ‘^ . Then there is a homotopy fibre square 

BGL^{A,t) ^ BC/y 



BGLm{¥g) > BU^ 

where IV is the wedge of {p — l)/2 circles, BUf^ denotes the simplicial function 
complex of unpointed maps from W to BUm, ci'^d the right-hand vertical map is 
the evaluation at the base-point. 

Proof. As in [5, p. 145] we construct a map 

(Fg),t V IT ^ A(F, 1) 

by sending the first summand via the natural structure map and mapping the 
other summand trivially. By a class-field argument (assuming the properties of q 
from hypothesis), there exists a map 

g : (Fg)et \/W A^t 

over K{T, 1) which is a mod p cohomology equivalence [5, p. 145]. In other words 
is a “good mod p model” for A in the sense of [6, 1.9]. This means that by a 
spectral sequence argument [4, 2.11] and using 2.1 for G = GLm the map g induces 
a homotopy equivalence 

MapO(A,t,Tp(BGL^)et)fl« ^ Map°((F,),t V W,Tp{BGLMR,. 
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which can be reformulated by saying that we get a homotopy fibre square 

BGLMt) ^ Map°{W,Tp{BGLmht)R,, 



BGL™((F,),t) > Map°{pt,Tp{BGLm)et)R,, 

where the right-hand vertical map is the evaluation at the base-point (the map 
pt R^t is induced from R C C recalling that C^t is contractible). To finish the 
proof, we need only to identify the appropriate corners of this square. 

For the two right-hand corners, we start with the fibration sequence [3, 2.3] 

(3.2) {{Z/p)s{BGL^^f^),t}s ^ {Z/py{BGLm)et ^ Ret 

where {(Z/p)s{—)}s denotes the Bousfield-Kan p-completion tower and BGL^ f^ 
is the classifying object of GLm over F^. Hence we get that 

Map^{pt,Tp{BG)et)R^t - holim{{Z/p)sBGL^ f^)^t}s - BUm 
where the last equivalence is proved in [8, 8.8]. Because the composite map 

7T1 w ^ r 

is trivial by construction, as in [4, p. 146] we get a homotopy equivalence 

Map^(W,Tp{BGLMR,. - BU^ 

where BU^ denotes the function complex of unpointed maps from W to BUm 
(basically 7Ti(i?et) acts on the fibre of (3.2) via 0). 

Finally, for the lower left-hand corner, there is a homotopy equivalence 

BGLm{¥,) ^ BGLm{{¥q),t) 

given in [3, 2.11] by exploiting the action of the Frobenius element on the fibre of 
(3.2) via the composite 

7Ti((F,),t) ^ ^ r 

and Quillen’s homotopy fix point description of BGLmi^q) [10]. □ 

4. The proof of the main theorem and its corollary 

4.1. Proof of 1.1 

The proof of the main theorem is based on Strickland’s analysis of unitary bundles 
in [11] applied to the homotopy fibre square 3.1. 

Let F be a complex vector bundle over a space X and write PV for the asso- 
ciated bundle of projective spaces and U{V) for the associated bundle of unitary 
groups 



U{V) = {{x,g)\x G X and ^ G U{V,)} 
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Let EU{V) denote the geometric realization of the simplicial space {U 

and put BUiy) = EU{V)/U{V) the usual simplicial model for the classifying 

space oi U{V). 

Let be an even periodic cohomology theory with complex orientation 
X G E^CP^. We are interested in describing E*U{V) as a Hopf algebra over 
E*X (using the group structure on U{V)). The main result involves the exterior 
algebra over the ring E*X generated by the module E*PV which we denote by 
and which is a Hopf algebra over by declaring E*PV to be 

primitive. 



Proposition 4.1 ([11, 4.4]). There is a natural isomorphism of Hopf algebras over 
E^X 



X*e^xE*~^PV ^ E*U{V) 



We apply this proposition to the tautological bundle 






over X = BUm- In this case, we have 



P*P7m 



E^BUmjx] 

{x^ P CiX^-^ -\- - - P Cm) 






where q is the i-th Chern class of 7m and the last isomorphism indicates that 
E*P^m is a free module over E*BUm with basis 1, x, . . . , x'^~^. In particular. 



(4.1) E*Uijm) « « E*BUm{a{l), . . .,a{x^p) 

where a lowers the degree by 1. 

Going back to the homotopy fibre square 3.1, we observe that BU^ is the 
{p — l)/2-fold fibre product of BU^ — P(7m) over BUm and for P* = K{n) or 
K{n) and any space X we have = E^X. In this case, if we apply E* to BU^ 
and use (4.1) we obtain 



E*{BU^)^{X 



E’BUr 



E 






E*BUm{a{l), 






where the tensor product is over E* BUm- In particular, E* {BUm ) is a free module 
over E^BUm — E^'BUm and therefore 1.1 follows from the above formula by a 
base-change induced from 3.1: 

E*BGLm{A,t) « E*BGLm{¥,) ®e^bu„ E*{BUZ) 

where q can be always chosen with the prescribed properties (by Dirichlet’s density 
theorem for instance). 
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4.2. Proof of 1.2 

This has been already explained in the introduction, except for the analysis of the 
formula (1.1) in the case p = 3, m = 2, and q = 7. The goal of this subsection is 
to complete this analysis. 



Proposition 4.2. Let p be an odd rational prime and a finite field with q elements 
such that q = I mod p^ but ^ 1 mod for some integer r > 0. Then 



K{nyBGL2{¥q) 



K{n)*{pt)[[a,C2]\ 
(aP"’^,c ^2 mod a) 



Proof According to Tanabe’s formula 



(4.2) K{nYBGL2{¥q) ^ {K{nYBU2h 

where the co-invariants are calculated with respect to the q-th Adams operation 
'0 [12]. Recall that 

(4.3) K{nYBU 2 ^ K {nY {pt)[[cu C2]] 

where ci = x -\-y and C 2 = xy are expressed in terms of the generators of the ring 
K{nY{CP^ X CP-) ^ K{nY{pt)[[x,y]] 

which are induced by a complex orientation on X(n)*(CP^) [12, 2.12]. It is easy 
to see that we can replace ci in (4.3) by the formal group sum a = x y 

of X and y (induced from the tensor product of complex line bundles). Then the 
proposition follows from (4.2) and the following lemmas 

Lemma 4.3. a — f){a) — (unit) x 

Lemma 4.4. C2 — ^>(02) = (unit) x ^ 



where “unit” means invertible element in (4.3). 



□ 



Proof of 4.3. Let us expand q in the ring Zp of p-adic integers as 

00 

9 = X] 

k=0 

where the coefficients ak G Z are subject to 0 < a/e < p, ao = 1, 7^ 0, and 

a/c == 0 for 0 < /c < r. Then for t = x or p we have 

= [9KO = X ^ = t + artP"" + ■■■ 

where [q]{t) means the formal group ^'-multiple of t. Hence, 

'Ip{a) = '4){x) ^ ^ = a + ^ 



and the conclusion follows. 



□ 
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Proof of 4 ‘4' With the same notations as in the previous proof, we have 



X = [— l](y) = —y mod a 

and hence 

C2 — '0(c2) = —x^ + ip{x)'if{x) = {unit) X x^ = {unit) x +^)/^ mod a. 



□ 
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0. Introduction 

In recent years we observe the growing interest in homological algebra in various 
categories of functors from small categories to vector spaces. Let F and Vp be the 
category of finite pointed sets and the finite-dimensional vector spaces over the 
prime field Fp respectively. The categories of functors from F or Vp to vector spaces 
over Fp ( denoted f and F respectively) are of the special interest because of their 
relations to Steenrod algebra, stable derived functors and many other questions 
from algebraic topology, see for example [K], [BS], [Bl], [PI] etc. Moreover the 
homological algebra in these categories turned out to be fairly well computable, 
see for example [FLS], [FFSS], [PI], [Bl], [BS]. But the most general calculations 
of Extjr-groups obtained in [FFSS] are still not satisfactory - for the purpose of 
studying filtrations on Eilenberg-MacLane spaces one has to study Ext and Tor 
groups in categories of functors when at least one variable is given as a composition 
of a functor with the symmetric power. 

Let denote the nth symmetric power functor as an object of F. The 
problem of calculating 

Exejr{Id, S^oS^) 

was successfully solved by Alain Troesch in [T]. He used the approach which turned 
out to be fruitful before (see [FLS] and [FFSS]). Roughly speaking one replaces F 
by the category V of polynomial functors and performs calculations of ExTp {., .). 
This problem is easier than the original one because the category V splits into 
homogeneous pieces. Having Ext-p-gTOups one can use old theorems from algebraic 
geometry which compare Extp and Extp. On the other hand homological algebra 
in f is also easily accessible, see for example [Bl]. In the following note we show 
how to use f instead of V to handle calculations of Ext*jr-gronps when one of the 
variables is a composition of a functor with S^. But we should warn the reader 
here: the category f will be used directly only in Chapter I, because we compare 
--groups and jFxt^-groups there. Later we will use only known calculations of 

Ext- groups and the crucial role of the category F will be deeply hidden. 

In order to get some new groups we will deal with the dual situation com- 
paring to [T]. It means we will work with the groups Ext'^{S'^ o 5^, Id). We hope 
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that techniques developed in this note will be fruitful in other calculations as well. 
The really new tools used here are comparison of Extjr and Extf. groups, the 
spectral sequence coming from this comparison and good understanding of the 
effect of the Frobenius map S'^ — > on Ext- groups. It is important to underline 

that the purpose of this note is to show new methods rather than getting the 
most general calculations. The project of calculating E'xtp-groups between clas- 
sical functors is still not finished but we hope that it is easier than working over 
E. Then the methods described below should give us for example a new way of 
attacking Extjr-groups from more “injective” to more “projective” functors (com- 
pare [FFSS, beginning of Section 5]). 

Let us finish the introduction by saying what stimulated us to perform cal- 
culations presented below. Our interest in doing them came from the effort to 
fulfill our promise from [Bl, 5.7]. We promised there to describe the multiplica- 
tive structure of the Steenrod algebra in the framework of functors. We expected 
to get Steenrod algebra multiplication as a kind of Yoneda product. It turned 
out to be more complicated that we expected while writing [Bl] because we 
could not find any good description of the generators. In the present paper we 
showed how to see in the natural way the Steenrod algebra generators in Extjr- 
groups. Our Theorem 2.1 below and other calculations can be interpreted in the 
following way. The even-dimensional Steenrod algebra generators from dimensions 
2p^ — 2 < j < 2p^+^ — 2 can be found in Ext"^{S^ o ^Id) while the odd- 
dimensional generators from the same range of dimensions appears naturally in 
the groups Ext"^{S^ o ^ ,7d). The symbol denotes here the nth reduced 
symmetric power functor (see paragraphs before Theorem 1.3 for the definition). 
But this Steenrod algebra point of view will not be discussed further in the paper 
because so far we do not have any good application of it. 

I would like to express my thanks to the referee for the careful reading of the 
manuscript and many useful suggestions improving exposition. 



1. Preliminaries 

Let us start from recalling the basic notation and definitions. For a given prime 
number p, Vp denotes the category of finite-dimensional vector spaces over the 
prime field Fp. By E we denote the abelian category of functors from Vp to vector 
spaces over Fp. F denotes the category of finite based sets and f stands for the 
category of functors from F to vector spaces over Fp. For the whole paper p denotes 
the odd prime number. Our methods work also for the prime 2 but the formulas 
are slightly different due to the fact that the description of the Steenrod algebra 
changes when one moves from 2 to odd primes. 

Let T be a functor from the category E. Let L : F — > Vp be a functor which 
sends a pointed finite set X to Fp[X]/Fp[0] where 0 is a base point in X. By L* we 
shall denote the dual of L in the ordinary linear algebra sense. We will treat T as 
an object of F just by composing it with L. Let Z : Vp — > F^^ be a functor which 
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has value E* on any vector space V. The following simple proposition is crucial 
for the whole project because it compares homological algebras in T and 

1.1. Proposition. For any natural number F ^ T and any G G we have 

Ext^:p{F, GoZ) = Extl^^{F oL\G). 

Proof. One directly checks that the functors L* and Z are adjoint. Moreover ob- 
serve that precomposition with L* is exact and takes the basic projective object 
in E defined by F G Vp to the basic projective object in F"^^ defined by V* treated 
as a finite set: 

Ep[HomF,{V,.)]oL%X) = Fp[Fom^^(F, L*(X))] 

= Ep[HomF,{L{X),Vn] = Fp[Homr{X,V*)] 
-Fp[Fomr(.,F*)](X). 

Let now • • • ^ Pi ^ Po F be the projective resolution of P in P consisting 
of the sums of basic projectives. Then • • • ^ Pi o L* ^ Po o L* F o L* is 
a projective resolution of P o L* in f consisting of sums of basic projectives. 
Applying Homjr[., G o Z) to the first and Homfop{-, G) to the second resolution 
we get two complexes of vector spaces which are canonically isomorphic. Hence 
they have the same homology and our proposition is proved. Observe that taking 
i = 0 we have shown that precomposition with Z and L* is a pair of adjoint 
functors between P and F^^. 

The proposition above is also obviously true without dualizing L. The only 
reason for writing it in a such contravariant fashion is the fact that for applications 
we are going to use very contravariant Remark 4.13 from [Bl]. As an immediate 
corollary of 1.1 we get the following “calculation” of Exip-groups of some compo- 
sition of functors. 

1.2. Corollary. 

Ext^Id, 5^* o L o Z) = Px4,^(L*, o L)*). 

We called this corollary “calculation” because the right-hand side of the 
equality above is known from [Bl,Part 4]. These groups are nontrivial only for 
n being a power of p and for n = they are the part of the Steenrod algebra. 
Observe that by the Kuhn’s duality defined in [K, Part 3.4] the left-hand side is 
isomorphic to 

Ext*j.{S^ o LJd) 

where we treat here L as a functor Vp Vp taking V to Fp[V]/ Fp[0]. 

We can treat any P G Vp as an abelian group. Having this point of view in 
mind we get a new object / of P given by the kernel of the augmentation map 

Fp[V] - Fp. 

It is easy to observe that the composition of the natural embedding and 
quotient I{V) Fp[V] L{V) is an isomorphism of functors. As usual we can 
filter the augmentation ideal by its powers and hence we have the corresponding 
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filtration on the functor L. By [Q] we know that the subquotients of this filtration 
are isomorphic as functors to the reduced symmetric powers L^. Let us recall 
briefly what are L’^’s. We consider an ideal A{V) in the full symmetric algebra 
5*(y) = generated by the image of the Frobenius map S^{V) 

SP(y). Then S*{V)/ A{V) is a graded vector space and its nth graded part defines 
L^iV). 

Let us chose a natural number n. Any filtration on the functor L determines 
a filtration on 5^^ oL. Of course it is not true that the quotients of the filtration on 
o L coming from the filtration by the powers of the augmentation ideal are of 
the form S'^ o L^. But homologically they are - we have only to use the beautiful 
observation from [T] (Theorem 4). 

1.3. Theorem. Let 0 ^ Fi ^ F2 ^ F3 ^ 0 be an exact sequence of objects in T 
taking values in finite-dimensional vector spaces. Let P be an object of T of finite 
degree. Call H the homology of 0 — > P o Fi P o F 2 P o — > 0 at P o P2- 
Then 

Ext^Id,H)^0. 

The same statement as in 1.3 is true for ExFjr{H^Id) and the proof is the 
same. Actually, the case of 1.3 with P = is much easier than the general 
case. We strongly suggest the reader to prove it yourself using the observation of 
Pirashvili from the appendix to [BP]. We formulate a simplified version of it here 
because it will be useful further on. 

1.4. Proposition. Let N : (Vp)’^ ^ Fp—vect be a functor such that N{Vi^ . . . , W) = 

0 whenever one of V^s is 0. Define G E P to be AT precomposed with the diagonal 
map Vp — ^ Let P G P be a functor of degree less than n. Then 

Extjr{G,F) = Extjr{F,G) = 0. 

As an immediate corollary of 1.3 we get 

1.5. Lemma. Let 0 — ^ Pi ^ P2 ^ P3 ^ 0 be an exact sequence of objects in P 
taking values in finite-dimensional vector spaces. Let P G P be a functor of finite 
degree. Let Q = P0P2/P0P1. Then the natural map Q ^ P o F^ induces an 
isomorphism Exf^{P o P3, Id) — > ExI^{Q, Id) 

Proof. Let K be the kernel of P o P2 ^ P o P3 . Then P o Pi embeds naturally in 
K and by 1.3 ExFj:{K / P o F\, Id) = 0. Hence the embedding PoPi K induces 
an isomorphism ExI^{K, Id) — ^ ExI^{P o Fi^Id). This proves our lemma by a 
long exact sequence argument and 5-lemma. 

Theorem 1.3 and Lemma 1.5 are formulated for short exact sequences of 
functors. We will use them usually for long exact sequences so the corollary below 
is formulated here for the readers convenience. 

1.6. Corollary. Let 0 ^ P ^ Ai ^ A2 ^ ^ — > G — > 0 be an exact 

sequence of objects in P. Let P be an object of P of finite degree. Assume that 
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for any 1 < i < k we have Exk^{Id^ = 0 and Ext"^{Id^ P o Ai) = 0. Then for 
any j 

Extj^ild, PoF) = ExP^^{Id, P o G). 

Proof. Let K = ker{Ak — > G). Then we have the short exact sequence 0 K ^ 
Ak G 0. Let Q ^ P o K P o Ak Q 0 he exact. By 1.5 we know 
that Ext^{Id, Q) = Ext^{Id, P oG). By the general homological algebra and the 
hypothesis of our corollary we have 

ExPjr\ld,Q) ^ ExEjr{Id,PoK). 

Now we can finish the proof by applying the same procedure to the short exact 
sequences 0 Ki Ak-i K 0, 0 ^ K 2 Ak -2 Ki ^ 0 etc. 

Of course Corollary 1.6 remains true also in the Exk^{.^ /d)-situation. Now we 
can have a closer look at S^oL. Using the filtration coming from the augmentation 
ideal we get a filtration of o L. We will say that two functors E and G are 
homologically the same if there is a map between them inducing an isomorphism 
on Exk^{., Id). By 1.5 we know that our filtration on S'^ o L has quotients which 
are homologically the same as S'^oL^. By basic homological algebra for the filtered 
object we get a spectral sequence with the second table given by 

1.6.1. E^/ = Ext^+^ (5" o id) 0 < s. 

Observe that all columns of this spectral sequences are modules over the well- 
known ring ExI^{Id, Id) (see [FLS, Theorem 7.3]) and the differentials preserve 
this module structure. 

1.7. Lemma. Assume that at least one of the numbers n and m is not a power of 
p. Then Ext*j,{S^ o Id) = 0. 

Proof. If n is not a power of p then S'^ is a direct summand in a tensor product 
of functors with value 0 at 0 (see for example [FLS, Proposition 6.1]). The same 
is true for the reduced symmetric powers. Hence if either n or m is not a power of 
p then o satisfies the hypothesis of our vanishing criterion 1.4. 

Now we know that our spectral sequence is nontrivial only for n = p^ and 
an s-column is (possibly) nontrivial only for s -\-l being a power of p. This means 
that we have E^'^ = E^'^ = . • • = E^I. Let me underline here that we will use 
these identifications very often in our future calculations. 

In order to be able to have any use from the spectral sequence described 
above we must check that it converges to ExI^{S'^ o L,/d). This is not obvious 
because our spectral sequence is not concentrated in the first quadrant but only 
above the line s 1 = 0, 0 < s. On the other hand we will know that it converges 
as we wish if we show that there are only finitely many nontrivial groups on any 
line described by the equation s + t = c. To see this we need two lemmas which 
will be useful also in further calculations. 

1 . 8 . Lemma. Ext^{S^ o , Id) = 0 for /c < 2(p^ T pd) — 5. 
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Proof. Let denote the Kuhn’s dual of S^. This means D^{V) = (5^(K*))*. By 
the general abstract nonsense we know ([K]) that Ext"^{F^G) = Ext"^{D{G),D{F)) 
where D{F) is the dual functor of F. Observe that D{S^ o S^) = o and 
D{Id) — Id hence we can study the groups Exf^{Id, o D'^) in order to prove 
our lemma. 

We have a Koszul exact sequence connecting S'^ and exterior power func- 
tor 

0 ^ A" -> ^ > A^ ® ^ 5" ^ 0. 

The functor is isomorphic to its dual so the dual exact sequence has the 

form: 

0 ^ D'*-! (g) A^ ^ > A" 0 

which is also exact. 

Connecting both these sequences into one at we get a sequence connecting 
and 5^ with all middle terms given by tensor products. If we precompose it 
with we obtain an exact sequence connecting o with o with 
all middle terms Ms given by some tensor product of functors with value 0 at 0. 
Hence by 1.4 for any s 

ExPjr{Id,Ms) =0 

and we get 

Ext%{Id, £>" o 5" o £)'"). 

Observe that we can do the same trick starting now from the sequence connecting 
and and composing it with 5^. Composition is of course not exact but by 
1.6 has the same effect on Ext^{Id^ .)-groups as if it was. Hence 

Ext^j,{Id, 5” o Z?™) = 5" o 5’"). 

So to get some nontrivial groups we must have 0 < / — 2m -f 2 and hence 2m -h 
2n — 4 < /c. 

1.9. Lemma. Ext^{S^" o , Id) = 0 for k < 2{p^ -h p^~^) — 4. 

Proof Let K be the kernel of the quotient map . The Frobenius mor- 
phism factors through K. It was shown in [Bl, Lemma 2.5] that K 

has a filtration with quotients given by tensor products of functors with value 0 at 
0. Hence the map K induces an isomorphism on Jr (., -groups and 

by the same argument which was used in 1.8 (in general by 1.3, 1.4 and 1.6) we 
get that the map 

ExPj.y{SP' O K, Id) ExP^iSP' O , Id) 

is an isomorphism (compare 4.2). On the other hand by 1.3 the non-exact sequence 

SP oK o -> SP' o PP' 

gives us a long exact sequence of Exf^f, /d)-groups. Then by the previous lemma 
we get our statement. 
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The more general version of the theorem below was proved in [T, Theorem 3]. 
In reality it was proved there for the groups Ext^{Id, F) but the proof in our case 
is completely the same by the Kuhn’s duality. This theorem is not necessary for 
our applications but simplifies a lot the description of the final result. 

1.10. Theorem. Let F be a homogeneous functor of degree p\ There exists a graded 
vector space A{F) such that 

Id) = A{F) (g) Fxf^{DP ' , Id). 

Moreover A{F) is trivial in dimensions bigger than 2p^ — 2. 

Troesch calculated A{F) for F being a composition of symmetric powers in 
terms of Fxtp-groups. We are going to use Fxtf. instead - this is the point where 
these two approaches take different routes. 



2. Calculations 

The goal of this section is to present methods of calculating FxI^{Sp , Id) and 
to calculate fully Fxt^jr{S^ o L^.M). But first let us emphasize what will be the 
main tool standing behind all our calculations. We proved in the previous section, 
starting after Corollary 1.6, that there exists a spectral sequence with the second 
table given by 

oL‘^+\ld) 0<s 

which has nontrivial elements only when n is a power of p and we look at the 
column s with s -h 1 being a power of p. The second differential in our spectral 
sequence maps ^ We know by 1.2 that our spectral sequence 

converges to 

all columns in it are modules over FxI^{Id, Id) and differentials respect these 
module structures. Moreover we know from [Bl, Section 3] that Fxtp^^{L* , {S^ o 
L)*) = Fp for k = 2l{p — 1), 2l{p — 1) + 1, / = 1, 2, . . . and is 0 otherwise. Hence 
we have a spectral sequence with interesting entries and we know the groups to 
which our spectral sequence converges. Our goal is to convince the reader that our 
information about this spectral sequence is strong enough to calculate its second 
table. 

By [FLS] we know the ring structure of Fxf^{Id, Id) coming from the Yoneda 
multiplication. Let us recall it: 



Fxt}r{Id, Id) = Fp[eo, ei, . . . , e/,, . . . ]/ ((e/,)^; h e N) . 

Moreover we know (also by [FLS]) the first column of our spectral sequence: 
F^'^ = Fxt^jr{S^, Id) = Fp for t = 2ip — 2, i = 1, 2, . . . 
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and the Ext"^{Id^ /d)-module structure is also clear from [FLS]. Perhaps a short ex- 
planation is needed here because to be honest in [FLS] the dual situation was con- 
sidered: they were working with Ext"^{Id^ S^). But observe that Ext"^{S^ ^ Id) = 
ExI^{Id, D{S^)). Then one can connect the Koszul exact sequence with its dual 
and get an exact sequence connecting D{S^) with giving us the formula 

Ext*yr{SP,Id) = Ext*/‘^P~‘^{Id,SP) 

which is equivariant with respect to ExI^{Id, Id)-mod\ile structures. Moreover 
using the same argument as in [FLS, Section 6 ] but working with the dual of the 
de Rham sequence one gets that the Frobenius Id — > induces an isomorphism 

Ext^SPJd) Ext}r{Id,Id) 

in all dimensions when the first group is nontrivial. 

Our goal now is to calculate the p — 1-column of our spectral sequence con- 
sisting of groups ExI^{S^ o L^^Id) starting from the spectral sequence’s indices 
{p — 1 , — p + 1 }. Observe that by 1.10 we have to calculate our groups up to degree 
2p^ — 2. By 1.9 our fourth nontrivial column (p^ — 1-column) has 0 up to total 
degree 2 (p + p^) — 4. So we have to understand only beginning parts of columns 
p — 1 and p^ — 1 . 

2.1. Theorem. Up to dimension 2p^ — 2 we have Extjr{S^ o L^^Id) = Fp for 
z = 2p — 1, 2k{p— 1), 2/cp — 3, 2kp~l where /c = 2, 3, 4, . . . ,p — 1 and is 0 otherwise. 

Proof. The beginning is simple: By 1.9 we can easily say that up to total degree 
4p — 4 all columns but 0 and p — 1 are trivial. The latter one is trivial in all 
dimensions smaller than 2p — 1 . The 0 column has Fp in degree 2p — 2 and is 0 
otherwise up to 4p — 2. We know the abutment of our spectral sequence: there are 
FpS there in degrees 2p — 2, 2p — 1 and 4p — 4. This forces the following calculation: 

Ext^P~\SP oLP,Id) = Fp 
Extf-'^iSP oLP,Id) = Fp 

Exfjr{S^ o Id) = 0 for z = 0, 1, . . . , 4p — 5, z 7 ^ 2 p — 1 . 

In order to go further with our calculations we need several lemmas and 
claims. 

2.2. Lemma. Up to dimension 6 p — 8 the only nontrivial groups in the p — 1 and 
p^ — 1 columns are given by 

Ext*P~^{SP o LP, Id) = Ext'^P^^SP o LP, Id) = Fp 

Extf~^{SP o LP\ld) = Extf~^{SP o LP\ld) = Fp. 

Proof. As a main tool here we will use Koszul and de Rham sequences connecting 
symmetric and exterior powers. Let us recall that for any n we have an exact 
sequence of Koszul 

0 -> A^-^ (8) 5^ > A^ (8) 0 
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which gives us the formula 

Ext^iS'^Jd) = Ext^^+\A^,Id) 
and hence also for any m 

Ext^{S^ o Id) = o L"*, Id). 

Also for any n we have de Rham sequence R^ : 

0 5” ^ ® A”-1 ^ A" ^ 0 

which is exact for n different than a power of p and satisfies 

as graded vector spaces, with homology starting from the place corresponding to 
. In other words we give R^ the homological grading with in dimension 0 
and in dimension n. Then H{RP'^) is nontrivial in dimensions • • • ,p^. 

If we denote as RJ^ o L'^ the sequence 

0 _> 5^ o (5^-1 ^A^)oL^ ^ > A^ o ^ 0 

then we have the corresponding formula for homology 

H,{RP^ oL^)=RP''~" oL^. 

We can associate two hyper-cohomology spectral sequences with Rp^ and Rp"" oRp^ 
the same way as it was done in all papers with computations of E^xtjr-groups. 
Both of them converge to the same groups and are given by the following formulas 
expressing the first of the one and the second table of the other: 

^El'* = ExEjriiRP’' ° LP')s,Id) 

^E^’* = Ext%{Hs{RP" oLP^), Id). 

It is important to underline here that these spectral sequences are coming from two 
standard different filtration on the same bicomplex so to get the formulas above we 
had to renumerate the second spectral sequence (comparing to conventions used in 
[FLS, Sections 5,6]). The result is that the differential in the first spectral sequence 
maps to ip;s+a,t-a+i second we have 2 ^s-a+i,t+a^ 

can fully calculate the second spectral sequence in the case n = 1 = j. 

2.2.1. Claim. There are only two nontrivial columns in namely the pth and 
p — 1. Both of them consist of groups Ext^{LP, Id). 

Proof of the claim. This follows immediately from 1.4 and the formula for the 
homology of the de Rham sequence. 

2.2.2. Claim. Ext^{LP, Id) = Ep for k odd and k ^ 2/p — 1. 

Proof of the claim. Consider the exact sequence of functors 0 — ^ /d — » 5^ — > > 

0. The first map is given by Frobenius and we know from [FLS] that it induces 
the isomorphism on Ext^{., Jd)-groups in all dimensions k in which Ext^{S^^ Id) 
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is nontrivial. Hence the rest follows from the long exact sequence of Ext-groups 
associated with the given short exact sequence of functors. 

2.2.3. Claim. converges to the groups Fp in dimensions {21 + l)p and {2k + 
l)p — 3 for / = 0, 1, . . . and A: = 1, 2, 

Proof of the claim. By our previous calculations we know that Ext^{S^ o L^, Id) 
is trivial up to dimension 4p — 4 but the dimension 2p — 1 where it is equal to Fp, 
In the first spectral sequence we have also only two nontrivial columns: 

= Ext*j.{APoLP, Id) 

^Ep = Ext*yr{SPo LP, Id). 

By the first observation and the Koszul exact sequence we get ^Ep = Fp and 
1 ^ 0 , p+i _ Q second differential 

2 T^PP 77 ' , TP 2 1,3 

i^2 — -Tp > Fp — Fj2 

is nontrivial. The rest is forced by the formula for ExP^{L^, Id) and the fact that 
the differential is a module map over ExI^{Id^ Id). 

Now we can come back to the proof of 2.2. We will use the first spectral 
sequence We know the groups to which it converges by 2.2.3, because ^E^^^ 

and converge to the same groups. By our previous calculations and the proof 
of 2.2.3 we know that ^E^'^ has in pth column zeros up to dimension 4p — 4 with 
the one exception. There is Fp in dimension 2p — 1. From this we get that the first 
column of it has Fp in dimensions p, 3p — 3, 3p — 2 and 3p and all the rest of the 
groups are trivial up to dimension 5p — 5. Hence again by Koszul exact sequence 
we get 

Extf-^{SP o F, Id) = Extf~^ {SP o LP, Id) = Fp. 

To get the calculation for o in the given range we have to proceed similarly. 
We have again two spectral sequences 

^Ep = Ext^j.{{RP oLP")s,Id) 

~^Ep = Ext*j.{Hs{RP oF^),Id). 

The second one has only trivial differentials by dimensional reasons. It has only 
two nontrivial columns {{p — l)st and pth) filled with Ext^{L^ ,Id) = Fp for 
k = 2ip — 1 and does not divide 2ip. Hence using the first spectral sequence we 
get 

Extp~^{AP o LP\ Id) = Extp~\AP o Id) = Fp 

forcing 

Extp-^{SP o LP\ld) = Extp-^{SP o f\u) = Fp. 

Now the easy part of our calculations is over. But the rest of the proof of 
Theorem 2.1 is still easy if we know 
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2.3. Theorem. The differential 

dj,:Fp = Ext‘^/~^{SP o LP, Id) = E^'^p-"^ = Extf~^{SP, Id) = Ep 

is an isomorphism. 

Section 3 is devoted to the proof of Theorem 2.3. Assuming it we can proceed 
as follows (remember we are in the range up to dimension 2p^ — 2): 

2.4. Lemma. The groups Extjr{S^ o Id) = Fp for i = 2p — 1, 2k{p — 1), 2kp — 3, 
2kp — 1 with A: = 2, 3, ... . 

Proof. In other words we are proving now that our groups are as they were de- 
scribed in 2.1 if they are nontrivial. This is obvious using spectral sequences coming 
from the de Rham sequence BF o and the equivalence obtained from Koszul 
exact sequence ExPj:{S^ o Id) = ExP ^^^^ o Id). 

2.5. Lemma. The groups Extjr{S^ o ^ Id) = Fp for i = 2kp — 2, 2k{p — 1) + 1 

with A: = 2, 3, 

As before it comes immediately as in the previous lemma from the spectral 
2 • 2 
sequences related to o by using the isomorphism Exty{S^ o ^Id) = 

Exf^^~^^ o ^Id) coming from the Koszul exact sequence. 

So the main point now is to show that the groups from the {p — l)st and 
{p^ — l)st columns of our spectral sequence which are not listed in 2.4 and 2.5 
are trivial. Observe that from de Rham sequences we get immediately triviality of 
some groups: 

on column p — 1: 

ExtfP~^{SP oLP,Id) = 0 

Ext}p{SP o LP, Id) = 0 for 2kp - 1< i < 2{k + l){p - 1) 

on column — 1 : 

Extjr{S^ o , Id) = 0 for 2kp — 2 < i < 2{k + l)(p — 1) + 1. 

Moreover we know that possibly nontrivial groups are coming in pairs (this 
is normal for spectral sequence arguments with only two nontrivial columns). For 
example either Ext^~"^{S^ o L^^Id) = Ext^^~^ {S^ o L^^Id) = 0 or both of this 
groups are Fp. The same is true for the groups in dimensions 6p — 3 and 6p — 4 on 
the next nontrivial column. 

Now because differentials are module maps over Exk^{Id, Id) and we know 
the module structure on the first column we get immediately that the differential 

2.5.1. 

Fp = EP-^’^P-^ E^’^P-^ = Fp 

is nontrivial. But then EP ~^'^p~p = Ext^~^{SP o Lp^ , Id) = 0 because there 

is no nontrivial differential which comes in or goes out this group and the group is 
trivial in the limit. Hence o ^ /d) = 0 and this forces Ext^^~^{S'^ o 

^ Id) = 0 by the limit argument so also Ext^~^ {S^ oL^ ^ Id) = 0. The arguments 
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for higher groups work precisely the same way by observing that 2.5.1 works in 
any total dimension of the form 2kp — 3. This finishes the proof of 2.1. Observe 
also that as a side effect of our calculations we got: 

2.6. Corollary. Up to dimension 2p^ — 2 the groups Extjr{S^oL^^ ^ Id) are nontrivial 
only in dimensions 2kp — 2 and 2k{p — 1) + 1 for A: = 2, 3, ... . 

3. Proof of Theorem 2.3 

Let us come back for a while to Corollary 1.2. It is obviously true also if we replace 
by any other functor F from T . Hence we get a spectral sequence as in 1.5.1 for 
any F . We will label such spectral sequences with (F). Assume now that F = Id. 
Then we have Fl'^{Id) and we know everything about it. The nontrivial columns in 
it are given by Fxk^{LP\ Id) which we know and the differentials are completely 
determined by the fact that Ft'^{Id) converges by 1.1 to Fxf L*) which 

is equal to Fp in dimension 0 and is trivial in other dimensions. Of course we 
easily calculate that the differential Fp = ^ Fp^^P~‘^{Id) = Fp is 

an isomorphism. 

Now observe that the Frobenius map (j) \ Id ^ induces a map of spectral 
sequences Fl'^{S^) Fl'^ {Id). Hence in order to get 2.3 it is enough to show that 

(/), : Extf~^{SP o LPJd) Extf~^{LP,Id) 

is an isomorphism. But if we consider the exact sequence 0 — > — > 5^ o ^ 

o — > 0 (where the first map is induced by Frobenius) and the long exact 

sequence of Fxf-groups associated with it we get that our statement is equivalent 
to showing that 

Extf~^{LP oLP,Id) =0. 

To get this we have to look a little closer at Fl'^{L^). This spectral sequence 
converges to (L^ o L^)*) which is Fp in dimensions 1, 2i{p — 1) and 

2i{p-l)-\-l for i = 1,2,... and is 0 otherwise (see [Bl, Section 3]). Observe that 
in the 0 column we have a class in dimension 4p — 3 and 0 in dimension 4p — 2. 
In the column p — 1 we have the groups Fxt*jr{L^ o L^^Id) with the one of the 
greatest importance to us. The column — 1 has trivial groups up to dimension 
2p^ so we do not have to care about it. We know that in the limit our spectral 
sequence has Fp in dimension 4p — 3. Hence we can finish the proof by proving the 
following lemma: 

3.1. Lemma. Ext^P~^{LP o LP\ld) = Fp and Ext'^P~^{LP o LP\ld) = 0. 

Proof. We will proceed like in our preliminary calculations for Exf^~^{SPoLP^ , Id). 
Observe that from the de Rham sequence BP we can get a sequence 

0 5 ^ ( 8 ) 5 ^ > -> 0 

just by dividing the first place by the image of the Frobenius map. Then this new 
sequence has only one nontrivial homology group at the place corresponding to 
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^ S^. It is equal to Id. We can precompose this new sequence with and get 

2 . ~ 2 
a sequence with one nontrivial homology equal to . Call this sequence RF oL^ . 

~ 2 

As previously we have two spectral sequences connected with Rp o . 
The second one has only one nontrivial column. This is the column p — 1 with 
Ext*jr{L^ ,Id) staying in it. These groups we know, in the interesting range they 
are nontrivial (equal to Fp) in dimensions 2p — 1 and 4p — 1. Hence both spectral 
sequences converge in the range up to 5p to the groups Fp in dimensions 3p — 2 
and 5p — 2. 

In the first spectral sequence we have two nontrivial columns, namely 0 and 
p. In the first one we have the groups Fxt"^{A^ o ^ Id) which are nontrivial by 
our previous calculations (and relation via Koszul exact sequence to FxI^{S^ o 

, Id)) in dimensions 3p - 2, 3p - 1, 5p - 4, 5p - 1 and perhaps 5p - 2 and 5p - 3. 

2 

The column p consists of the groups Fxt^j:{L^ o , Id). By the formulas for the 0 
column and the abutment we get immediately that Fxt*jr{L^ o , I) are certainly 
nontrivial in dimensions 2p and 4p — 3 and Fxt'^ ^(L^ o , /d) = 0. This latter 
nontrivial group has to kill Fp staying in the first column in dimension 5p - 4. 

3.2. Remark. From all the calculations we have already done one could get an 
impression that the Fxt-gvoups we are considering are either Fp or 0. But that 
is not the case - if one looks closer at Ft'^{L^) one immediately realizes that 
Ext'^P-^LP o LP, Id) = Fp®Fp. 

3.3. Remark. The proof of 3.1 shows how did we come to our approach and why 

it worked. After 1.1, the starting point for calculations was the observation that 
we knew everything about the spectral sequence Ft'^{Id). The second ingredient 
was to realize that the effect of the Frobenius map Id on F'xtjr-groups 

was also well understood. Both of them suggested that comparing three spectral 
sequences Ft'^{Id), Ft'^{S^") and Ft'^{L^") by using maps from the exact sequence 
Id RP should be enough for our calculations. 



4. Final remarks 

We start this section from moving from reduced symmetric powers to S'^. 

4.1. Lemma. Up to dimension 2p‘^ - 2 the groups Fxtjr{SP o Id) are nontrivial 
only in dimensions 2k{p — 1) and 2/cp — 3 for /c > 1. 

Proof. We shall write the proof in a very short way because the techniques are the 
same as in the previous two sections. Composing the Frobenius exact sequence 

0 ^ Id ^ SP RP ^ 0 

with SP and using 1.3 we get a long exact sequence 

> FxPjr{SP O RP, Id) -> Fxt)r{SP O 5^, Id) 

Ext^iSP, Id) Exf+^ {SP O LP, Id)^--- 
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From it and 2.1 we get immediately our result if we prove that the boundary map 

Extf^~^{SP, Id) Extf^~\SP o LP, Id) 

is an isomorphism. Both of these groups are Fp hence it is enough to show that 
{S^ o S^^Id) = 0. But this follows directly from the spectral sequences 
associated with the de Rham-type sequence connecting o with AP o . 

So we have calculated the groups ExP^{S^ o 5^, /d) but at the beginning we 
promise to develop techniques good enough for computing Ext^{S^" , Id) and 
ExI^{S^" , Id). Techniques coming from Koszul and de Rham sequences exist 
obviously in this generality so it is easy to believe that most of our arguments 
work well in this more general situation. The only thing which remains to observe 
is the lemma below (which was used in some version in 1.9 and was not needed so 
far for other calculations). 

4.2. Lemma. Let F be an object of T of finite degree. The Frobenius morphism 
gv gv induces two long exact sequences 

> Extj.{F o , Id) Ext%{F o , Id) 

Ext)^{F o SP ' , Id) Exti^\F o LP "^' , /rf) _ . . . 

and 

> Exfj.{LP"^' o F, Id) Ext)p{SP"^' o F, Id) 

-> Ext)p{SP'‘ o F, Id) Ext^^LP'^^' oF,Id)^ ■■■ . 
Proof. The argument for both sequences is the same so we will talk only about 

k fc 4“ 1 k I 1 

the first one. If the sequence 0 g^ g^ -^0 was exact (what 

is the case for k = 0) then our lemma would follow immediately from 1.3. Let 
K be the kernel of the quotient map ^ Then obviously Frobenius 

5^^ ^ g^^^^ factors uniquely through K. Let 0 : 5^^ — > X be the corresponding 
map. It was shown in [Bl, Lemma 2.5] that K has an increasing filtration starting 
from g^ with subquotients being tensor products of functors which are trivial 
at 0. Hence 1.3 and 1.4 tell us that (p induces an isomorphism Exf^{K, Id) 
ExI^{gP ,/d). So we get our long exact sequence from the short exact sequence 
0 — > iT — > 0 after composing with F. 
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and Rational Homotopy Type 
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1. Introduction 

In [HS] and [FI] Halperin, Stasheff, and Felix showed how an inductively-defined 
sequence of elements in the cohomology of a graded commutative algebra over 
the rationals can be used to distinguish among the homotopy types of all possible 
realizations, thus providing a collection of algebraic invariants for distinguishing 
among rational homotopy types of spaces. There is also a dual version, in the 
setting of graded Lie algebras (see [O]). 

However, these authors provided no homotopy- theoretic interpretation of 
these invariants, which are defined in terms of differential graded algebras (resp. 
Lie algebras) and their possible perturbations. 

The goal of this paper is to provide such an interpretation, in terms of higher 
rational homotopy operations, and thus to make sense of the following 

Theorem A. For any simply- connected space X, there is a sequence of higher ho- 
motopy operations taking value in which, together with the rational homotopy 
Lie algebra 7T=^_iX(8)zQ itself, determine the rational homotopy type ofyi. 

(See Theorem 7.14 below). At the same time, we provide a more concrete (rational) 
version of the general theory of higher homotopy operations provided in [BM] . 

It should be noted that an integral version of the Lie algebra case is con- 
tained in [B15] (see also [BG, BDG]), and the mod p homology analogue of the 
Halperin-Stasheff-Felix theory appears in [B17j. Moreover, in [B12] we showed that 
the (integral) homotopy type of a space X is in fact determined by its homotopy 
groups 7T*X, together with the action of all primary homotopy operations on it, and 
of certain higher homotopy operations (see [B13, B16] for subsequent modifications 
and improvements). 

However, if we are interested only in the rational homotopy type of a simply- 
connected space X, Whitehead products are the only non-trivial primary homo- 
topy operations on the rational homotopy groups tt^Xq = 7t*X (8) Q, which, after 
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re-indexing, constitute a graded Lie algebra over Q. The relevant higher order op- 
erations are also simpler than in the integral case. Thus we hope that the rational 
version of this theory will be both easier to understand, and more accessible to 
computation. 

Moreover, the higher operations we define are certain subsets of tt^X, in- 
dexed by elements in homology groups of a certain inductively defined collection 
of differential graded Lie algebras (DGLs) defined below, so we provide an explicit 
correspondence between our higher operations and the corresponding elements in 
cohomology groups with coefficients in tt^^X (provided by the Halperin-Stasheff- 
Felix theory) - a correspondence which was lacking in the integral case. 

Finally, while a notion of higher homotopy operations for a differential graded 
Lie algebra L has been defined in the special case of higher Whitehead products 
(also known as “Lie-Massey products” - see [Al, A2, AA, Rl, R2, T]), in general 
it is not clear how to represent such rational operations as integral higher order 
operations in 7 t*X, if L represents the rational homotopy type of a topological 
space X. In order to address this problem, we must consider a somewhat “flabbier” 
model of rational homotopy than that provided by differential graded Lie algebras, 
namely a certain class of differential graded non-associative algebras (see Section 
7 below). 

Thus we also provide a (somewhat incomplete) answer to the following ques- 
tion: what additional structure on the ordinary homotopy groups tt^^X of a simply- 
connected space X, beyond the Whitehead products, is needed to determine its 
homotopy type up to rational equivalence? 



1.1. Notation and conventions 

The ground field for all vector spaces, algebras, and tensor products will be Q (the 
rationals), unless otherwise stated. 

denotes the category of pointed CW complexes with base-point preserving 
maps, and by a space we shall always mean an object in Zi=, which will be denoted 

by a boldface letter: X, The subcategory of 1-connected spaces is denoted 

by 7i, and the rationalization of a space X G 7i is Xq. The category of rational 
1-connected topological spaces is denoted by 7 q. 

Let A denote the category of ordered sequences n = (0, 1, . . . , n) (n G N), 
with order-preserving maps. For any category C, we let sC denote the category of 
simplicial objects over C - i.e., functors ^ C (cf. [Ma, §2]); objects therein 

will be written A., If we omit the degeneracies, we have a A-simplicial object, 

which we denote by , 

The category of non- negatively graded objects over a category C will be 
denoted by grC, with objects written T*, . . . ; we will write \x\ — p ii x e Tp. An 
upward shift by one in the indexing will be denoted by E : grC ^ grC, so that 
(EXhc)a;+i — X/c, and (EX,^)o = 0. The category of graded vector spaces is denoted 
by V. 
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The category of chain complexes (over Q) will be denoted by dV, and that of 
double chain complexes by ddV. The differential of any differential graded object 
is written d (to distinguish it from the face maps d{ of a simplicial object). 

If C is a closed model category (cf. [Ql, I] or [Q3, II, §1]), we denote by hoC 
the corresponding homotopy category. If X G C is cofibrant and T G C is fibrant, 
we denote by [X, Y]c the set of homotopy classes of maps between them. 

Let Set denote the category of sets, Vec the category of vector spaces (over 
Q), Lie the category of Lie algebras, and Alg the category of non-associative 
algebras. We write S rather than sSet for the category of simplicial sets, and 
for the category of pointed simplicial sets. 

1.2. Organization 

In Section 2 we review some background material on the Quillen DGL model for 
rational homotopy theory, and describe a bigraded variant of it; and in Section 3 we 
give some more background on simplicial resolutions. These are applied to the ra- 
tional context in Section 4, where we also define higher order homotopy operations 
for DGLs. These appear as the obstructions to realizing certain algebraic equiva- 
lences, and serve to determine the rational homotopy type of a simply-connected 
space. We give a first approximation to Theorem A in §4.15. 

In Section 5 we explain how to translate the usual bigraded and filtered DGL 
models into simplicial DGLs, which allows us to construct appropriate minimal 
simplicial resolutions. In Section 6 we define the homology and cohomology of 
a DGL (after Quillen), and show that the obstructions we define above actually 
take value in the appropriate cohomology groups. Finally, in Section 7 we describe 
a non-associative differential graded algebra model for rational homotopy theory, 
which facilitates the translation of the higher homotopy operations described above 
into integral homotopy operations. We summarize our main results in Theorem 
7.14. 

1.3. Acknowledgements. I would like to thank Ron Livne for arousing my inter- 
est in rational higher homotopy operations, Martin Arkowitz and Jean-Michel 
Lemaire for providing me with copies of hard- to- get theses, and Steve Halperin for 
some useful comments. I would also like to thank the referee for his remarks and 
corrections. 

2. Lie models 

In this section we briefiy recall some well-known definitions and facts of rational 
homotopy theory, and describe variants thereof. 

2.1. Differential graded Lie algebras 

Let C denote the category of graded Lie algebras, or GUs. An object G C is 
thus a graded vector space: over Q, equipped with a bilinear graded 

product [ 5 ] • Lp^^Lq ^ Lp-^q for each p, > 0, such that [x,p] = (— x] 
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and (— y], 2 ] + (— z], x] + (— x], = 0. We denote by 

£0 the full subcategory of all connected graded Lie algebras - that is, those for 
which Lq = 0. 

The free graded Lie algebra generated by a graded set is denoted by 
L(Xhc). The functor L : grSet £ is left adjoint to the forgetful “underlying 
graded set” functor U : C ^ grSe£ and it factors through V: that is, h{X^) = 
L(V(X*)), where V(X*) G V is the graded vector space with basis X^ and L(K) 
is the free Lie algebra on the graded vector space (defined as the appropriate 
quotient of the graded tensor algebra). 

The category of differential graded Lie algebras, or DGLs, will be denoted by 
d£, with d£o the subcategory of connected Lie algebras (i.e., those with Lq = 0)- 
An object L = (L*,9l) G d£ is a graded Lie algebra G £, together with a 
differential 8l = d'^ : Ln —> Ln-i, for each n > 0, such that o = {0} and 
dL[x,y] = [dLX,y] + {-iy^^[x,dLy]- 

The homology of the underlying chain complex of a DGL L = {L^,d) will 
be denoted H'^L, to distinguish it from the DGL homology defined in §6.5 below. 
Because the differential 9 is a derivation, iL'L inherits from L the structure of a 
graded Lie algebra. 

A morphism of DGLs which induces an isomorphism in homology will be 
called a quasi-isomorphism, or weak equivalence, denoted by / : L ^ L'. 

In [Q3, II, §4-5], Quillen defined closed model category structures for the 
categories dCo and sLie, as well as for topological spaces (and thus for 7 q), and 
proved: 

2.2. Proposition. There are pairs of adjoint functors Tq ^ sLie and sLie ^ dCo, 
which induce equivalences between the corresponding homotopy categories: ho Tq ^ 
ho(s£ie) ho(d£o). 

2.3. Notation. To every simply-connected space X G 71 one can thus associate 
a DGL (I/*,9 l) G d£o, unique up to quasi- isomorphism, which determines its 
rational homotopy type. We denote any such DGL by Lx - In particular, i7' (Lx) — 
7Th<_iX (8)^ Q, the rational homotopy algebra of X, which we denote by G £. 

2.4. Definition. The graded Lie algebra i7'(Lx) does not suffice to determine 

the rational homotopy type of X G 71 : in fact, there may be infinitely many 
DGLs 1 with ^ KiLx), no two of which are quasi- isomorphic 

as DGLs; see, e.g., [LS]. We shall denote by d£o(X) the full subcategory of dCo 
whose objects A satisfy = H’^{Lx), with the isomorphism in £ (see [SS], [LS], 
or [FI] for treatments of the cohomology analogue of d£o(X) in terms of algebraic 
varieties). The objects of ho d£o(X) are thus all rational homotopy types which 
are indistinguishable from Xq on the primary homotopy operation level. Among 
these there is a distinguished simplest one: recall that a space Xq G Tq (or its 
corresponding DGL model Lx G dC) is called coformal (cf. [MN]) if Lx is weakly 
equivalent to the trivial DGL (£^^,0) (where of course L* = Hl{Lx))- 
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2.5. Minimal models 

Banes and Lemaire (in [BL, Cor. 2.4]; see also [N, Props. 5.6, 8.1 & 8.8]) showed 
that each connected DGL (L=^,9) has a minimal model (L=^,9), such that is a 
free graded Lie algebra, d : L L factors through [I/,L], and there is a quasi- 
isomorphism of DGLs (f : (I/*, 9) — » (L^^d) (unique up to chain homotopy). In 
particular, we can choose such a minimal model Lx for any space X G 7i (cf. 
§2.3). 

As Neisendorfer observes in [N, §5], in general minimal models do not exist 
for non-connected DGLs (but see [Me] or [GHT] for ways around this). 

2.6. Bigraded Lie algebras 

A differential bigraded Lie algebra, or DBGL, is a bigraded vector space = 
0^0 0^0 equipped with a differential 8l = 9^’^ ^ Lp^s Lp-i^s and a 
bilinear graded product [ , ] : Lp^s®Lq^t — ^ Lp^q^s^t for eachp, satisfying: 

[x,y\ = 

(2-7) ^0 

9l o 9l =0 

dL[x,y] =[dLX,y\ + (-l)^+*[x, ^Ly] 

for X G Lp^si y ^ Lq^t^ and 2: G Lr^u^ The category of such DBGLs will be denoted 
by db£, with db£o the subcategory with Lp^o = 0 for all p. 

2.8. Definition. For each DBGL there is an associated DGL 

defined Ln = (same 9 l); some authors re-index L*,* so that Lp^s = 

Tp,p+s, and then is obtained from by disregarding the first (homological) 
grading. 

As for ordinary graded Lie algebras, one can define closed model category 
structures on sCq and db£o (see [BS, §2], and [B14, §4]), and we have the following 
analogue of [Q3, I, Props. 2.3 & 4.6, Thm. 4.4]: 

N 

2.9. Proposition. There are adjoint functors sCq jOq, which induce equiva- 
lences of the corresponding homotopy categories ho(s£o) ~ ho(db£o)- A"* takes 
free DBGLs to free simplicial graded Lie algebras. 

Proof. (We give the proof mainly to fix notation which will be needed later.) Given 
a simplicial graded Lie algebra G sCq, we define the simplicial Lie bracket 
[ , ] : Lp^s 0 Lq^t Lp-^q^s-\-t on by combining the Lie brackets with the 
simplicial structure on via the Eilenberg-Zilber map: 

(2.10) lx,yj^ {-lY^'^'>~^P^[Sr^...Sr,X,Sa^ 

{(T,T)^Sp^q 



• • • Scti y] 
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where Sp^q denotes the set of all (p, g) -shuffles - that is, partitions of {0, 1, . . . , 
p q — 1} into disjoint sets a — {(Ti,(J 2 , . . . ,(Jp} and r = {ti,T 2 , . . . ,Tg} with 
ai < a 2 < ■ ■ ■ < (Tp, n < T 2 < ■ ■ ■ < Tq - and e{a) =p + ~ so 

is the sign of the permutation corresponding to (rr, r). (See [Mcl, VIII, §8]). 

Now let (C>k,=k, 9) be the Moore chain complex (cf. [Ma, §22]) of defined 
by: 

( 2 . 11 ) = P|[Ker(df)]s with == (-I)'* 

2=1 

2.12. Lemma. If £ sC is a simplicial graded Lie algebra, x E Ap with diX = 0 
for I < i < p — I, and y ^ Aq with djp — 0 for 1 < j < q — I, then dk{{x, y}) = 0 
for l<k<p-\-q — 1. 

Proof By definition (2.10) we have 

(2.13) [a;, 2/1= {-lf^^'>+PM\^Sr^__Sr,x,s^^...s^,y]e Ap+q. 

{cr,T)eSp^q 

Now for each summand '= [srX, s^y] in (2.13), with (<j, r) a (p, g)-shuffle, 
there are two cases to consider: 

The first is that there exist i, m such that — k, am = k — 1 - m which 
case there is an associated (p, g) -shuffle {a',r'), differing from (cr, r) only in that 
Ti and am are switched, so that dk{wa^r) = dk{wa',r') but (—1)^^"^^ = — (— 1)^^"^ \ 
and these pairs thus cancel in the sum (2.13). 

In the second case, k,k - 1 G {ai,. . . ,ap}, say, and then there is some 
^ < I < q with Ti <k — 1 and > k. Since necessarily k-\-l-p<l<k-l, 
w^e find that dj^Sq-x — i * * " *^^^+1 — * ' " ^T\d]^ — (^x 0. 

2.14. Corollary. | , J restricts to a bracket Cp^s ^ Cq^t 

Moreover, if we forget the Lie structure, the Moore chain complex functor N 
induces an equivalence between the categories of simplicial graded vector spaces 
and bigraded chain complexes (cf. [Do, Thm 1.9]), with the inverse functor T 
defined for such a chain complex 9) by 

(FA^^^)n,s An-\^s 

o<A<n 

(where for each n > 0 and 0 < A < n, we let lA,n denote the set of all sequences of 
A non- negative integers ii < • • • < iA(< ^)), with the obvious face maps (induced 
by d) and degeneracies (see [Ma, p. 95]). 

The left adjoint iV* : db ^ to N is defined 

v*((L,,„a)) = L(r(L,,*))//(L*,*), 

where L is the free graded Lie algebra functor, and is the ideal generated 

by |r(x),T(p)] - T{[x,y]). The identities (2.7) follow from the corresponding ones 
in the singly-graded case and the simplicial identities. □ 
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3. Simplicial resolutions 

The proper algebraic setting for defining our higher homotopy operations is a 
suitable notion of a simplicial resolution of tt^Xq: 

3.1. Definition. Recall that a category of universal graded algebras (or variety of 
graded algebras, in the terminology of [Mc2, V,§6]) is a category C in which the 
objects are graded sets , together with an action of a fixed set of n-ary graded 
operators W = {u : Xk^ x Xk 2 x • • • x Xk^ Xm}, satisfying a set of identities E, 
and the morphisms are functions on the sets which commute with the operators. 
Such categories always come equipped with a “free graded algebra” functor F : 
grSet ^ C, left adjoint to the “underlying graded set” functor U : C grSet. In 
all the examples we shall be concerned with, the objects X^ will be “underlying- 
abelian” (see [BS, §2.1.1]), and in fact will have the underlying structure of a 
graded vector space over Q. 

Examples include £, and the categories of associative (resp. non-associative) 
graded algebras. Note that any ordinary ungraded category of universal algebras 
may be thought of as a CUGA with all objects concentrated in degree 0. 

3.2. Definition. A free simplicial resolution of an object B in a CUGA C is a weak 
equivalence from a cofibrant object A* G sC to the constant simplicial object asso- 
ciated to B (with respect to the closed model category structure on the category 
sC defined in [Ql, II, §4]). Such resolutions always exist, by [Ql, II, §4]; see Section 
5 below for a specific construction. 

3.3. Bisimpficial objects 

We shall be interested in a particular type of simplicial resolution, which may be 
defined for an arbitrary CUGA C (cf. [DKS] and [BS]), though we shall only need 
it for the case where C is a category of ungraded universal algebras, such as 
or Alg: 

Consider the category ssC of bisimplicial objects over C. We think of an 
object A.* G ssC as having internal and external simplicial structures, with cor- 
responding homotopy group objects ttJA,. and 7 t|A*. (each taking value in sC 
- see [BS, App.]). Let sF : grS sC denote the free graded algebra functor, 
extended dimensionwise, and let S'^{k). be the graded simplicial set having the 
simplicial n-sphere \= A[n]/A[n]^“^ in degree k. We think of the simplicial 
graded algebras F{S^{k)^) as the C-spheres, or models^ for sC (cf. [BS, §3.1]). (In 
the ungraded case one can of course omit the extra degree k, and write simply 
F(S^).) Similarly, if D^{k). is the graded simplicial set having A[n] in degree k, 
we can think of F{D^{k)^) as the C-disks for sC. The full subcategory of sC whose 
objects are weakly equivalent to coproducts of such models will be denoted by Me, 
or simply M. 

One can use these models to define the so-called “E^-model category struc- 
ture” for ssC, as in [DKS, §5], in which a map / : X., Y,, is a weak equiva- 

lence if 

(3.4) : TTsTrJX.. TTsTrjy., is an isomorphism for each > 0. 
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We shall not need an explicit description of the fibrations and cofibrations in 
ssC, but only a particular type of cofibrant object, as follows: 

3.5. Definition. A bisimplicial object A** G ssC is called M-/ree if for each m > 0 

there are graded simplicial sets X[m]. Vi such that A.^rn — F{X[m]^) 

(so that A«,rn ^ Af), and the external degeneracies of A., are induced under F 
by maps X[m]» X[m 1]* which are, up to homotopy, the inclusion of sub- 
coproduct summands. Any A* G sC may be resolved by an M-free bisimplicial 
algebra A** (see [BS, §4.1]); this is called an M-free resolution of A*. 

3.6. Definition. The diagonal of a bisimplicial object A,. G ssC is a simplicial 
object diag(A..) G sC with diag(A.,)n := An,n^ face maps dk — d\ o d^^ and 
degeneracies Sj = sj o 

3.7. Remark. There is a first quadrant spectral sequence with 

= 7rg(7T^A»*) ^ TTg-i-t diag(A*«) 

(see [Q2], and compare [BF, Thm B.5]). 

Thus in particular if A*. ^ A* is a resolution (in the £^^-model category 
sense), we see that e : Aq,* — ^ A* induces a weak equivalence diag(A**) A*. 

Moreover, the same is true if we disregard the degeneracies and consider only 
the A-bisimplicial resolution Af^, — > A*. 



4. Resolutions for rational spaces 

Given a simply-connected space X G Tj, the first approximation to an algebraic 
description of its rational homotopy type is given by its rational homotopy Lie 
algebra 11^ 7 Th<_iXq G £. If Xq were coformal (§2.4), then in particular all 
higher homotopy operations vanish in tt^Xq, and no information beyond 11^ itself 
is needed to determine the rational homotopy type of X. The higher homotopy op- 
erations we shall describe may thus be thought of as “obstructions to coformality” , 
much in the spirit (though not the specific approach) of [HSj. 

4.1. Topological resolutions 

To proceed further, we need some kind of a “topological” simplicial object C* 
which realizes a suitable “algebraic” simplicial resolution 11^ in in the 

sense that The higher homotopy operations we want then arise 

as the obstructions to realizing the “algebraic” augmentation map 7r*_iC* — > 11;^ 
topologically. 

This can be done using actual topological spaces, as in the integral case (see 
[B12, §7], as simplified in [B13, §4.9]), but for rational spaces it is more convenient to 
use an algebraic model, in a category such as dC. To allow us freedom in choosing 
this model, we give a general definition: 
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4.2. Assumptions. Let grC be a CUGA (which we may assume to have the un- 
derlying structure of a graded vector space), and C the category of (ungraded) 
universal algebras corresponding to objects of grC concentrated in degree 0. The 
cases we shall be interested in are C = Lie (with grC = £) and C = Alg (with 
grC == A). 

As shown in [BS, App.], for each simplicial algebra A* G sC, the graded 
homotopy object actually takes value in grC. 

For a given A. G sC, let C.. — > A* be an Mc-free resolution (Definition 3.5). 
In particular, this implies that upon applying the functor tt* we obtain a free sim- 
plicial resolution (in the “external” direction!) of the graded algebra tt^A,. 

In fact, we only need a A-bisimplicial resolution (§3.7), but we shall nevertheless 
usually abuse notation by writing C** for 

Next, assume we are given another object 5* G sC, together with an isomor- 
phism (/p : 7 t*A« = (in grC). Define a sequence of morphisms xpri • — > 

tt^B^ by 'ipo if o and i/^n+i := 'ipn^ do (which implies that V^n+i — di for 
all 0 < i < n, by the simplicial identities). 

We choose once and for all a fixed map /o : Co,# ^ B. realizing (this 
is possible because C** A* is M-free) and define fn : Cn,* ^ B. inductively 

by setting fn+i := fn o so that 7r^{fn) = for all n > 0. It is usually most 

convenient to set /|'D/e= 0 for all C-disks T)k ^ Co,* (cf. §3.3). 

Note that, because C** is M-free, the maps define an augmented 

A-simplicial object ^C^ ^ B^ in the homotopy category ho(sC) - or equivalently, 
an augmented A-simplicial object up-to-homotopy. 

4.3. Definition. Let D[n] G denote the standard simplicial n-simplex, together 
with an indexing of its non-degenerate /c-dimensional faces D[k]^^^ by the compos- 
ite face maps 

7 = ^ 2 n-fc+i o : n k 

in (cf. [B13, §4]). Its (n — l)-skeleton, which is a simplicial (n — l)-sphere, 
is denoted by dD[ri]. We shall take * jj^Qj{dodid 2 ...dn-i) point of 

D[n] G <S*, and we choose once and for all a fixed isomorphism > 

D[k] for each face of D[n] (see, e.g., [B13, (4.5)]). 

4.4. Definition. Given T, G sC and a simplicial set G <S, we define their half- 
smash (in sC) by: 

Y.xiK. :=Y.^K./{{0}^K.) 

(where {Y. (g) K.)n := UxGXn 0^ri){x) ~ cf. [Ql, II, §1, Prop. 2]). 

Similarly, the smash product (in sC) of Y, with a pointed simplicial set K. G 
iS* is defined Y./\K. := Y. xi K./ {Y. x {*}), and if K. = (the simplicial sphere), 
we write for Y* A S^. 

4.5. Remark. If Y. = F(S^) is a C-sphere (see §3.3), then E^Y, = F(S^^+^) is 
also a C-sphere. In fact, many of the usual properties of spheres in hoT also hold 
for C-spheres - e.g., ^rX. = [F(S^), A.jsc for any X. G sC (cf. [Ql, I, §4]), and 

n a ^ - U^ F(S-^+0 (cf. [Ql, I, §3]). 




56 



D. Blanc 



4.6. Definition. Under the assumptions of §4.2, for each n G N, we define a dD[n]- 
compatible sequence to be a sequence of maps {hk : Ck^m x D[k] such 

that /lo = /o (under the natural identification Co,# x D[ 0 ] = Co,#), and for any 
iterated face maps S = di-^^ o • • • o and 7 = di. o 5 {0 < j < n) we have 

(4.7) hj o [d{. X id) = hj^i o {id x lJ) onCj+i,# x D[j], 

where lJ : D[j] D[j + 1] is the composite := o l o {(p^)~^. Here cp^ and 
(p^ are the isomorphisms of Definition 4.3, and i : D[j]^'^^ — > D[j + is the 
inclusion (compare [B13, Def. 4.10]). 

A sequence of maps {hk : C/c,# x D[k] — > B#}^q satisfying condition (4.7) 
for all 7 , d, and n is called a dD[oo]- compatible sequence. 

4.8. Definition. Given such a 9D[n] -compatible sequence {hk : C^,# x D[/c] 
jB#}^~q the induced map h : Cn,# x dD[n] B# is defined on the “faces” C^,# x 

oiCn,,xD[n] by: h\c„..y>D[n-i]<.‘^o= ^n-i o {di X id). The compatibility 
condition (4.7) above guarantees that h is well defined. 

4.9. Definition. For each n > 2, the n-th order homotopy operation (associated to 
the choice of C## — > A# in §4.2) is a subset {{n)) of the track group [E’^'^Cn,#, B.]sc 
defined as follows: 

Let Tn C [Cn,# X 9D[n],B#]sc be the set of homotopy classes of maps 
h : Cn ,0 X dD[n] B# induced as above by some 9D[n] -compatible collection 
{^/e}fc=o* Since each Cn,# is a suspension, up to homotopy, by Remark 4.5, we 
have a splitting 

(4.10) Cn,# X dD[n] - (S^-i A Cn,#) U Cn,# 

(as for topological spaces). We define ((n)) C [E^“^Cn,#, B#]sc to be the image 
under the resulting projection of the subset Tn C [Cn,# x dD[n]^ B^]sc- 

Note that the projection of a class [h] G Tn on the other summand [Cn,#, B.]sc 
coming from the splitting (4.10) is just the homotopy class of the map fn of 
§4.2. On the other hand, since C## was assumed to be M-free, each Cn* — 
ur=iU.ex„,^’(sA ) is weakly equivalent to a wedge of spheres over some in- 

dexing set £'*, so ^ UT=i )• Thus 

OO 

(4.11) [s”-ic„,.,5.],c=n n 

k=l xeKn,k 

and we shall denote the components of ((n)) under this product decomposition by 
((n,x)) C = T^k+n-iB,. 

4.12. Definition. An operation ((/c)) vanishes if it contains the null class. We say 
that all the lower order operations ((/c)} {2 < k < n) vanish coherently (cf. [B12, 
Def. 5.7]) if the 9D[m] -compatible collections {h?^}^~^ for the various faces 7 of 
dD[n] can be chosen to agree on their intersections, so that they in fact fit together 
to form a dD[n -f l]-compatible collection 
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4.13. Proposition. A necessary condition for the subset {{n)) to be non-empty that 
the lower order operations {{k)) vanish for 2 < k < n; a sufficient condition is that 
they vanish coherently. 

Proof See [BM, Theorem 3.29]. □ 

4.14. Remark. The coherent vanishing of all the operations equivalent, 

by [BV, Cor. 4.21 & Thm. 4.49] and [B12, §4.11], to the rectifiability of the aug- 
mented A-simplicial object up-to- homotopy ^ that is, its replacement 
by augmented A-simplicial object over sC (with the simplicial identities 

now holding precisely, in sC, rather than just in ho(sC)), such that Cn,m — Cn,m 
for each n. 

This in turn implies (by §3.7) that diag(Cf^) ~ but since diag(Ci^) ~ 
diag((7^), and diag(C^) ~ A, by assumption, we conclude that A, ~ B, if and 
only if the higher homotopy operations {((?^))}^2 vanish coherently. 

4.15. Summary. This yields a first approximation to Theorem A, which may be 
described as follows: 

We work in C = Lie (and grC = C). Given a space X G Ti we consider 
the simplicial Lie algebra B. corresponding to a DGL model Lx L dC for Xq 
( under the functors of Proposition 2.2), and let 11^ := G £ be its rational 

homotopy Lie algebra, with A* G sLie the simplicial Lie algebra corresponding to 
the trivial DGL := (II;f,0). Choose some M^ie-free resolution C.* G ssLie 
of A,. 

X is coformal if and only if A, ~ 5,, and this happens if and only if all 
the higher homotopy operations {((^))}^2 associated to C.* vanish coherently, 
by Remark 4.14. If not, let no denote the least n > 2 such that 0 ^ Note 
that we can apply the above procedure to any DGL in dC(X.) (Def. 2.4), not only 
to Lx] and the existence and vanishing or non- vanishing of the higher homotopy 
operation ((no)) C 7^:^<XQ is a homotopy invariant. Denote by the set of all 
homotopy types in ho dC^fX) for which ((no)) is defined and has the same value 
as for itself (i.e., those DGLs which are indistinguishable from Lx as far as the 
primary homotopy operations, and all the higher homotopy operations {((^))}nL 2 
associated to C.., can see). For each a G , choose a representative DGL 

Next, choose a new M-free resolution for the simplicial Lie algebra corre- 
sponding to and repeat the above procedure, yielding a set of higher ho- 

motopy operations ((ni^c^)) C tt^Xq which serve as obstructions to the existence 
of a homotopy equivalence ^ Lx- For each such higher operation ((ni,c^)), 

we denote by the set of all homotopy types in C hodC{){X) for which 

((^i,a)) has the same value as for Lx - Now choose representatives ) for each 

a' G and proceed as above. 

In this way we obtain a tree Tx of rational homotopy types in hodCofX), 
which also indexes a collection of higher homotopy operations of the form 
((^/e,ai,a 2 v,c^fc)) £ 7 T>„Xq, and lim/e^oo = oo along any branch of the tree Tx, 
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so that in fact this collection of operations determines the rational homotopy type 
of X. 



In [B15], we show how this tree of homotopy types in ho dCo{X.), and thus the 
corresponding collection of higher homotopy operations, may be described more 
effectively in terms of a “Postnikov tower” for an M^^ig-free resolution for X. 



5. Minimal resolutions 

We now explain how the bisimplicial theory described in Section 4 translates into 
a differential graded theory, when C = C. In particular, this allows an application 
of the Halperin-Stasheff-Felix perturbation theory to our context. 



First, it is sometimes convenient to have minimal M-free resolutions for a 
DGL, defined for any CUGA C as follows: 

5.1. Definition. Any B e C has a special kind of free simplicial resolution (see §3.2) 

A* ^ B, called a CW -resolution^ defined as follows (cf. [Bll, §5.3]): Assume that 
for each n > 0, An = F{T^) is the free graded algebra on the graded set TJ^, and 
that the degeneracies of A* take to Let An denote the sub- algebra of An 

generated by the non-degenerate elements in T^. Then we require that di\^^ = 0 
for 1 < i < n. The sequence Aq = Aq, Ai, . . . , A^, . . • is called a CW -basis for A«, 
and Jo = attaching map for An- 

Such n A. ^ B will be called minimal if each A^+i is minimal among those 
free algebrais in C which map onto the Moore n-cycles ZnA. — Ker((9n) (see (2.11)). 

5.2. Definition. When C = C, the category of graded Lie algebras, it will be more 

convenient at times to use of the adjoint functors of Proposition 2.9 to replace 
A** A. by a simplicial DGL X^. In this case the simplicial models are 

replaced by the corresponding DGLs, namely 

1. A dC-n-sphere, is a DGL of the form (L(A*), 0) where is the graded 
set with Xn = {a:} and = 0 for i 7^ n. 

2. A dC-{n-\-l)-disk, denoted Dn + l(a,), is the DGL (L(A,<),9 l) where A^+i = 
{x}, Xn = {dix}^ and A^ = 0 for i 7^ n, n+1. Its boundary is the dC-n-spheie 
5Dn+l(,) 

3. A two-stage DGL is a DGL (L(A*), 9 l) G J£, where for some n > 0 we have 
Xi = 0 for i 7^ n,n + 1. Any coproduct (in dC) of two-stage DGLs will be 
called a free DGL. 

Evidently d£-spheres and disks are free DGLs, and any free DGL may be 
described as the coproduct of d£-spheres and disks - more precisely, as a coproduct 
of d£-spheres, disks, and collections of disks with their boundaries identified to a 
single sphere. 
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5.3. Definition. Following Stover, we define a comonad F : dC ^ dC hy setting 

oo 

(5.4) F(B):=(U ]J 

/c=l x^Bk 

for any B = {B^^Ob) ^ dC, where we set T>k(^x) ^\x) — 0, and let 

Clearly F{B) is a free DGL, and by iterating F we obtain a free simplicial 
DGL VF.,* with Wn = F^^^{B) (see [Gd, App., §3]), which we call the canonical 
free simplicial DGL resolution of B which we denote by W.^^{B). 

Observe that FF.,* (or equivalently, the corresponding bisimplicial Lie algebra W**) 
is an M-free resolution of B. 

5.5. Remark. Note that if 8b = 0, by definition (5.4) F{B^,0) has only spheres, 

and no disks, and thus the canonical resolution Wm^^{B) has dwn — 0 n > 0. 

Thus FF.,>k may be identified with the usual canonical resolution of the graded Lie 
algebra B^ (coming from the “free graded Lie algebra on underlying graded set” 
comonad), which we shall denote by V^^^{B^). However - unlike the canonical 
resolution - the construction above can be mimicked topologically (cf. [St, §2.3]). 
Since we want to present our results in a manner which could be generalized (as 
far as possible) to the integral case, we have chosen the somewhat convoluted 
description of (5.4). 

Note further that by (3.4), if we apply the functor JT' to FF.,* ^ - or 

equivalently, the functor to FF.. ^ B. - we obtain a free simplicial resolution 
of the graded Lie algebra := Hl{B^,dB)’ 

5.6. Notation. If we write (x) G F{B) for the generator corresponding to an 
element x e B^, then recursively a typical DGL generator for Wn = FFn,* (in the 
canonical resolution FF.,*(H)) is (a), for a G Wn-i, so an element of Wn is a sum 
of iterated Lie products of elements of H*, arranged within n + 1 nested pairs 
of brackets ((• • •)). With this notation, the i-th face map of FF.,* is “omit i-th 
pair of brackets” , and the j-th degeneracy map is “repeat j-th pair of brackets” . 
The operation of bracketing is defined to be linear (— ) is linear - i.e., we set 
{ax + Py) = a{x) + (3{y) for a,f3eQ and x,y e B. 

In order to construct minimal M-simplicial resolutions, first consider the co- 
lor mal case: 

5.7. The bigraded model 

Any coformal DGL (§2.4), and in particular L = (L*,0), has a bigraded model 
A*,* - that is, a bigraded DGL {A^^^,8a) (see §2.6) which is minimal in the 

sense of §2.5 (so in particular free as a graded Lie algebra), along with a quasi- 
isomorphism A*,* ^ L^. The bigraded model is unique up to isomorphism. See 
[O, Part I] for an explicit construction. 
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This is just the Lie algebra version of the bigraded model of [HS, §3] (see also 
[F2]), which is in turn essentially the Tate-Jozefiak resolution (see [J]) of a graded 
commutative algebra. 

A = will denote the DGL associated to A^^^ (Definition 2.8); by 

construction A is the minimal model (§2.5) for L (which is not minimal itself, 
unless L* happens to be a free graded Lie algebra). 

5.8. Proposition. Let L = (L:^,0) e dC he a coformal DGL, and (j) : A^^^ L* its 
bigraded model; then there is an simplicial resolution — > L, with a 

bijection 0 : ^ C*,* between a bigraded set of generators for A^^^ and the 

set of non- degenerate (^5.1) dC-spheres in Moreover, is a minimal 

CW -resolution of L^ = H'^{A^^^), with CW basis generated by Im(^). 

Proof By Proposition 2.9 there is a simplicial graded Lie algebra resolution C.,* ^ 
L^ corresponding to and thus a weak equivalence of simplicial graded Lie 

algebras 'll; : — > P*,* = K,*(L*) (see §5.5), which is one-to-one because 

and thus are minimal (cf. [BL, §2]). 

Now let be the canonical free simplical DGL resolution of the 
fact that (j) : A^^^ L^ is a quasi- isomorphism implies that there is a weak 
equivalence : P.,* — ^ VL.,* (as well as one in the other direction). The composite 
if o 'll; : — > IT*,* is again a one-to-one weak equivalence (by minimality); we 

may therefore think of C*,* as a sub-simplicial object of VF*,*. 

Moreover, there is an embedding of bigraded vector spaces rj : A*,* — > C*,* 
(see the proof of Proposition 2.9), and thus another such embedding 6 : A*,* — > 
FL*,*, which may be defined explicitly as follows (using the notation of §5.6): 

For X G Xo,*, set 6{x) = {x) G Co,* == F{A^). Since (p maps Xq,* onto a 
(minimal) set of Lie algebra generators for L* = if' (A*,*), each 0{x) is a dw~ 
cycle, so C^°l := U^i is a sub free DGL of LLo,«- 

By minimality of X*,*, any x G X^,* (n > 1) is uniquely determined by 
<9 a(^) ^ An- 1 ,*. Thus if we require 0 to be multiplicative (with respect to the 
ordinary bracket in A*,*, and with respect to the simplicial Lie bracket | , ] of 
(2.10) in FF.,*), we may define 6 : X*,* — » FF*,* inductively by 

(5.9) 9{x) = {6{dA{x))), 

and we shall write for 9{x) if x G X**. 

By definition (see Proposition 2.9), doo9 — 9odA, so for x G X^,* (n > 2) we 
have di(x^°^) = di{9{dA{x))) = {do9{dA{x))) = {9{d\{x))) = 0, while £{di{x^^^)) 
is a 9^-boundary for x G Xi,* (where £ : FFq,* ^ A* is the augmentation). Thus 
Lemma 2.12 below implies that for x G X^,* (n > 1) we have di{x^^^) — 0 for all 
1 < i < n — 1, while dn{x^^^) is a 5w-boundary. 

Therefore, if we set ci°* := \lT=i\lxeXn k n > 0, we see 

{Hl{Cn,l)}^=i is an £-CW basis for ff'(C*,*). 
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In order to give an explicit description of (7.,=^ in terms of we need to 
know the Lie disks in which (and their faces) lie. By a double induction 

on n > 1 and 1 < r < n, we shall now define, for all x G elements G 

Wn-r,k^r SUCh that 

Note that for each x G we have 

dA{x) = 

t 

where ujt[- . ] is some m^-fold iterated Lie bracket, yi. G with YljUi ~ 

and at G Q. Then 

( 5 . 10 ) d{x) = {0(dA(x})} = , ■ ■ ■ 

t 

where ujtl- ■ -1 is the same mt-fold iterated Lie bracket as above, but now with 
respect to the simplicial Lie bracket | , ] , rather than [ , ] . 

If we set x^^^ = 0 for i > n, we may define x^^^ for 0 < s < n inductively by: 

(5.11) E • -yt:A ^ cit,k-n+s- 

t riH \-rmt=s 

0<Vj 

Thus if we assume by induction that we have chosen with dwiVi^.^^) = 
dnj^ it follows from Lemma 2.12 below that indeed = dn{x^^^) 

and di{x^^^) = 0 for 0 < i < n. 

For example, y^^^ = (y) and s{{y)) = y e Ak for any y G Xo,/c- Therefore, 
for X G we have £di{x^^^) = £do{x^^'>) = dA{x), so we may set = (x) G 
VFi,/e+i, with dwix^^"^) = di{x^^^). 

Now if we define by induction 

CXD 

:= n ]J ]J Dfc + 

k=l x£XnJ^r,k 

then it is not hard to see that is the sub-simplicial graded Lie algebra of 
W*,* generated (under the degeneracies of W.,*) by {Cn,l)'^=o for all n G N. (In 
particular, this is closed under face maps and includes Im (0), and 9 : A^^^ 
is a weak equivalence. The only non-degenerate Lie spheres in are those of 
, as required. □ 

5.12. The filtered model 

If B = {B^,8b) ^ dC is an arbitrary DGL, it no longer has a bigraded model, as 
in §5.7 above. However, it does have a filtered models constructed as follows: 

Let := Hl{B) be the homotopy Lie algebra of B^, and {A^^^^Oa) the 
bigraded model for (L*, 0). The filtered model for B is the free graded Lie algebra 
A^^^, equipped with an increasing filtration 0 = T“^(A) C 3^ {A) C • • *T^(A) C 
T’^+^(X) C ••• (defined by 3^ (A) := ^ differential Da = 
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9a + on such that 6a • ^ (Of course, Da is still required 

to be a derivation.) 

We may decompose Da ' A^^^ A^^^ as Da = 9o + -h • • • + 9n-u where 

dr : An,* ^ An-r-i,* (and do = 9a, the original differential of the bigraded 
model). 

See [O, II] or [Harj; this is again the Lie algebra version of a construction of 
Halperin-Stasheff and Felix in [HS, §4], [FI]. 

Note that the filtered model is no longer unique, since its construction de- 
pends on choices; in particular, it is not necessarily minimal. One again has the 
associated DGL (A^^Da), which is quasi-isomorphic to the original DGL B, and 
A*,* is obtained by filtering A^. 



5.13. Proposition. Let B = {B^^9 b) he a DGL, and {A^^^,Da) cl filtered model 
for B; then there is an 'Mdc-free simplicial resolution B, with a bijection 

0 : ^ between a bigraded set of generators for A,^,* ctnd the set of 

non- degenerate dC-spheres in 



Proof We start with the minimal M-free resolution L^ for L* = Hl(B^), 

constructed as in the proof of Proposition 5.8, and deform it into an M-free reso- 
lution for B, using the filtered model {A^^^,Da) as a guideline. This time we shall 
embed the resulting M-free resolution in the canonical free DGL resolution 
of (A^,Da), the DGL associated to the filtered model: 

For each x G X^^k (where X^^ is a bigraded set of generators for the bigraded 
Lie algebra A^^^, as above), set = {x) G Wo,^, and let Da{x) = 9o(x) + 9i(x) + 
• • • + 9n-i{x) as above, with 

9r{x) = ^ ^ a^ ^ \uii Vimt ] ^ ^n — r—lA i 

t 



where • •] is some mt-fold iterated Lie bracket, as above, and each yi. G 
with tl — r — 

If we set x^^^ == 0 for i > n, we may define x^^^ for 0 < s < n inductively by: 



(5.14) 



r(s) 






r=0 t 
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Using Lemma 2.12 and the fact that for any A* G sC, x G Ap and y G Aq we 
have dp^q{[x,yj) = ldp{x),yj -h {-l)^lx, dq{y)], one may then verify inductively 
that dn-s{x^^^) = and di{x^^^) = 0 for 0 < i < n — s, for all 0 < s < n. 

The rest of the construction is as in the proof of Proposition 5.8. □ 

We have the following analogue of Definition 4.4: 

5.15. Definition. Given a DGL L = (L(X,^),9l) G dC and a simplicial set A G 5, 
we define their half-smash L x A = (L(K„), 9') G dC by setting Yn := \Xk=o ^ 
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An-k, where Ai denotes the set of non-degenerate i-simplices of A. For a e Ak 
and X G Xm, we set 

k 

d'{x,a) = '^{-iy+'^{x,dia) + (dLX,a) 

i=0 

(and extend d' by requiring that it be a derivation). 

5.16. Remark. In order to apply the obstruction theory described in §4.15, note 

that all the definitions of Section 4 pass over to the DGL setting in a straightfor- 
ward manner. However, if we now start with the trivial DGL A = (H;f , 0), 

we may take ^ to be the minimal M-free resolution of Proposition 5.8, 
corresponding to the bigraded model for (H^,0), and let B = (corre- 

sponding to B. in §4.15) be the filtered model for Lx- We assume that A ^ B. 

As explained in §4.15, there is a least no > 2 such that 0 ^ ((no)) C Hl{B), 
and we write ((no)) = (((^o? ^ z)))zg/? l^he notation of 4.9, where Xi G Xno 4 
X are corresponding DGL spheres in Cno,* (we include in the index set / only 
those coordinates of (4.11) which do not vanish). 

Again let denote the set of all homotopy types in ho dC{X.) for which 
((no)) has the same value as for Lx, and choose a representative G dC{X) 

for each a G By [HS, §3], we may assume is obtained from B by per- 
turbation of 8b- Proceeding as in §4.15 we obtain a tree of DGLs ^ 

dC{X), and by [Bll, Theorem 3.1], we know that Lik,ai,a 2 ,...,ak) chosen 

to agree with Lx through degree n -h 1 at least, so colim^ ^ Lx along any 
branch of the tree. 

Note also that because iL'(C.,*) is a (minimal) CW resolution of IT'(B), in 
each case, the maps ipn • Hl{B) are null for all n > 1 (see §4.2). Thus 

any 9D[n] -compatible collection induce a map A dD[n] B 

directly, without need of the splitting (4.10). 

5.17. Remark. The second order operation described in the previous example is ac- 
tually a secondary Whitehead product. Unlocalized higher order Whitehead prod- 
ucts were defined by G. Porter in [P, 1.3], and the relation between this definition 
and the rational version has been studied by several authors - see [AA], [Al, A2], 
[R2, Rl] and [T, V.l]. However, there are other higher order rational homotopy 
operations, too: For example, in the DGL L* = (L(ai, 6i, ci, di, X4, 2/4, 2:4, 1^4), 9), 
with 8{x) = [[5,a],c], 8{y) = [[5,a],d], 8{z) = [[d,c],a] and 8{w) = [[d,c],6], the 
cycle [x,d] + [y,c] + [z,b] -f- [w,a] represents such an operation. There appears to 
be no general procedure for representing these as integral higher order operations 
in 7T>,X; we shall offer a (partial) answer to this difficulty in Section 7. 
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6. Homology of DGLs 

Obstructions in algebraic topology traditionally take values in suitable cohomology 
groups. In order to show that this holds in our setting, too, we recall Quillen’s 
definition of homology and cohomology in model categories: 

6.1. Definition. An object X in a category C is said to be abelian if it is an abelian 
group object - that is, if Homc(l^, X) has a natural abelian group structure for any 
Y e C. When C is Lie, Alg, sLie, sAlg, C, or dC, for example, this is equivalent 
to requiring that all products vanish in X (cf. [BS, §5.1.3]). 

The full subcategory of abelian objects in C is denoted by Cab C C. In the 
cases of interest to us, this will itself be an abelian category. It is equivalent to the 
category Vec of vector spaces if C = Lie or to V if C = £, to the category 
sVec of simplicial vector spaces if C = sLie or sAlg, and to the category dV if 
C = dC (see §1.1). 

In these cases, we have an abelianization functor Ab : C Cab^ along with 
a natural transformation 0 : Id ^ Ab having the appropriate universal property. 
In all the examples above, Ab{X) = X/I{X), where I{X) is the ideal in X G C 
generated by all non-trivial products. 

6.2. Definition. Let C be a category as above, which also has a closed model 
category structure: in [Ql, II, §5] (or [Q4, §2]), Quillen defines the homology of an 
object X G C to be the total left derived functor L{Ab) of Ab, applied to X (cf. 

[Ql, I, §4]). 

In more familiar terms, this means that we construct a resolution A X 
(i.e., replace X by a weakly equivalent cofibrant object A G C), and then define 
the i-th homology group of X by HiX := 7Ti{Ab{A)), for an appropriate concept 
of homotopy groups 7 Th< in Cab (see [Ql, II, §4]). One must verify, of course, that 
this definition is independent of the choice of the resolution A ^ X. 

Similarly, the cohomology of X with coefficients in M G Cab is defined: 

H\X; M) := [L(A6)X, for N large enough 

(where the loop and suspension functors Q and E are defined in [Ql, I, §2]). 

Again, in the cases that interest us, Q is essentially the shift operator E“^ 
of §1.1, and so the i-th cohomology group of X with coefficients in M is then 
W{X;M) := [EM6(A),MK,. 

6.3. Definition. If C itself does not have a closed model category structure, one 
often defines the homology of X G C by embedding C in some category which does 
have such a structure, which in many cases may be taken to be sC, the category 
of simplicial objects over C (see [Ql, II, §4]). Thus, if ^ : C sC is the embedding 
of categories defined by taking l{C) to be the constant simplicial object equal to 
C in all dimensions, then Hi{C) 7Ti(Jj{Ab o t)C). 

This is the approach usually taken for C — Lie, Alg, or C: to define the 
homology of a graded Lie algebra G £, say, one chooses a free simplicial reso- 
lution A., He (such as the canonical resolution - cf. §5.3), and then calculate 
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the homotopy groups of the simplicial graded vector space Ab{A.^^) G sV (or the 
homology groups of the bigraded chain complex in db V corresponding to Ab{A.^^) 
- see the proof of Proposition 2.9). 

6.4. Remark. Note that if we apply Definition 6.2 as is to a DGL L — {L^^dL) G 
we may take the resolution A to be the minimal model L = [L^.,d) for L 

(cf. §2.5), and since its abelianization is just the graded vector space Q{L) of 
indecomposables, and Q{d) = 0 by definition, Hi{L) would be isomorphic to the 
vector space spanned by a set of generators for L in dimension i. 

If we want cohomology with coefficients in an object M* G dCab ~ dV with 
trivial differential - i.e., is just a graded vector space - we find 

oo 

Romvec{Hj{X), Mi+j), 

j = l 

by the universal coefficients theorem. 

However, since L is itself graded, we would like H^L to be bigraded (with a 
“homological” degree, as well as a “topological” one). This requires a combination 
of Definitions 6.2 and 6.3, as follows: 

6.5. Definition. The homology of a simplicial Lie algebra L, G sLie is 

defined to be the left derived functors of the abelianization, with respect to the E^^- 
closed model category structures (§3.3) on ssLie and ssLiCab ~ ddV respectively. 
More precisely, 

(6.6) HsAL.) := 7Ts{L{Ab o t)L.)t = TTsirHAbA..), 

where L* is some M-free bisimplicial resolution of L*. 

Similarly, for any DGL L G we may define Hs^t{L) := 'KsH[{Ab{A.^^))^ for 
a Mdc-^Tee simplicial resolution A^^^ L; and these two definitions agree under 
the equivalence of homotopy categories ho(sLie) ho{dC) of Proposition 2.2. 

The bigraded cohomology of a DGL L with coefficients in the abelian DGL 
(i.e., chain complex) M is defined analogously as 

Ht{L- M) := M)t). 

We note that the homology and cohomology of differential graded (com- 
mutative) algebras have been defined by Goodwillie (in [Go]) and Burghelea & 
Vigue-Poirrier (in [BV]), in a manner analogous to the traditional definitions of 
Hochschild homology. See [Lo, §5.3]. 

6.7. Proposition. For any DGL L G dC, there is a monomorphism of graded vector 
spaces Hn,t{L) ^ Hnd(L'), where V (iL'(L),0) is the coformal model for L; 
the same holds for cohomology with trivial coefficients. 
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Proof. If is the bigraded model for L', and ^ L' the simplicial resolution 
of Proposition 5.8, then the non-degenerate spheres §^^(o)) ^ Cn,t, which corre- 
spond to a vector space basis for Hn,t{L'), are in bijective correspondence with 
the generators x G Xn,t for 

Now let be a filtered model for L obtained by perturbing and 

^ L the associated simplicial resolution of Proposition 5.13: since need 
no longer be minimal (§5.12), a vector space basis for Hn^iL) now corresponds to 
a subset of the collection of non-degenerate spheres C En,t, (which are still 

in bijective correspondence with the generators x G for A^^^ or □ 



Note that this description of the homology implies that B[^^^{L) is indeed 
just a bigraded version of the DGL homology defined in §6.3. 



6.8. Proposition. The collection of higher operations {{nk,ai,a 2 ,...,ak^^)) which de- 
termine the rational homotopy type o/ X G 7i (described in §4.15 above) are 
indexed by elements x G Hn^ <^2 homology of the 

DGLs of ^5.16, and take value in the cohomology of these DGLs, with 






1 ,o;2,...,Q;fc) . 



; TT^^Xr 



Proof. We may construct a simplicial resolution for each successive DGL 
^ Corresponding to the filtered models obtained as pertur- 
bations (t4hc,h<, Dyi) of the bigraded model (A^^^^Oa) for as above. The non- 
degenerate spheres = §^(o)) C Em,t which index the higher homotopy oper- 
ations ((m, x)) are thus in bijective correspondence with the generators x G Xm,t 
for However, if x is not minimal - in the sense that Da{x) ^ [^, ^], or 

X a = Da{y) for some a G A^^^ and y G Xm-\-i,t ~ then we can construct a 
new simplicial resolution E' ^ of in which has been eliminated (though 
of course new spheres may appear in higher simplicial dimensions). By the uni- 
versal property of resolutions (i.e., of cofibrant objects in the E"^ model cate- 
gory for sdC - see §3.3) there is a map of resolutions E.^^ ^ E*' and there 
can be no non- vanishing higher operation ((nfc,ai,...,o;fc ? which serves as an ob- 
struction to rectifying the augmentation up- to- homotopy Lp : — > L^, since 

09 ^|§m can be factored through 0 G E' ^ . Thus the only homotopy oper- 

at ions which can appear are those corresponding to non- trivial homology classes 
in xhese yield the requisite cohomology classes by Universal 

Coefficients. □ 



Proposition 6.7 thus implies that we may if we like think of all the higher 
homotopy operations described in §4.15 (associated to the various deformations of 
as lying in one fixed bigraded group tt^cXq), which is of course just 

the usual cohomology of a graded Lie algebra, and is easier to compute than the 
cohomology of a non-trivial DGL. 
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7. Non-associative algebra models 

The DGL higher homotopy operations are unsatisfactory from a topological point 
of view because there is no obvious way to translate them, in general, into unlo- 
calized topological homotopy operations. We now describe an algebraic model for 
rational homotopy theory which may serve to answer this objection. 

7.1. Non-associative graded algebras 

Let A denote the category of non-associative graded algebras: an object G 
is just a graded vector space equipped with a bilinear graded product Ap^ Aq 
Ap-^q. Let A{X) denote the free non-associative graded algebra generated by a 
graded set X^. As in §2.1, the functor A : grSet A factors through A : V A. 

dA will denote the category of differential graded non-associative algebras 
(A*, 9 a), called DGNAs; the differential 8a must satisfy = 0 and dA{x'y) = 

9ax • y + (— • 9a2/, as for DGLs. 

For simplicity we assume each A^ G A, dA is connected - that is, Aq = {0}. 
Again, we have a category dbA of differential bigraded non-associative algebras 
{DBGNAs), as in §2.6. 

As for any CUGA (§3.1), one can define a closed model category structure 
on sA (see [Ql, II, §4]) and thus by [B14, §4] on dbA, and one has the expected 
analogues of Propositions 2.2 and 2.9: 

TV 

7.2. Proposition. There are adjoint functors sAlg^^dA, which induce equivalences 
of the corresponding homotopy categories ho{sAlg) ^ ho{dA). 

N 

7.3. Proposition. There are adjoint functors db A, which induce equivalences 
of the corresponding homotopy categories ho(sA) ~ ho(db A); and A'* takes free 
DBGNAs to free simplicial non-associative algebras. 

7.4. Notation. For any (W,-) ^ A, let [x,y] denote ^{x ■ y • x). We 

then have [y^x] = (— y], so (W,[, ]) is now a non-associative graded 
algebra with a graded-commutative (or: graded skew-symmetric) multiplication. 
Moreover, any graded derivation d on (A*, •) is also a derivation with respect to 
[ , ], and any morphism of algebras from (X^, •) to a graded-commutative algebra 
will also respect [ , ] . Therefore we can (and will) assume that our non-associative 
algebras are all graded-commutative, and denote the product by [, ]. 

Moreover, if A. G sA is a simplicial graded algebra, we shall also use the 
notation 

[x,2/l= 

(cta) e Sp ^ q 

for the corresponding simplicial bracket (compare (2.10)). 

7.5. Definition. Any simplicial Lie algebra L* G sLie is in particular an object 
in sAlg; let l : dC ^ dA be the inclusion functor. Note that even if each Ln is 
free as a Lie algebra, it is not free as a non-associative algebra: a free simplicial 
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resolution J* — > l{L^) in the category sAlg (see §3.2) will be called a sAlg-model 
for L*. Such models can be constructed functorially, for example by a variant of 
§5.5. 

There is also the analogous concept of a dA-model J* G dA of a DGL L; we 
can of course translate back and forth between these two types of models using 
Proposition 7.2. 

Since the DGL L — has an internal grading, and its d^-model 

J = (Jhc,9j) is constructed as a resolution of L, it is natural to define a second 
“homological” degree on so as to have a filtered model (cf. §5.12). If the 
DGL is trivial (i.e., = 0), a model for (L*,0) will be a differential bigraded 

non-associative algebra (DBGNA) J — (cf. §5.7). 

7.6. Remark. Define a Jacobi algebra to be a DGNA J = [J^.dj) G dA such that 
id' J G C. In particular, any d^- model J of a DGL L is a Jacobi algebra, since 
H^J = H^L. We denote by C dA the full subcategory of Jacobi algebras. These 
algebras are clearly related to the strongly homotopy Lie algebras of [SS] (see also 
[LM]), though in general a Jacobi algebra is just a “Lie algebra up to homotopy”. 

Note that even though dA itself is a CUGA, J apparently is not, and it does 
not inherit many desirable properties from dA: for example, J is not closed under 
the coproduct in dA. However, one still has free Jacobi algebras, in the following 
sense: 

7.7. Lemma. There is a functor J : dV ^ dA, and a natural transformation 
6 : J ^ L such that: 

(a) JIA is free as an algebra, for any chain complex K ; 

(b) Oy^ is a surjective quasi-isomorphism; 

(c) any chain map (p : ^ (where W G dV and e J) extends to a dA 

map (fi : JIA . 

Proof. As noted above, we may define = J(K) by induction on the homolog- 
ical filtration: 

Start with Jq,* = A(IA) (the free non-associative algebra on the differential 
graded vector space (W,5y), with dj extending dy as a derivation), and let do • 
Jo,* — > I/(K) be the obvious surjection, with Xo,* = Ker(do) a two-sided dJl- ideal 
of Jo, * . 

Choose once and for all some collection of generators Mq — {gi}iei for A"o,* 
as a Jo,*-bimodule: for each choice of a dV-basis for K - that is, of a 

graded vector space basis of the form {xa^dyXa^Xfs}, with dyXf 3 — 0 - we may 
write each pii as some expression gi{xj .^ , . . . , ). If we then choose some other 

dV-basis {x',}^/er' for K, again we will have p'- := Pi{x' , ,...,x', ) G A'o,*; 
define Ji,* to be the free non-associative algebra on the DG vector subspace of 
Xo,* spanned by all such “canonical operations” p[ (i G /), for all possible choices 
of dV-bases for K- Again one has the obvious augmentation Ji,* ^ Jq,* 

to serve as dj (with o 9j = 0 by construction), and one takes the kernel A"i,* 
of this augmentation for the next step. 
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Proceeding in this way we may define the functor J by induction on the 
homological filtration; if the collections of operations Mn are chosen canonically, 
the functor itself will be canonical. Properties (a)-(c) are readily verified. □ 

7.8. Example. Let L = (L(X*),0) be the trivial free DGL on a graded set 

in this case the canonical DBGNA model = J(X^,0) for L may be 

described in part as follows: 

Let Jo,* = A (A*) (the free non- associative algebra on X*). Since the Ja- 
cobi identity holds in L(X*), but not in A(X*), we have fi{x^y,z) = [x, [y,z\\ — 
\\x,y],z] + {-iy\\x,z],y] G Xq,* for all x,y, z e X^. Thus Ji,* will be generated 
as a Jo,*-bimodule by the image of (Jq,*)'^^ under the Ea-equivariant multilinear 
map A3 : J^,p G) Jj^q 0 Jk,r Here the symmetric group acts 

on J*,p^ (8) • • • 0 J*,p^ by permutations, and on via the Koszul sign ho- 

momorphism Si : Tin {1,-1} (defined by letting £j{{k,k + 1)) = (— 
for any adjacent transposition (/c,A: + l) G E^). We set 

dj{\3{x®y^ z)) = [x, [y,z]] - [[x,y],z] + (-1)'?^ {[x,z],y]. 

However, there are relations among these elements A3 (x Gy 8)2:), so we define a 
E 4 -equi variant multilinear map A4 : Jj^q 0 Jk,r ^ Ji+j+/e+€+2,p+g+r+s, 

dj{\A{x®y®z^w)) = [x, Xs{y ^ z ^ w)] -h [\3{x ^ y 0 z),w] 

- [X3{x®y^w),z] 

+ (-l)l!/l(I^H-l)[A3(x®z®w;),y] 

- {\3{[x,y](gi z^w) + A3(x(8>y® [z,w])) 

_l_ (_i)|y||2| (A3 ([x, z] ® y ® z) 

+ A3(x (g) z ® [y,w])) 

- (-l)l^ld!^l+l^n (A3 ([x, w] ® y ® 2) 

+ A3(x ® w ® [y, 4))- 

In fact, one can define a sequence of “higher Jacobi relations” A^(xiG- • -Gx^), 
for all n > 3, which yield an explicit construction of J(X*) for a the free (graded) 
Lie algebra LX*. See [AB], and compare [LM, 2.1]. 

7.9. ^-homotopy operations 

One can now apply the theory of Section 4 verbatim to any space X G Tj with 
C = Alg rather than Lie, to obtain a sequence of higher homotopy operations as 
in §4.15 which determining the rational homotopy type of X - the only difference 
being that the simplicial resolutions C*. of the successive simplicial Lie algebras 
l 1^^ are now Maiq free resolutions of l 1^^ in ssAlg. 

This is the reason that the theory of Section 3 was stated for an arbitrary 
CUGA, rather than specifically for C = Lie. The reason that our general theory 
was stated for simplicial rather than differential graded universal algebras is that 
there seems to be no reasonable version of Proposition 7.2 for an arbitrary CUGA. 
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7.10. Minimal resolutions 

To make the construction more accessible, it is again useful to have minimal MAig 
resolutions, as in Section 5. For this purpose, we consider a variant of the above 
approach: 

Even though J does not inherit a closed model category structure from dA, 
one may define models for J, in the sense of §3.3, by letting a Jacobi sphere be 
any dA model of a ^-sphere (§5.2), and more generally let Mj denote the full 
subcategory of J consisting of DGNAs weakly equivalent to objects in Mdc ~ 
Jacobi models of DGLs which are (up to homotopy) coproducts of d£-spheres. 

An M J resolution of a DGL L, which we shall call simply a Jacobi resolution, 
is then defined to be a free simplicial resolution of DGNAs l{L) (Def. 3.2), 

with each eMj. Note that such an A,,* l{L) is at the same time also an 
M Jacobi resolution of the dA-model J* of L, and it is usually more convenient 
to think of it as such. 

There is a comonad F : dA ^ dA as in (5.4), which yields the canonical 
Jacobi resolution f/*,* for any C G J7, as in §5.3. Again we may use the notation 
of §5.6. 

One also has an analogue of Propositions 5.8 and 5.13, as follows: 

7.11. Proposition. Let B = G dC be any DGL, and {A^^^,Da) cl filtered 

model for B: then there is a Jacobi resolution J^^^ ^(-^); with a bisection 6 : 

^ J.,* between a bigraded set of generators for A^^^ and the set of 
non- degenerate dA-spheres in J.^^. 

Proof Let G = Gb be a dA- model for the DGL B, and G the canonical 

Jacobi resolution. As in the proof of Proposition 5.8, we may define a map 6 : 
Ahc,* G*,* inductively by the equation 0{x) = {0{dA{oc))) (compare (5.9)), and 
we shall again write for 6{x) if x G X^^ (a set of generators for and let 

14,=, be the bigraded vector space spanned by d(X=,„). For simplicity of notation we 
consider first the case where B has trivial differential and A=,,>, is bigraded (with 
Da = Oa). 

For each n G N, define the sub-DGNA Jn,l of to be J(Vn^A)^ in the 
notation of Lemma 7.7 - that is, Jn}^ is the coproduct, in J, of a set of Jacobi 
spheres one for each generator x G Xn^k of A=,,*. By Lemma 7.7(c), it is 

enough to define the face and degeneracy maps of on each x - where we may 
use the description of §5.6. 

Once again, we want d^(x^^^) to be a 9[/-boundary for each 1 < i < n; but the 
analogues of the elements x^^^ of Propositions 5.8 and 5.13 are more complicated, 
so we need some definitions: 

For each 0 < s < n, let %n,s denote the set of all sequences / = (ii, ..., is) of 
integers 1 < ii < • • • < is < n, corresponding to the s-fold face map dj = o • • • o 
di^ : n n - s in (compare Definition 4.3 and the proof of Proposition 5.8). 
Given L = (ii, . . . ,is) G for each 1 < j < 5 let I{j) := (ii, . . . ,ij, . . . ,is) G 

%n,s-i t>e obtained from I by omitting the j-th entry. By repeatedly using the 
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identity dkdm — dm-idk {k < m), we can find a unique K{j) G {1, 2, . . . ,n} such 
that o djQ^^ = dj. For each x G Xn,k^ 0 < s < n, and I G 0Cn,s^ we want 

to choose an element G k-n-\-s ^ ^n-s,fc-n+s by induction on n — s, 

starting with := = 0{x)^ so that: 

s 

( 7 . 12 ) du{x^^'^'>) = 

i=i 

for s > 1. (The index s is not really needed, since s = |/|, but it is useful for 
keeping the analogy with the notation of (5.11) in mind.) 

Note that since doo6 = 6 o8a longer holds here (because do is a morphism 
in dA^ not in d£), it is not generally true that di(x^^^) = 0 for all x G 
However, since applying id' still yields a CW resolution H'^C = 

(where C is the d^- model for the DGL H), we know that di{x^^^) must be a du~ 
boundary for each 1 < i < n. Thus we can choose an element G f/n-i,/e-n+i 

with = di(x^^^) (a special case of (7.12)) - and in fact may be 

expressed in terms of the “canonical operations” fii of Lemma 7.7. 

Now let dA{x) = Y.t , • • • , for yi^ G so 



{yf 2 ,)]) 



t 



as in (5.10), where the (n — nj)-multi-index Jj C {0, 1, ... ,n — 1} is obtained by 
repeated shuffles, which also determine the sign (—1)^^ (see (2.10) ff.). Therefore, 

= (^at (-l)'^‘wt[4-isji(yl°^), • • • 

The proof of Lemma 2.12 (which is valid in dA^ too) implies by induction on 
t > 2 that for each summand 

Vt = 0Jt[sj, {yfl'’), {yfj^ )], 



there is exactly one I < j <t and 0 < ^ < fc — 1 such that 

dk-i(vt) = , sj>^^{y\f_^), 

sj'/de{y^°^), (yl°l), {yf^^ )], 



for suitable multi-indices , . . . , dj_i , dj+i , • • • , and Jj'. 
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Since i < k and rij < n, we may assume by induction that we have defined 
e such that = de{ylf), and then let be 

iYl Y1 

t (Ju-.Jmt) 

sr/iVi-'’^^), (y-°| J, • • • , {yfj^ )]). 

The rest of the construction of the elements , as well as the generalization 

to the filtered case, is similar to that in the proofs of Propositions 5.8 and 5.13. □ 



We can now summarize the main result of this paper in the following 

7.14. Theorem. Let be a simply connected space, and 11^ := 7t^-iX.q G Cq its 
rational homotopy Lie algebra. There is a tree Tx of DGLs ^ starting 

with L^^^ (n^,0), and for each branch ai, . . . ,ak, . . . of Tx, an increasing 

sequence of positive integers (or oo) {uk = nk^ai,...,ak)'^=i 

(a) ^nf; 

(b) The higher homotopy operations ((m)) C 11;^) associated to 

a minimal Jacobi resolution o/ ’ as in vanish for m < n^. 

(c) The operation {{uk)) = C 77^"^ Ilf ) does not vanish (un- 

less Uk — oo). 

(d) For any a/c+i olong the branch of {ai, . . . ,ak), the DGL jpi^-^^^oci,...,ak,ak+i) 

may be chosen to agree with j^rj^ degrees < UkFl, so the sequential 

colimit = colim/e along any branch, is well defined, and is a DGL 
model for X. 

The main difference between the construction described here (in sj) and 
that of Proposition 5.13 is that the “higher order information” in J,,* is no longer 
concentrated in the last face map dn : Jn,* As a result, the higher homo- 

topy operations associated to the (minimal) Jacobi resolution (as in Section 4) are 
true simplicial operations, which can be translated more directly into topological 
ones. 
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The Loop Homology Algebra of Spheres 
and Projective Spaces 

Ralph L. Cohen, John D.S. Jones, and Jun Yan 



Abstract. In [3] Chas and Sullivan defined an intersection product on the ho- 
mology H^{LM) of the space of smooth loops in a closed, oriented manifold 
M. In this paper we will use the homotopy theoretic realization of this prod- 
uct described by the first two authors in [2] to construct a second quadrant 
spectral sequence of algebras converging to the loop homology multiplica- 
tively, when M is simply connected. The E 2 term of this spectral sequence 
is H* {M; H^{QM)) where the product is given by the cup product on the 
cohomology of the manifold H*{M) with coefficients in the Pontryagin ring 
structure on the homology of its based loop space We then use this 

spectral sequence to compute the ring structures of H^{LS^) and 



Introduction 

The loop homology of a closed orientable manifold of degree d is the ordinary 
homology of the free loop space LM = Map(6'^, M^), with degree shifted by — d, 
i.e., 

In [3], Chas and Sullivan defined a type of intersection product on the chains of 
LM, yielding an algebra structure on H,^(LM). 

Roughly, the loop product is defined as follows. Let a : LM and 

/3 : LM be singular simplices in LM. The evaluation at 1 G 5^ C C defines 

a map ev : LM M. Assume that ev o a and ev o (3 define a map 

AP X A^ ^ LM X LM M X M 

that is transverse to the diagonal. At each point ( 5 , t) G x A^ where ev o a 
intersects ev o (3, one can define a single loop by first traversing the loop a{s) and 
then traversing the loop /3{t). This then defines a chain a o (3 ^ Cpj^q-d{LM). In 
[3] Chas and Sullivan showed that this procedure defines a chain map 

Cp(LM) © Cq{LM) ^ Cp+,_rf(LM) 

which induces an associative, commutative algebra structure on the loop homology, 
EI*(LM). Chas and Sullivan also described other structures this pairing induces. 
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such as a Lie algebra structure on the equivariant homology of the loop space. In 
[2] , the first two authors used the Pontryagin-Thom construction to show that the 
loop product is realized on the homotopy level on Thom spaces (spectra) of bundles 
over the loop space. In particular let TM denote the tangent bundle of M, and 
—TM denotes its inverse as a virtual bundle in X-theory. Let denote the 

Thom spectrum of this bundle, and LM~^^ the Thom spectrum of eu*(— TM). 
Then in [2] it was shown that LM~^^ is a homotopy commutative ring spectrum 
with unit, whose product realizes the Chas-Sullivan product in homology, after 
applying the Thom isomorphism, Hq{LM~^^) = Hq-^d(LM) = Mq{LM). 

The goal of this paper is to describe a spectral sequence of algebras converging 
to the loop homology algebra of a manifold, and to use it to compute the loop 
homology algebra of spheres and projective spaces. More specifically we shall prove 
the following theorems. 



Theorem 1. Let M he a closed, oriented, simply connected manifold. There is a 
second quadrant spectral sequence of algebras • p < 0,g > 0} such that 

1. El ^ is an algebra and the differential dL : is a derivation 

for each r > 1. 

2. The spectral sequence converges to the loop homology M^{LM) as algebras. 
That is, Elf^ is the associated graded algebra to a natural filtration of the 
algebra EI=|. (LM). 

3. For m,n> 0, 

Here flM is the space of base point preserving loops in M . Furthermore the 
isomorphism E‘f^ ^ = H*{M] H^{QM)) is an isomorphism of algebras, where 
the algebra structure on H*{M; is given by the cup product on the 

cohomology of M with coefficients in the Pontrjagin ring 

4. The spectral sequence is natural with respect to smooth maps between mani- 
folds. 

We then use this spectral sequence to do the following calculations. Let A[xi, . . . , 
Xn] denote the exterior algebra (over the integers) generated by x\,. . . ,Xn-> and 
let Z[ai, . . . , Om] denote the polynomial algebra generated by ai, ..., a^n- 

Theorem 2. There exist isomorphisms of graded algebras, 

1 . 

m4LS^)^A[a](E)Z[t,t~^] 

where a £ andt,t~^ & Ho(L5^). 

2. For n > 1, 






A [a] (8) Z[u], for n odd 

{A[b]^Tj[a,v])/{a‘^,ab,2av), forn even, 

whereat H_n(T5^); b e u e Mn-i{LS^), andv e M 2 n- 2 {LS^). 




The Loop Homology Algebra of Spheres and Projective Spaces 



79 



Theorem 3. There is an isomorphism of algebras, 

U,{LCr) ^ {A[w]^Z[c,u])/{c^^\{n + l)c^u,wc^) 
where w G IH_i(LCP^), c G H_2(LCP^), and u G IH[2n(LCP^). 

The organization of this paper is as follows. In Section 1 we will review the con- 
struction of the loop product that was used in [2] and describe it on the chain 
level. In Section 2 we will construct the spectral sequence and prove Theorem 
1. In Section 3 we use this spectral sequence to do the calculations presented in 
Theorems 2 and 3. 



1. The loop product 

For the remainder of the paper, let M be a closed, connected, oriented manifold of 
dimension d. The goal of this section is to give a description of the loop product on 
at the chain level. Of course this was done originally by Chas and Sullivan 
in [3], but our approach will be slightly different. It will be more amenable to the 
construction and the analysis of the loop homology spectral sequence to be done 
in the next section. 

We begin by recalling a chain level description of the intersection product 
arising from Poincare duality on the homology of the manifold, 

(, ) : H,{M) ^ H^{M) 

For pairs of spaces {X,A) with A c X, denote by C^{X,A) and C*{X,A) 
the groups of singular chains and cochains. 

Recall that the normal bundle of the diagonal embedding A : M M x M 
is naturally isomorphic to the tangent bundle TM. Let denote the Thom 

space of this bundle. The Thom-Pontryagin map for the diagonal embedding is 
therefore a map 

( 1 . 1 ) 

which collapses everything outside a tubular neighborhood of the diagonal to the 
base point of . 

Choose a Riemannian metric on TM and let DtM and StM be the unit 
disk and sphere bundles of TM. Since StM has a collar, StM x / ^ DtM, there 
is a chain equivalence 

: C^DtMIStM, *) -> C,{DtM U cStM, cStM) ^ C^DtM, StM) 

where * is the base point of DtM j S tM , cStM is the cone on StM, and DtMU 
cStM is the mapping cone of the inclusion StM ^ DtM. Let t G C^{DtM,StM) 
be a cochain that represents the Thom class [t] G H^{DtM,StM). Then taking 
the cap product with t at the chain level followed by the projection from DtM to 
M, 

(1-2) aj : C^DtMTtM) C^^diDrM) C.-d{M) 
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induces the Thom isomorphism 

H,{DtM,StM) 

in homology. 

Let Cji : C^{DtM / StM) — > C^{DtM / StM,^) be the projection map onto 
the quotient complex, and denote by the composition of the chain maps 

(1-3) Mj : ^ C^DtM/StM,*) % C,{DtM,StM) ^ C,-d{M). 

Now let A be a graded ring. Recall that the intersection product structure 
on A) is defined so that the Poincare duality isomorphism 

a ^ a n [M] 

is an isomorphism of graded algebras. Here [M] G Hd{M;A) is the fundamental 
class determined by the orientation of M. The commutativity of the following 
diagram describes the well-known relation between the intersection product, the 
Thom-Pontryagin map and the Thom isomorphism: 

Hp+,{MxM) Hp+g_d{M) 



\d(d-p) / \ 

Hp{M)®H,{M) ^ Hp+,_d{M), 

where (•) is the intersection product on and x denotes the cross product. 

We therefore have the following chain description of the intersection pairing: 

Proposition 4. Let M he as above. Then the following composition of chain maps 

Cp{M)(E)Cg{M) ^ Cp+g{M XM)% Cp + g{M'^^) ^ Cp-^q—d (M) 

is a representative of the intersection product 

(_l)4d-P)(.) . H^^M) ® H,{M) ^ Fp+,-d(M). 

We next turn our attention to the loop space and the loop product. Let LM = 
be the free loop space of M, where denotes the unit circle in 
the complex line, parametrized by exp : [0, 1] ^ with 1 G 5^ chosen as the 
basepoint. We now recall some constructions in [2]. 

The loop evaluation map 



ev : LM M 
7-" 7(1), 

is a Serre fibration. Let LM x m LM denote the pull back of the product of this 
fibration with itself along the diagonal embedding A : M ^ M x M, denoted by 
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LAd X ]\/[ Lh/[ 

LM xm LM ^ > LM X LM 



evoo 






ev X ev 



M ^ M X M. 

A 

Notice that LM Xm LM is the space of pairs of loops having the same basepoint. 
The map eVoo in this fiber square is given by eVoo(c^,/9) = ce(l) = /?(!)• The map 
A is an embedding of a codimension d infinite-dimensional submanifold of the 
infinite-dimensional manifold LM x LM. 

As shown in [2] this pullback square allows for a Thom-Pontryagin map f : 
LM X LM {LM Xm LM)^^ , where {LM x m LM)^^ denotes the Thom space 

of the pull-back bundle ev^(TM), which is the normal bundle of the embedding 
A. Notice that we have a commutative diagram of Thom-Pontryagin maps: 



LM X LM — ^ {LM Xm LM)^^ 



ev X ev 




M xM — ^ M^^. 



In this diagram the map eVoo is the induced map on the Thom spaces. 

Loop composition afS is defined for two loops a and [3 having the same base 
point by first traversing the loop a, then the loop j3^ i.e., 



(1.4) 






a{2t) 

m - 1 ) 



Denote this operation by 



if 0 < ^ < |, 
if f < < < 1. 



y : LM[ x m LM^ — > LAL 

{a, 13) af3. 



Notice that 7 preserves the base points of loops in LM Xm LM and LM, 
thus the composition 

LM Xm LM — ^ LM M 

coincides with eVoo- Therefore 7 induces a map of bundles, 7 : ev^(TM) ^ 
ev*{TM)^ and therefore an induced map of Thom spaces, 

7 : {LM Xm LMf^ LM^^ . 



Putting the above maps together, we obtain the following commutative diagram 



(1.5) 



LM X LM — ^ {LM Xm LM)'^^ — ^ LM™ 



ev X ev 



MTM 



ev 



MxM 



M™. 
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Let DlM and SlM be the pull-backs of DtM and StM via ev. They 
are the unit disk and sphere bundles of ev*{TM). Recall that the cochain t in 
C^{DtM^ StM) represents the Thom class and therefore its pull-back i == ev*{t) 
is a cochain in C^{DlM, SlM) representing the Thom class of ev*{TM). Similar 
to (1.2), capping with i at the chain level followed by the projection of DlM to 
LM 

a^:C,{DLM,SLM) — ^ C.^d{DLM) C^-d{LM) 

induces the Thom isomorphism 

in homology. Similar to the argument used for (1.3), there is a chain map 

( 1 . 6 ) 

^ C,{DlM/SlM,*) % C,{DlM,SlM) % C,-d{LM), 
such that the following diagram commutes: 

ev^ ev* 

In [2] the first two authors proved that the composition of 7*, and 
realizes the Chas-Sullivan loop product. That is, the following diagram commutes: 
(1.7) 

Hp{LM) ^ Hq{LM) , HpLq-d{LM) 

x| il. 

Hp+g{LMxLM) Hp+q{LM xm LMT^ iJp+,(VM™) 

where o : Hp{LM) (g) Hq{LM) — > Hp^q-d{LM) is the Chas-Sullivan loop prod- 
uct. We therefore have the following proposition, which should be viewed as the 
analogue of Proposition 4. 

Proposition 5. The composition of the four chain maps 



(1.8) 


X : 


C,{LM) ® C,{LM) ^ C,{LM x LM), 


(1.9) 


n ■ 


C^LM X LM) 


C^LM xm LM)~^^\ 


(1.10) 


7# : 


C^LM xm LM)'^ 


and 


(1.11) 


Ui ■ 


C,{LM^^) ^ C*. 


-d{LM). 



gives a chain representative of the Chas-Sullivan loop product up to sign 
Hp{LM) O Hq{LM) -> HpTq-d{LM) 
a P a o p. 
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2. The loop algebra spectral sequence 

In this section we will describe the loop algebra spectral sequence and prove Theo- 
rem 1. To do this we describe a filtration of simplicial sets arising from the fibration 
QM ^ LM M, which will induce the Serre spectral sequence for this fibra- 
tion. We then analyze how the loop product behaves with respect to this spectral 
sequence, using the chain level description of the product given in the last section. 
We then apply the Poincare duality to regrade the spectral sequence (and in par- 
ticular change a first quadrant spectral sequence into a second quadrant one) , and 
prove Theorem 1. 

Given a topological space X, let S.X denote its singular simplicial set. The 
p-simplices are given by singular simplices Sp{X) = {a : X}, where 

is the standard p-simplex, A^ = {{xq, . . . ,Xp) G ' Xi > 0 and ^Xi = 1}. 

S.X has the usual face and degeneracy operations, and it is well known that its 
geometric realization |5.X| has the weak homotopy type of X. See [4] for details. 

Number the vertices of A^ {0, 1, • • • ,p}. Then for a non-decreasing sequence 
of integers 0 < io < . . . < ir < P, define a map of simplices 

(io,ii,...,v): A^--A^ 

by requiring that (io, ii, . . . , ir) be a linear map that sends the vertex k of A’’ to 
the vertex ik of A^. Given a singular p-simplex cr : A^ — » X, the composition of a 
with (io, ii, . . . , ir) defines an r-simplex 

Now let jr ^ p] ^ ^ be a fibration. There is a filtration of the simplicial 

set S.E defined as follows. 

Definition 1. Let Fp{S.E) C S.E be the subsimplicial set whose r simplices are 
given by 

Ep{Sr{E)) ^ {T : E : noT = a(io, • . . ,v), for some a G Sq{B), q < p, 

and some sequence 0 < fo < • • • < V < 

Given a simplicial set X, let C^{Y.) be the associated simplicial chain complex, 
whose gf-chains Cq{Y.) are the free abelian group on the g^-simplices Yg, and whose 
boundary homomorphisms are given by the alternating sum of the face maps. 
Again, see [4] for details. In particular for a space X, we have C*(5.X) is the sin- 
gular chain complex which we previously denoted simply by C*(X). The following 
is verified in [6]. 

Proposition 6. Let E ^ E B be a fibration as above. Consider the filtration of 
chain complexes, 

{0} c_ . . . ^ Ep^i{C.{E)) ^ EpiC^E)) ^ C^E) 

defined by Ep{C^{E)) = C^{Fp{S.E)) where Fp{S.E) is the p^^ filtration of the 
singular simplicial set defined above. Then this filtration induces the Serre spectral 
sequence converging to H^{E). 
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We will study this spectral sequence in the examples of the fibrations 

ev :LM M, 
evoo '-LM Xm LM M, 
ev :DlM — > DtM^ and 
eu :SlM StM 

described in the last section. In particular notice that by taking the filtration of 
pairs 

Fp{C4DlM,SlM)) = Fp{C,{DlM))/Fp{C4SdM)) 
we get a spectral sequence (the relative Serre spectral sequence) converging to 

H.{DlM,SlM) = H.{LM™) 

and whose E 2 term is 
Using the fibration 

evoo • LM X M LM — > M 

there is a similar filtration 

Fp{C.{evUDTM),evl,{STM))) 
which yields a relative Serre spectral sequence converging to 

H,{{LM Xm 

and whose £’2 term is 

X QM)). 

The following is an immediate observation based on the chain descriptions in 
the last section. 

Proposition 7. The chain maps 

X : C*(LM) O C*(LM) C^{LM x LM) (1.8), 

f# : C^{LM X LM) C^LM Xm LM)'^^ (1.9), and 

7# : C.(LM X M LM)'^^ ^ C^LM^^) (1.10) 

described in the last section all preserve the above filtrations: 

X : Fp{a{LM)) ® Fg{C,{LM)) ^ Fp+g{C,{LM x LM)), 

f# : FmiC^LM X LM)) ^ FmiC^evUDrM), evl^iSrM))), 

: Frn{C.{ev*^{DTM), evl^{SrM))) Fm{a{DLM, SlM)), 
and therefore induce maps of the associated Serre spectral sequences. 

The following is a bit more delicate. 
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Theorem 8. The chain map 

^ a-d(LM) (1.11) 

induces a map of filtered chain complexes that lowers the filtration by d, 

: Fp{C,{DlM,SlM)) ^ Fp_^(a(LM)). 

and therefore induces a map of the associated Serre spectral sequences that shifts 
grading, 

In particular on the E 2 ~level is the Thom isomorphism, 

Hp{M™ ■, Hg{QM)) Hp^d{M-Hg{nM)). 



Proof. By the definition of the chain map to prove this theorem it suffices 
to show that taking the cap product with the Thom class i G C^{DlM, SlM) 
induces a map of filtered chain complexes that lowers the filtration by d, 

Fp{C.{DlM,SlM)) Fp_d{C,{DLM)). 

To verify this, recall that the cap product has the following chain level de- 
scription. Consider the operations on singular n-simplices, 

Jp and p[: <Sn(X) ^ 5p(A) 

defined by 

a\p = (dp+i)"“P(cr), p[a = (4)”“P(ct). 

That is, cr\p is the restriction of a to the “front” p-face, and p[a is the restriction 
of a to the “back” p-face. 

Now we can choose our cochain i G C*{DlM, SlM) to represent the Thom 
class so that if we view it as an element in Hom{Cd{DLM); Z) it satisfies 

(2.1) CdiSLM) C Kev{i), 

(2.2) Im(s, : Sd-i(DLM) ^ Sd{DLM) C Cd{DLM)) C Ker(t), 

That is, i vanishes on chains on and degenerate chains on DlM. Let a G 

Sp(DlM) for some p > d, then the cap product can be described as 

(2.3) ani= ■ a\p-d- 

This gives a well-defined chain map ni : Cp(DlM, SlM) Cp-diDiM) that 
represents capping with the Thom class in cohomology. 

The map ni on C^{DlM, SlM) is completely determined by its composition 
with the projection C^{DlM) C^{DlM, SlM). So to prove the lemma it now 
suffices to prove that ni maps Fp{C^{DlM)) to Fp-d{C^{DLM)). 

Let T G Fp{Sr{DLM)) be a singular r-simplex in filtration p. Then, by 
definition. 



ev{T) = o-(io,ii, . . . ,fy) 
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for some ^-simplex a e Sq{DTM), and some sequence io < • • • < V < ^ < P- By 
the above formula for the cap product, we then have 

ev{T ni) = ev{T) nt = ±t{a{ir-d, • • • , v))cr(^o, • • • , V-d), 

where, as above, t G C^{DtM,StM) represents the Thom class of the tangent 
bundle TM M. By (2.2) t vanishes on degenerate simplices. Therefore this 
expression can only be nonzero ii ir-d < • • * < V < and therefore r — d < 
q - d < p - d. Hence Tni e Fp-d{C^{DLM)) as claimed. □ 

Notice that if we compose the chain maps in Proposition 7 and Theorem 8, we 
have a map of filtered chain complexes 

^ : Fp{C.{LM)) ^ FqiC^LM)) Fp+,_^(a(LM)) 

which, by Proposition 5 induces the loop product in homology. Therefore induces 
a map of spectral sequences 

(2.4) /X : E;JLM) ® El,{LM) 

For simply connected M, on the ^ 2 -level, defines a map 
p : Hp{M-, HsiflM)) ® H,{M; Ht{^M)) ^ Hp+q-d 

which we claim is given up to sign, by the intersection product with coefficients 
on the Pontryagin ring More explicitly, 

ld{{a ^ g) ^ {b^ h)) = ±{a • b) (8) {gh) 

where a e Hp{M), g G Hs{^M), b G Hq{M), and h G and where a - b is 

the intersection product and gh is the Pontryagin product. 

To see this, notice that the composition of chain maps used to define g 
is given by a composition of chain maps of fibrations (and pairs of fibrations). 
On the base space level this is given by the composition of maps described in 
Proposition 4 realizing the intersection product. On the fiber level, the fact that 
this chain map induces the Pontryagin product comes from the fact that map 
7 : LM X M LM LM as defined in (1.4) is a map of fibrations 

Q.M X Q.M — ^ nM 



LM Xm LM — ^ LM 



evoo 



ev 



M > M 



where p is the Pontryagin product. 

Thus g defines a multiplicative structure on the Serre spectral sequence for 
the fibration QM LM M which converges to the loop homology algebra 

structure on and on the E^-level is given (up to sign) by the intersection 
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product on M with coefficients in the Pontryagin ring However the 

grading is shifted in a way that is confusing for calculational purposes. To remedy 
this, define a second quadrant spectral dr : ^ ^ 

with 5 < 0, t > 0, which converges to the loop homology Elg+t (LM) by regrading 
the Serre spectral spectral sequence in the following way. 

(2-5) El,iU.{LM)) = 

where d is the dimension of M, and the right-hand side is the Serre spectral se- 
quence for the fibration QM — > LM — > M we have been considering. Notice that 
El-i.{M^{LM)) can only be nonzero for —d < s <0. Moreover with the new index- 
ing the spectral sequence converges to the loop homology in a grading preserving 
way, (El,,. (LM)) Ms-j-t(LM). We also see that with this new indexing, the 
loop multiplication in the spectral sequence (2.4) preserves the bigrading, 

/I : ® E;J{U4LM)) 

Finally notice that the L^^-term is given by 

El^iU^iLM)) = Hs+d{M;Ht{nM)) 
for — d < s < 0. By applying the Poincare duality we have 
EltiM^LM)) = 

Since under the Poincare duality the intersection pairing in homology coincides 
with the cup product in cohomology, on the LJ^-level the multiplication jj, is given 
(up to sign) by cup product with coefficients in the Pontryagin ring 

r : ® Hg{nM)) ^ Ht+g(nM)) 

for — d < < 0 and t^q > 0. This completes the proof of Theorem 1. 



3. The Loop Product on and 

Our goal in this section is to use the loop homology spectral sequence constructed 
in the last section to perform the calculations described in Theorems 2 and 3. 

We first prove Theorem 2 by calculating the ring structure of HI„.(LS'^). If 
n = 1, the fibration LS^ is trivial. Since the components of the 

based loop space are all contractible, and 7To(f^5'^) = Z, we have a homotopy 
equivalence 

LS^ - 5^ X Z. 

Similarly, there is a homotopy equivalence LS^ x 51 LS^ x Z x Z. With respect 
to these equivalences, it is clear that the map 7 : LS^ x 51 LS^ LS^ is given by 

5^xZxZ — > xZ 

(x, m, n) — ^ (x , m + n). 



(3.1) 
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It is also clear that with respect to these equivalences, the Thom-Pontryagin map 
f : LS^ X LS^ {LS^ x 51 is given by 

rxl:5^x5^xZxZ — > A (Z x Z)+ 

where r : x ^ is the Thom-Pontryagin construction for the diag- 

onal map A : 5^ ^ 5^ X 5^. Thus by (1.7) the loop homology algebra structure 
on 1HI>„(L5^) is, with respect to the equivalence LS^ 5^ x Z, given by the ten- 
sor product of the intersection ring structure on with the group algebra 

structure, Ho{7j) = Z[t,t“^]. Using the Poincare duality, we then have an algebra 
isomorphism 

(3.2) ^ H%S^) ^ Ho{Z) = A[a]^Z[t,t~^] 

where a G M-i{LS^) corresponds to the generator in 

We now proceed with a calculation of IHI,^ (L5^^) for n > 1 . Consider the loop 
homology spectral sequence in this case. For dimension reasons, the only nontrivial 
differentials occur at the level. Recall that there is an isomorphism of algebras, 
= Z[x], where x has degree n — 1 . It then follows that 

The differentials cE can be computed using the results in [ 1 ] and [7]. An 
exposition of this calculation (for the Serre spectral sequence of the fibration 
LS^ S^) is given in [5]. Inputting the change of grading used to 
define the loop homology spectral sequence, we have the following picture of the 
differentials: 

E^ terms: H^{QS^) 




The Spectral Sequences for LS^ 
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Denote by <j the generators of and respectively. Let 

be the unit of In both spectral sequences cr (g) is an infinite cycle 

and therefore represents a class in This class is the unit in the alge- 
bra which we denote by 1. Similarly a = ^ 0 represents a class in 

M-n(LS^), and for dimension reasons must vanish in 

Let u = a ^ X e n-i- when n is odd, the spectral sequence 

collapses. Since n> 1, for dimensional reasons there can be no extension problems, 
and so we have an isomorphism of algebras 

e,(L5^) ^ El, ^ 0 ^ A[a] 0 Z[u]. 

If n is even, the terms survive to ^ and 

dn(u^^^^) = 

for all nonnegative integers k. Let v = u‘^ = a <S> . Being an infinite cycle it 

represents a class in M 2 (n-i){LS^). Then represents a generator of a subgroup 
of M. 2 k{n-i){LS'^) represented by classes in ^^ 2 /c(n-i)* Notice that the ideal (2av) 
vanishes in E^. Thus Z[a,v]/ {a^ ,2av) is a subalgebra in E^,. Let h = t ^ x e 
Then E^, is generated by Z[a^v]/{a^ ,2av) and b. Again for dimension 
reasons b‘^ = ab = 0 e E"^ , and so 

E^, = {A[b] <^Z[a,v])/{a^,ab,2av), if n is even. 

When n > 2, for dimensional reasons there can be no extension issues, so 
M^{LS'^) = {A[b] 0 Z[a, f])/(a^, a6, 2a^’) for n even and n > 2. 

For n = 2 we consider the potential extension problem. For filtration reasons, there 
are unique classes in represented by a and b in E^,. The ambiguity in 

the choice of class represented hy v e E ^2 in E ^2 4 — ^ generated by av. 
Since = 0 in any choice v G M 2 {LS‘^) wiil satisfy 2av = 0. Thus 

any choice of v together with a and b will generate the same algebra, namely 
M^{LS‘^) = (A[6] 0 Z[(2, 'D])/(a^, a6, 2ai;). 

This completes the proof of Theorem 2. 

We now proceed with the proof of Theorem 3 by calculating the ring structure 
of IHI*(CP’^). Notice that if n = 1, IHI*(LCP’^) = and this case was 

already discussed above. So for what follows we assume n > 1. The F^^-term of the 
loop homology spectral sequence is H^{flCF'^)). The cohomology ring 

FT*(CP’^) = Z[ci]/(c^“^^) is generated by the first Chern class ci. We now recall 
the Pontryagin ring structure of 

Consider the homotopy fibration 

Q52”+i nCP” ^ f]CP°° Ci: S\ 

where ry : ^ CP^ is the Hopf map. Since this is a fibration of loop spaces that 

has a section (because 7 Ti(DCP’^) = 7Ti(DCP^)) we can conclude the following. 

1. The fibration is homotopically trivial, OCP^ x S^. 

2. The Serre spectral sequence of this fibration is a spectral sequence of algebras. 
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Therefore we have that in the Serre spectral sequence, 

(3.3) = A[t] (g) Z[x] 

where t G and x G are generators. This isomorphism is one 

of algebras. Indeed it is clear that there are no extension issues in this spectral 
sequence so that 

//*(nCP") S ® ^ A[i] ® Z[x]. 

Now consider the loop homology spectral sequence for LCP^. We therefore 

have 

£;i*_,(H*(LCP”)) ^ If* (CP^ ; H4^}CP^)) 

= Z[ci]/ (c”"*"^) 0 A[f] 10 Z[x] 

as algebras. 

It was computed in [8] that 



ffk(LCF^) 



Z if A: = 0, 1, . . . , A: 2mn, m > 1, 

Z 0 Zy^+i if A: = 2mn, m > 1. 



This calculation implies the following pattern of differentials in the loop homology 
spectral sequence: 




The loop homology spectral sequence for LCP^ 
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That is, the only nonzero differentials are d2n and 

d2n{y) = {n-\- l)c^u, 

where c — ci^l^u = cr^x^ and y — a® t. Here cr is a generator of = Z. 

For dimension reasons d2n{u) = 0, and since d2n is a derivation, 

d2n{yu^) = d2n{y)u^ = (n + 

and these are all the nonzero differentials. 

The spectral sequence collapses beyond level, therefore c and u represent 
homology classes in IHI_2(TCP’^) and IHl2n(LCP^) respectively. Notice also that the 
ideal (n + vanishes in Therefore we have a subalgebra 

Z[c,2z]/(c"+\ (n + l)c^u) C E^.iM^LCr)), 

Let w — yc E E^ tc is an infinite cycle in this spectral sequence and represents 
a class in IHI_i(CP^). Notice that = 0 in £’^4 2- Similarly wc^ also vanishes in 
E^^. Thus the L^'^-term of the loop homology spectral sequence can be written 
as follows: 

F;,^,(e,(LCP^)) ^ {A[w] ^ Z[c,u])/{c^^\ {n + l)c^u,wc^). 

The extension issues are handled just as they were for IHI:^(Z/S'^) = EIh<(I/CP^) 
above. We then conclude that 

e*(LCP^) ^ {A[w] (g) Z[c,u])/(c^+\ (n + 

as algebras. This completes the proof of Theorem 3. 
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On Braid Groups, Free Groups, and 
the Loop Space of the 2-sphere 

F.R. Cohen* and J. Wu^ 



Abstract. The purpose of this article is to describe a connection between the 
single loop space of the 2-sphere, Art in’s braid groups, a choice of simplicial 
group whose homotopy groups are given by modules called Lie{n), as well as 
work of Milnor [17, 18], and Habegger-Lin [11, 15] on “homotopy string links”. 
The novelty of the current article is a description of connections between these 
topics. 



1. A tale of two groups 

In 1924 E. Artin [1, 2] defined the n-th braid group Bn together with the n-th 
pure braid group Pn-> the kernel of the natural map of Bn to the n-th symmetric 
group. It is the purpose of this article to derive some additional connections of 
these groups to homotopy theory, as well as some overlaps with other subjects. 

This article gives certain new relationships between free groups on n gener- 
ators Fn, and braid groups which serve as a bridge between different structures. 
These connections, at the interface of homotopy groups of spheres, braids, knots, 
and links, and homotopy links, admit a common thread given by a simplicial group. 
Recall that a simplicial group T* is a collection of groups 

ro,Ti, . . . ,Tn, . . . 

together with face operations 

di ' n ^ Tn— 1? 



and degeneracy operations 

' r n ^ Tn+l? 

for 0 < i < n. These homomorphisms are required to satisfy the standard simplicial 
identities. 

One example is Milnor’s free group construction F[K] for a pointed simplicial 
set K. In case K is reduced {K is reduced provided K consists of a single point in 
degree 0), Milnor proved that the geometric realization of F[K], denoted |F[iT]|, 
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is homotopy equivalent to ^IT>\K\ [17]. The first theorem below addresses one 
connection concerning the simplicial group given by F[A[1]| (which is not reduced) 
where A[l] is the simplicial 1-simplex, and a simplicial group given in terms of the 
pure braid groups described next. 

A second example is given by the simplicial group which in degree n is given 
by = Pn-\-i, the n + 1-st pure braid group, and which is elucidated in [6]. The 
face operations are given by deletion of a strand, while the degeneracies are gotten 
by “doubling” of a strand. This simplicial group is denoted AP^. 

Theorem 1.1. The (simplicial) loop space of AP^ is isomorphic to F[A[1]] and is 
thus contractible. Hence tTuAP^ is the trivial group for all n. 

A connection between Artin’s braid group and the loop space of the 2-sphere 
is as follows. The second pure braid group is isomorphic to the integers with a 
choice of generator denoted Ai, 2 - Notice that the simplicial circle has a single 
non-degenerate point in degree 1 given by (0, 1). Thus there exists a unique map 
of simplicial groups 

0 : F[S^] AP, 

such that 0(< 0, 1 >) = One of the theorems of [6] is as follows. 

Theorem 1.2. The morphism of simplicial groups 

0 : F[S^] AP, 

is an embedding. Hence the homotopy groups of F[S^] are natural sub-quotients of 
AP^, and the geometric realization of quotient simplicial set AP^/F[S^] is homo- 
topy equivalent to the 2-sphere. Furthermore, the smallest sub- simplicial group of 
AP^ which contains the element 0(< 0, 1 >) = Ai ,2 is isomorphic to P[5^j. 

This theorem gives that the homotopy groups of P[S'^], those of the loop 
space of the 2-sphere, are given as “natural” sub-quotients of the braid groups, a 
result first given in work of the second author [21] by other methods. The proof 
of the above theorem given in [6] relies heavily on the structure of a Lie algebra 
arising from the “infinitesimal braid relations” arising in the Vassiliev invariants 
of braids by work of T. Kohno [12, 13, 14] as well as work of V. Drinfel’d [7] on 
the KZ equations. A specific computation is given here. 

A naturality argument provides a bridge between the above theorems, var- 
ious quotients of the braid groups as well as the modules Lie{n) given by the 
representation Hn-iPn tensored with the sign representation, homotopy classes 
of self-maps of the loop space of a double suspension [4], and “homotopy string 
links” as considered in Milnor [17, 18], Habegger-Lin [11, 15]. This bridge will be 
described in Section 7 here. 

This article gives a proof of Theorem 1.1 as well as a proof of a special case 
of Theorem 1.2. The remainder of this article gives the simplicial structure for 
AP* together with computations concerning simplicial groups, and the Lie algebra 
which arises from the descending central series of the pure braid groups. Theorems 
7.1, and 7.2 give connections to topics similar to some at this conference. 
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2. On looping AP^ 

A proof of the following theorem is given next while a detailed development is 
given in [6]. 

Theorem 2.1. The loop space (regarded as a simplicial group) of the simplicial 
group AP^, Q.{APA, is isomorphic to F[A[1]] as a simplicial group. Thus AP^ 
is contractible, and the realization of the simplicial set AP^/ F[S^] is homotopy 
equivalent to S^. 

Remarks: The proof given next exhibits the utility of the long exact homotopy 
sequence for the fundamental fibration sequence due to Fadell, and Neuwirth [8] in 
determining the homotopy type of the loop space for the simplicial group obtained 
from the pure braid groups. This sequence is essentially giving the structure of the 
loop space 

Proof John Moore gave a definition for the loop space of a reduced simplicial 
group r* (a simplicial group for which Fq consists of a single element) [20]. This 
procedure corresponds to the topological notion of looping in the sense that the 
loop space of the geometric realization of is homotopy equivalent to the geo- 
metric realization of This process of looping a simplicial group is described 
next where it is convenient to use a standard, but slightly different convention 
than that of [20]. 

Define a simplicial group ET^ where the group ETn in degree n is given by 
the group F^+i with face, and degeneracies given by the first n + 1 operators for 
Fn+i- Then QTn, the looping of F=, in degree n, is defined to be the kernel of the 
map 

dn-\-l • Tn+l r^, 

and so 

DF^^ — ker\dfi-\-i : Ft^+i ^ Tn]- 

In the special case that F^ is Pn-\-h then ETn is Pn+ 2 - Recall that Pn+i 
is the fundamental group of the configuration space of ordered n + 1-tuples of 
distinct points in R^, Con/(R^,n -h 1) [8, 3]. In addition Pn+i is generated by 
symbols Aij for 1 < z < j < n + 1. A complete set of relations is given in 
Section 3 here. Furthermore, the map : F^+i ^ F^ is induced by the map 
p* : 7Ti((7on/(R^,n + 2)) ^ 7Ti(Con/(R^, n + 1)) where p : Con/(R^,n -h 2) ^ 
Con/(R^, n -h 1) is the map given by projection to the first n -(- 1 coordinates. 
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The fibre of the map p is the plane punctured (n + l)-times, — Qn-\-i [3]. 
The kernel of is the free group with generators ^j,n +2 for 1 < j < n + 2 
[16, 8, 3]. The face, and degeneracy operations of the simplicial group AP^ are 
listed in the next section. Furthermore, the kernel of p^ is exactly the kernel of 
dn-\-i ' Pn +2 Pn-\-i by inspection. Hence Q{AP^) in degree n is the free group 
with basis {Aj^n-\- 2 ,\^ < J < ^ 

Recall that the simplicial 1-simplex in degree n is given by {(0\ 
where 0 < z < n + 1 with the single relation that = identity in the 

simplicial group F[A[1]]. By Lemma 2.2 below, there is a dimension- wise morphism 
of simplicial groups 

^ : F[A[1]] ^ n{AP,) 

defined by sending 
and 

^((0,1))= ^2, 3. 

That ^ is an isomorphism of simplicial groups is given by Lemma 2.2, and the 
first part of the theorem follows. 

To prove the second part of the theorem, notice that by Theorem 1.2, there 
is a morphism of simplicial groups 

0 : F[S^] AP^ 

which is a dimension-wise monomorphism. Since 0 is multiplicative, there is a 
fibration 

F[S^] > AP, > AP,/F[S^]. 

Hence, the geometric realization of AP^/ F[S^] is homotopy equivalent to the 2- 
sphere as AP^ is contractible. The theorem follows. □ 

Lemma 2.2. There is a morphism of simplicial groups 

^:F[A[1]]^ n{AP,) 

such that ^((0, 1)) = ^ 2 , 3 ; o.nd thus ^((1)) = ^i, 2 - Furthermore, is a dimension- 
wise isomorphism, and is the unique morphism of simplicial groups satisfying the 
condition ^((0, 1)) = ^ 2 , 3 ; ci'nd thus ^((1)) = ^i, 2 - 

Proof. Before considering the map define a map of sets 

# : A[l] ^ n{AP,) 

on points in simplicial degree n by the following formulas: 

1. = Aj+i^n+2 ■ Aj+2,n+2 ' ' ' ^n+l,n+2 m CaS6 n + 1 - j > 0, 
and 

2. = identity in degree n for Tl{AP^). 
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By a direct check of the simplicial identities for fl{AP^), the sets of elements 
in Q{AP^) given by 

{$((0-'', r+i-^'))|o < i < n + 1} 

in each degree n gives a simplicial subset of with “base-point” 

Furthermore, the map $ restricts to an isomorphism of simplicial sets onto the 
image of 

Another direct inspection gives that the sets < j < n + 

1} freely generate Q{AP^) in degree n. Thus $ admits a unique extension to a 
morphism of simplicial groups ^ : F[A[1]] ^ Q{AP^) satisfying the conditions 
^((1)) = Ai, 2, and^((0,l)) = A2,3. 

In addition, notice that ^ is a dimension- wise isomorphism by a natural 
change of basis. Furthermore, any morphism of simplicial groups ( : F[A[1]] ^ 
Q{AP^) which satisfies C((0, 1)) = ^2,3 must agree with ^ as the map is mul- 
tiplicative, and agrees on all points (O-^, by application of degeneracies. 

Thus ^ is unique. 

The lemma follows. □ 



3. The simplicial structure for 

Recall that Pn+i is generated by symbols Aij for 1 < i < j < n -h 1. Artin’s 
relations are listed in [16] while a reformulated complete set of relations is as 
follows: 

1. [Ar^siAi^k] = 1 for either r<s<i<koTi<k<r<s, 

2- for i k <c. 

3. [Ar,k,Ai^k] = A>] for i < r < fc, and 

4. [Ar,s,Ai^k] = [[^ll , A~J:], Ai^k] for i < r < k < s. 

The origin of the face, and degeneracy maps below is gotten by omitting a 
strand in pure braids for the case of face maps, and doubling a strand in pure braids 
for the case of degeneracy maps. The results are stated, but the computations are 
omitted. The face operations in the simplicial group AP^ are defined as follows: 



Ai-ij-i 


if ^ -h 1 < 


1 


if t -hi = i, 




\i i <t pi < j 


1 


if t + 1 = j. 




lit pi > i . 



— \ 
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The degeneracy operations are defined as follows: 








if t -h 1 < z , 




if t+1 = i , 




if z < t + 1 < j 




if t + 1 = j , 




if f + 1 > j. 



These operations give a convenient method for describing the behavior of 0^ 
in Section 6. 



4. On embeddings of free groups 

This section is expository. Let p : II ^ G be a homomorphism between discrete 
groups. The z-th stage of the descending central series for II is the subgroup of 
n generated by commutators of weight at least z, and is denoted r*(II). The 
associated graded is given by 

E^(n) = F(n)/F+i(n). 

A group homomorphism p preserves the stages of the descending central series. 
There is an induced morphism of associated graded Lie algebras 

Blip) : £:o*(n) ^ El{G). 

Recall that a discrete group T is said to be residually nilpotent group if 
Pi r*(n) = {identity). 

i>l 



Proposition 4.1. 

1. Assume that II is a residually nilpotent group. Let 

p:U-> G 

be a homomorphism of discrete groups such that the morphism of associated 
graded Lie algebras 

Blip) : B*{U) B*{G) 

is a monomorphism. Then p is a monomorphism. 

2. IfU is a free group, and Eq (p) is a monomorphism, then p is a monomor- 
phism. 



Proof. Let x denote a non-identity element in the kernel of p. Since II is residually 
nilpotent, there exists a natural number n such that the element x is in r^(II) 
and not in r’^+^(II). But then x projects to a non- identity element in (II), and 
thus has non-trivial image in Eq{G) contradicting the fact that x is a non-identity 
element in the kernel of p. 

To finish the second part, observe that free groups are residually nilpo- 
tent [16]. □ 
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The approach above for showing that a group homomorphism is an injection 
is suited for groups II which are residually nilpotent such as Pn. However, the 
application given in Section 6 is restricted to free groups. 

5. The Lie algebra associated to the descending 
central series for Pk 

The method of proof for Theorem 1.2, that 0^ is an embedding, relies heavily on 
the structure of the associated graded Lie algebra obtained from the descending 
central series for both and Pn+i- Thus the structure Lie algebra associated 
to the descending central series for Pk is recalled here as occurring in work of T. 
Kohno [12, 13], Falk- Randall [9], and others. Let Bi j denote the projections of the 
Aj^i to EQ{Pk). (Gaution: The order of indices is intentionally reversed here.) 

Theorem 5.1. The Lie algebra obtained from the descending central series for Pk 
is given by Ck the free Lie algebra generated by elements Bi j with k > i > j > \, 
modulo the infinitesimal braid relations: 

(i) [Bij,Bs,t] = 0 if {i,j} n {s,t} = (p, 

(ii) [Bij,Bi^t + Bt,j] = 0 if l<j<t<i<k, and 

(iii) [Btj,Bij + Bj,(] = 0ifl<j<t<i<k. 

Furthermore there is a split short exact sequence of Lie algebras 

0 ^ Eo*(F„) E^{Pn+i) E^(P^) ^ 0 

where EQ{Fn) is the free Lie algebra generated by B^j-ij for 1 < j < n + 1. In 
addition, EQ{Pn-\-i) is additively isomorphic to EQ(Pn) 0£^o(F’^). 

6. On 0„ : ^ P„+i 

The proof that 0^ is an embedding is given in the first non-trivial case with n = 2 
below while the complete proof is given in [6] . The other cases arise via induction 
on n together with choices of elements in EQ{Pn) which centralize certain sub-Lie 
algebras of EQ{Pn^i). 

The method here is to consider the homomorphism 0^ : Fn ^ Pn-\-i on the 
level of associated graded Lie algebras 

E*o(en) : E*o{Fn) ^ E*^{Pn+l), 

and to appeal to Proposition 4.1 to deduce that 0^ is an embedding. 

Proposition 6.1. If n > 1, Eo(0n) • Po{Fn) £^o(^n+i) is a monomorphism of 
Lie algebras. Hence, by Proposition A.l, Qji - Fn Pn-\-i is a monomorphism. 

Before giving the proof, a preparatory computation is required. Given two 
elements x, and 7/ in a Lie algebra, define adf{x){y) inductively by the formulas 

1. adf{x){y) = [y,x\, and 

2. adf^^{x){y) = [ad'^{x){y),x]. 
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Next, notice that 

1 . 01 : Fi ^ P 2 is an isomorphism with &i{xi) == Ai^ 2 , 

2. 2 ) = ^ 1 , 2 , 

3. ^ 2 (^ 1 , 3 ) = 1, and 

4. ^ 2 (^ 2 , 3 ) = 1- 

Furthermore, by the simplicial identities, it follows that 

1. 02 (a:i) = ^1,3 • ^2,3, 

2. 02 (^ 2 ) = Ai^2 • ^1,3, 

3. d 2 ( 02 (^i)) = 1, and 

4. ^ 2 ( 02 ( 3 : 2 )) = ^1,2- 

Proposition 6.2. If k >0, then 

El{e2){ad\x2){x,)) = 

Proof. That EQ{Q 2 ){ad^ {x 2 ){x\)) = (— l)^od^(B 3 , 2 )(i? 3 ,i) is satisfied on the level 
of Lie algebras is given by the following induction on k. 

1. £;o*(02)(a:i) = £'o*(02)(so(xi)) = s ^ E ^{@^){ x ^) = so(52.i) = ^3,1 + S3, 2 

2. So*(02)(x2) = So*(02)(si(a^l)) = Si0i(Xi) = Si(S2.l) = 02,1 + S3,i. 

On the level of Lie algebras, 

1. Fo*(02)([xi,X2]) = [F3,1 +^3, 2,^3, 1 +^ 2 , 1 ], 

2. Fo( 02 )([^i, ^ 2 ]) = [^ 3,1 + ^ 3 , 2 ? ^ 3 , 1 ] by the infinitesimal braid relations of 
Theorem 5.1, and thus Fo(02)([^i, ^ 2 ]) = [^ 3 , 2 , ^ 3 , 1 ]- 

Thus the proposition is correct for the case k = 1. 

Assume that the formula Fq (02)(ad^(x2)(xi)) = (-l)^ad^(F 3 ^ 2 )(F 3 ,i) holds, 
and check it for /c + 1. 

1. E*^{Q2){ad>^+\x2){xi)) = [E*^{Q2){ad^{x2){xi)),El{Q){x2)\, 

2. So*(02)(ad''+i(x2)(xi)) = [(-l)'=ad'=(B3,2)(S3,i),S3,i +S2,i], 

3 . So*(02)(ad'=+i(x2)(xi)) = X + r+Z where X = (-1)'=(H'=(S3, 2)(S3,i), S3, 1], 
y = -([ad''(S3,2)(S3,i),S3,i], Z = -[ad''(S3,2)(S3,i),S3,i]) by the infinitesi- 
mal braid relations of Theorem 5 . 1 , and 

4. So*(02)(ad''+i(x2)(xi)) = (-l)'=+iad''+HS 3 , 2 )(S 3 ,i). 

Proposition 6.2 follows. □ 

The proof of Proposition 6.1 in the case of n = 2 will be given next. 



Proof. There is a morphism of Lie algebras 

E*(F2) So*(Fi) 

i?0*(©2) £o*(©l) 

mps) e^(P2). 

The first step is to determine the Lie algebra kernel of the surjection 



E*,{d2) : E*{F2) ^ So*(Fi). 
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To avoid confusion of notation, define 

y = xi as an element of Fi. 

Thus d 2 {xi) = 1, and ^ 2 (^ 2 ) = V- 

Recall R Hall’s classical result [16] that El{Fn) — Fq(F[xi, X 2 , . . . , is 
isomorphic to the free Lie algebra over the integers Z, L[xi, X 2 , . . . , Xn] where the 
XiS in the free Lie algebra are the projections of the analogous elements in the 
group. Furthermore, the kernel of the projection map L[xi,X 2 ] — > L[x 2 ] which 
sends x\ to zero is given by L[S] where S is the set {xi^ad^{x 2 ){xi)\k > 0}[5]. 
Since d 2 {xi) = 1, and ^ 2 ( 3 : 2 ) = y, 

A:er(F*(d 2 ))=L[T] 

with 

T = {xi,ad^{x2){xi)\k > 0}. 

Hence there is a split short exact sequence of Lie algebras 

L[T] > L[xi,X 2 ] L[y]. 

Theorem 5.1 gives that the Lie algebra kernel of ^ 0 (^ 2 ) : Fq(P 3 ) ^ Fq(P 2 ) is 
I/[Pi^ 3 , ^ 2 , 3)5 and that there is a split short exact sequence of Lie algebras 

L[B,,3,B2,3] ^ E*o{P3) E^{P2). 

Combining these two facts gives a morphism of exact sequences of Lie algebras 
in the following commutative diagram: 

L[T] > L[xi,X 2 ] L[y] 

Eo(d2) El(d,) 

i[S3, 1 , 53 . 2 ] ^ 5o*(P3) EHP 2 ) 

Since 0i : Fi P 2 is an isomorphism, so is Po(0i) : Po(L[t/]) Eq{P 2 ). 

Thus it suffices to show that Po(02) restricted to L[T] is a monomorphism. 

The final step is to consider a sub-Lie algebra of L[Pi, 3 , P 2 , 3 j- By a change 
of basis, consider the Lie algebra L[W] where W is the 2-element set given by 

W = {u = + P 3 , 2 , — ^ 3 ^ 2 }- 

Thus 

L[P3,1,B3,2] = L[u,v]. 

Define a morphism of Lie algebras 

y : L[u, v] L[z] 

by 

1. y{u) = 0, and 

2 . y{v) = z. 

Hence /i is a surjection of Lie algebras with kernel L[u,ad^{v){u)\k > 0]. By 
Proposition 6.2, 
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1. Eo(02)(^i) = ^3,1 + ^3,2, 

2. F;o*(02)(x2)=^2,1+^3,1, 

3. E’q (02)(nd(x2)(xi)) = ad(^3^1 + -B3,2)(^3,l + ^ 2 , 1 ) = <^d(^3^l)(^3^2)7 

4. E^{@2){ad'^ix2){xi)) = (-l)'=arf''(B3,2)(B3,i)for A: > 0. 

Hence 

1. Eq{Q 2 ){xi) = u, and 

2 . if A; > 0, then E^{Q 2 ){ad^ {x 2 ){xi)) = {-lY ad^ {v){u) as [^ 3 , 1 +^ 3 , 2 , ^ 3 , 2 ] = 
[^3,1,-R3,2] • 

Notice that £^q( 02) preserves basis elements up to sign, and is an isomor- 
phism. The proposition follows. □ 



7. Relationship to ‘^homotopy string links” and other constructions 

The morphism of simplicial groups 

0 : F[S^] ^ AP, 

passes to several natural quotients. One such quotient arises in an overlap between 
certain groups which are generic homotopy classes of self-maps for the loop space 
of a double suspension [4]. On the other hand, these quotients admit a geometric 
interpretation as follows. 

Consider the “reduced free group” due to Milnor[17, 18] used to analyze 
“homotopy string links” in Habegger-Lin [11], [15]. The “reduced free group” Kn 
is defined as the quotient of Fn modulo the relations 

[xi,gXiQ~'^] = 1 

where Xi is any generator of is any element in F^, and [x,y] denotes the 

commutator x • y • x~^ ' y~^ ■ 

The notion of link homotopy is described crudely in this paragraph. Consider 
the space of ordered n-tuples of smooth maps of in having disjoint images. 
Milnor defines an equivalence relation of “link homotopy” by allowing a strand 
in any component of a link to pass through itself. Lin describes the infinitesimal 
link- homotopy relations on page 5 of [15]. 

For example, consider the trivial n-component link Cn in R^. Thus the fun- 
damental group of the complement R^ - Cn is isomorphic to F^ (by some, non- 
canonical, choice of isomorphism). Let f3 denote a simple closed curve in the com- 
plement which represents an element h in F^.Then both Milnor, and Habbeger-Lin 
prove that the link C is link homotopically trivial if and only if the element 
h projects to the identity in 

The “reduced free group” Kn was rediscovered in both a different form as well 
as different context in [4] in order to analyze Barratt’s finite exponent conjecture. 
There Kn is the quotient of the free group on n generators modulo the smallest 
normal subgroup containing the simple commutators where at least one generator 
appears twice. More precisely, let denote the smallest normal subgroup of Fn 
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containing all commutators of the form [• • • [xi^,Xi^]xi^], • • ’]xi^] where Xi. = xi^ 
for some j <k. That the “reduced free group” is isomorphic to the quotient 

~ F yi! A72 

is an exercise which is omitted. The groups Kn are used to construct natural 
quotients of the pure braid groups by using the previous theorem. An application 
will be made to “reduced free groups”, and the loop space of the 2-sphere. A 
theorem proven in [4] is as follows. 

Theorem 7.1. The natural quotient map p : Fn ^ Kn prolongs to a morphism of 
simplicial groups 

p : F[S^] K[S^] 

for which K[S^] in degree n is Kn- The kernel of p, F[5^], is free in each degree. 

1 . The map p is a surjection of simplicial groups, and is thus a fibration with 
fibre given by a simplicial group which is free in each degree. 

2. The n-th homotopy group of K[S^\, 'KnK[S^\, is isomorphic to the 

n — 1-st homology group of Pn given by Lie{n). 

3. The induced map 7r*(p) : 7 t*(F[ 5^]) 7r*(AT[S'^]) is an isomorphism in 

dimension 1, and 2. This map is zero in degrees greater than 2. 

4. If n > 2, there is a short exact sequence of homotopy groups 

0 ^ Trn+lK[S^] ^ 7T„r[5i] ^ 7T„(F[5i]) 0. 

Naturality in Theorem 7.1 is used to give a simplicial group KAP^, and to 
compare the map 0 : F[S^] AP^ with a construction arising in Habegger-Lin 
[11], [15], 

Theorem 7.2. There is a simplicial group KAP^ which in degree n is given by the 
‘deduced pure braid group’’, 0 . quotient of Pn^i obtained by replacing Fj 

with Kj for all j < n in the extension 1 — > Fj ^ Pj+i ^ 1- There 

is an induced map 6 : K[S^] KAP^ together with a commutative diagram of 
simplicial groups: 

F[5i] — ^ AP^ 

1' i' 

K[S^] KAP, 

where each vertical map is an epimorphism of simplicial groups. 

The previous theorem provides a comparison of link homotopy together with 
chains, and cycles for the loop space of the 2-sphere where an invariant arises by 
considering the coset representatives of F[S^] in AP^. In addition, there are analo- 
gous quotients of the pure braid group arising from other families of characteristic 
subgroups of finitely generated free groups. This construction will be considered 
elsewhere [6]. 
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The 7C-completion of Eq 

Donald M. Davis 



Abstract. We compute the 2-primary t’l -periodic homotopy groups of the 
iC-completion of the exceptional Lie group Eq. This is done by computing 
the Bendersky-Thompson spectral sequence of Eq. We conjecture that the 
natural map from Eq to its iC-completion induces an isomorphism in vi- 
periodic homotopy, and discuss issues related to this conjecture. 



1. Introduction 

The p-primary t’l -homotopy groups of a topological space X, denoted v]^^7r^{X‘.,p) 
and defined in [11], are a localization of the portion of the homotopy groups of X 
detected by p-local X-theory. In [10], the author completed the determination of 
the odd-primary -periodic homotopy groups of all compact simple Lie groups. 
The groups uf^7r>«(X;2) have been determined for X = SU{n) ([3]), Sp{n) ([5]), 
G 2 ([12]), and F4 ([4]). Joint work of the author and Bendersky is very close to 
completing the computation of v]^^'K^{SO{n)\2)} This will leave Eq, Ej, and Es 
to be determined, which would complete a program suggested to the author by 
Mimura in 1989. In this paper, we determine v^^7t^{Eq;2), where X denotes the 
X-completion of X, as defined in [6]. We conjecture that the natural map Eq Eq 
induces an isomorphism in 

In [6], Bendersky and Thompson defined the X-completion X of a space 
X to be the homotopy limit of a certain tower of spaces under X. The space 
X is said to satisfy the Completion Telescope Property (CTP) at the prime p if 
X X induces an isomorphism of p-primary -ci-periodic homotopy groups. They 
also constructed a spectral sequence (BTSS) which, for many spaces X, converges 
to v]^^'K^{X]p). It was shown in [7] and [4] that, localized at any prime, if X is 
Xn^-strongly spherically resolved (KSSR), then X satisfies the CTP. This condition 



2000 Mathematics Subject Classification. 55T15,55Q52,57T20. 

Key words and phrases. /C-theory, homotopy groups, exceptional Lie groups. 

^Note added in proof: The determination of (50(n); 2) was completed and submitted for 

publication in July 2002. 

^Note added in proof: In a January 2002 e-mail to the author, Bousfield outlined a proof that 
vf^n^{EQ) vf^7T^{EQ) is an isomorphism. In a September 2002 e-mail, he wrote that he had 
checked the details of that proof and was confident in it. 
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means that X can be built by fibrations from spheres is 

built as a K*i^-coalgebra as an extension of the 

In [4], it was proved that F4 satisfies the CTP at 2, and a general result ([4, 
5.8, 5.11, 5.15]) was proved which implies that if Eq/F^ satisfies the CTP, then so 
does Eq. Many standard functors of algebraic topology would lead one to expect 
that there is a fibration 

( 1 . 1 ) E^/F^ ^ 

which would imply that E^jF^ is KSSR and then that E^ satisfies the CTP at the 
prime 2. However, it was proved by Cohen and Selick ([9]) that there can be no 
such fibration. A fibration 

^ n{EGiF4) 

would also imply the CTP for Eq. It is not known whether such a fibration exists. 

It was proved in [7] that, localized at an odd prime p, if X is i^-algebraically 
spherically resolved and K-durable, then it satisfies the CTP. The first condition 
(KASR) means that K^{X) has the structure that it would if X were KSSR, and 
the second that X and its K-localization have isomorphic ?;i -periodic homotopy 
groups. Both Eq/F 4 and Eq are KASR and K-durable at the prime 2. However, 
it is not known whether, at the prime 2, this is enough to insure that the CTP is 
satisfied. 

Our main result is the following determination of v^^7t^{Eq] 2). As discussed 
above, the expectation is that this equals v^^7t^{Eq; 2). 



Theorem 1.2. Let e = min(12, u{e - 18) + 5) and f = min(12, 2iy{£ - 3) + 8). Then 



7Tsi+d{EQ;2) 



Z/2f 


-3 


Zl2f®Zj2 


d=-2 


Z/2«©Z/2©Z/2 


d= - 1,0 


Z/2^©Z/2©Z/2 


d=l 


Z/25©Z/2 


d=2 


Z/23 


II 

CO 



Here and throughout, ) denotes the exponent of 2 in an integer. The picture of 
the BTSS which determines these groups is given in Diagram 1.3. This is a usual 
sort of Adams spectral sequence type of chart, with dots representing Z/2’s, posi- 
tively sloping lines the action of the Hopf map p (or the element hi in the spectral 
sequence), and negatively sloping lines differentials in the spectral sequence, which 
implies that the elements which they connect do not survive to give nonzero ho- 
motopy classes. The dotted lines that look like hi means that hi is usually present, 
but perhaps not always. 

The reader should observe that this chart, and the homotopy groups which 
it depicts, has a form very similar to the charts for v^^7t^{G2) and v]^^'jt^{F 4 ) 
depicted in [4, 4.9]. The only difference is the orders of the groups on the 1- and 
2-lines, and the lack of some exotic extensions. 
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Diagram 1.3. 




The determination of the ^ 2 -term of the spectral sequence is rather straight- 
forward, given the general results of [4] and calculations of the Adams operations 
in K*{Eq) performed in [10]. This is performed in Section 2. The da-differentials 
are determined by showing that there are maps of spaces which relate the classes 
in question to classes in spaces where da is known. This is performed in Sections 
3 and 4. In Section 5, we expand our discussion of whether Eq satisfies the CTP. 

The author would like to thank Martin Bendersky, Pete Bousfield, and Fred 
Cohen for helpful comments on this work. 



2. The £' 2 -term 

In this section we compute the £' 2 -term of the BTSS converging to v^^tt^{Eq). We 
are always using the -periodic BTSS localized at 2, and all -periodic homotopy 
groups are 2-primary. 

In [4, 1.1], it was proved that for spaces X for which K^{X) and K*{X) form 
nice exterior algebras, 

( 2 . 1 ) E^’\X) 

if Hs odd 

1 0 if f is even. 
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Here Q{—) denote the indecomposable quotient, and A is the category of stable 
2-adic Adams modules. 

It was proved in [4, 5.5] that simply-connected mod p finite H-spaces whose 
rational homology is associative satisfy the required hypothesis, and hence (2.1) 
applies to X = Eq. We remark again that although the spectral sequence is denoted 
as E 2 {X), it is only known to converge to uf ^7 Th.(X), and indeed even this is not 
known to be always true. It was proved in [7, 1.4] that, localized at any prime, if 
X is KASR, then the BTSS of X converges to v^^'k^{X). 

As input for the BTSS, we need the Adams module A*(X). We use Z/2- 
graded X-theory. First is the general result of Hodgkin ([14]) which states that, 
for a simply-connected compact Lie group G, K*{G) is an exterior algebra on 
generators in K^{G) obtained from the fundamental representations of G. For Eq, 
there are six such generators. Proposition 2.2 follows from [10, 3.9], which gives 
for all integers k. It can also be deduced from [18] after a lot of manipulation. 

Proposition 2.2. There is a basis for QK^{Eq) on which the matrices of , 

and are given by 





/ 


-1 0 


0 


0 


0 


0 \ 








1 1 


0 


0 


0 


0 




I'l _ 




0 0 


-1 


0 


0 


0 




; - 




0 0 


0 


-1 


0 


0 








0 0 


0 


1 


1 


0 








0 0 


0 


0 


0 


-V 




/ 2 




0 


0 


0 


0 


0 \ 


7 




16 


0 


0 


0 


0 


-33 


0 


32 


0 


0 


0 


7 




0 


-8 


128 


0 


0 


-4 




-1 


4 


64 


256 


0 


V 1 




0 


-1 


-24 


0 


2048/ 


( 3 




0 


0 




0 


0 


0 \ 


39 




81 


0 




0 


0 


0 


-264 


0 


35 




0 


0 


0 


147 




0 


-162 


3^ 


0 


0 


-87 


-27 


81 




37 


38 


0 


\ 82 




0 


-81 - 


-3^ 


0 


317 



Here each column expresses 'ip^ of a basis element in terms of the basis elements. 
By [4, 3.10], 

^ - (- 1 )^, - 3 ^). 



(2.3) 
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Thus the Pontryagin dual of (Eq) is the abelian group presented by the 

18 X 6 matrix 

\ 

(V^3)T _ 3nj J 

where refers to the transpose of the matrices of 2.2. Using Maple, we simplify 

the relations, removing generators one-at-a-time. For example, we begin by pivot- 
ing on the 1 in position (1,6), and then removing the top row, which expresses the 
sixth generator in terms of the others, and the last column, since that generator is 
no longer required. It is convenient to do separate reductions for the two parities 
of n. 

If n = 2/t is even, it is most efficient to express entries in terms of R := 
32 A: _ 372 3^1 ^g replaced by i? + 3^^ at the outset. Of course, it is only in 

hindsight that one can think to do this. We have iy{R) = i^{k — 36) -h 3. We can 
eliminate all but the first column, and five nontrivial relations remain on this single 
generator. Omitting odd coefficients, these are 

2^2 + 2^R 
2^^ + 2^^i? 

+ 2^R 

2^^ + 2^RER^ 

2^^ 2^ R. 



If i'{R) <11, then the relation with the smallest 2-exponent is the third (or fourth), 
giving as the single relation, the order of the cyclic group. If iy{R) >11, 

then the smallest relation is the first, giving 2^^ as the order of the cyclic group. 
These combine to give min(12, i/(fc — 36) +4) as the exponent of this cyclic 2-group, 
and this gives the 1-line groups in Diagram 1.3 when t — s = 8^ or 8^ + 4. 

Similarly, if n = 2/c + 1 is odd, it turns out to be most efficient to write the 
entries of the matrix in terms of Q := 3^^+! — 3^1 . Then i'{Q) = y{k — 5) + 3. The 
matrix again reduces to one column, with relations (omitting odd coefficients) 

2^^ + 2^Q 
2^® + 2^^Q 
2^2 + 2^Q + 

2^2 + 2^Q + 

2^Q + 2^Q2 

One easily checks that this gives min(12, 2v{k — 5) + 6) as the minimal 2-exponent, 
and this yields the 1-line groups in t — s = 8^ ± 2. We summarize with 

Proposition 2.4. The nonzero groups on the 1-line of the BTSS of Eq are given by 



7^1,2n+l 

^2 



(^ 6 ) 



2 / 2 "'“( i 2 .‘^('=- 36 )+ 4 ) n = 2k 
2^l2min{12,2i'(k-5)+6) n = 2k + 1. 
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Next, we deal with the 2-line groups. By [4, 3.10], if M is a finite stable 2-adic 
Adams module and 6^ = , then there is a short exact sequence 

(2.5) 0 ^ cokeT{0n\Qn{M)) 

ker(6>„| coker(t/;~^ - (-1 )"))|m ^ 0, 



where the functor Qn is defined by 



( 2 . 6 ) 



^ ker(V> ^ - (-1)") 
im(^-i + (-1)") ■ 



We evaluate the right-hand part of (2.5). A mild surprise occurred here in that 
the group is not always cyclic, as had been the case in most other examples. 



Proposition 2.7. For M = QK^{Eq)/ 



ker(^n I coker('0 ^ — (— 1)^)) 



Z/2 0 z/2“^^(ik^(/c-36)+3) 

2;/2^in(i2,2i.(/c-5)+6) n = 2A) + 1. 



Proof. Since the kernel and cokernel of an endomorphism of a finite abelian group 
have the same order, the group has the same order as the corresponding 1-line 
group given in Proposition 2.4. 

We begin with the case n = 2A: + 1. We argue similarly to [4, 4.4]. Let 

M := M/im(^i + 1), M 2 = ker(-2|M), and K = ker((V^^ - 3^)|M). We will 
show t^t d\m{M 2 ^K) = 1, which implies that K is cyclic. Using 2.2, the abelian 



group M can be presented by the matrix 








/o 


1 


0 


0 


0 


0 \ 




0 


0 


0 


0 


1 


0 




2 


7 


-33 


7 


-4 


1 




0 


16 


0 


0 


-1 


0 




0 


0 


32 


-8 


4 


-1 




0 


0 


0 


128 


64 


-24 




^0 


0 


0 


0 


0 


2048/ 



If {ui, . . . , ,t>6} denotes the basis on which this matrix presents relations, then a 
basis for M 2 is given by '^^(u 4)/2 and 'iP‘^{vq)/2, the last two rows divided by 2. 
Using 2.2, we have in M 

- l){xP^{ve)/2) = - 1)( u 6)/2 = = 0 

and similarly 



(V’^ - 1){^^{v 4)/2) = ip'^(^V4 + - Y^e) = i>^{ve)/2 ^ 0. 
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The case n = 2 k is slightly more delicate. Let M = M/im{'ip ^ — 1); its 



presentation matrix can be reduced to 










(-2 


1 0 


0 


0 


0 \ 




0 


0 2 


0 


0 


0 


(2.8) 


16 


0 -1 


-1 


0 


0 


32 


0 0 


0 


-1 


0 




0 


0 0 


0 


0 


-1 






0 0 


0 


0 


0/ 



Thus M is spanned by v\ and ^3 of order 2 ^^ and 2 , respectively. Using 2.2 and 
the relations in M, we have 

(^3 _ ^ (35 _ 32fc^^^ _ i 02 ( 16 ?;i - ^; 3 ) + 81 ■ i 2 vi = 0 , 

since 2^3 = 0 . Thus K has a Z/ 2 -summand generated by U3. Similarly 

= (3 - 32'')^!+ 39 - 2 t;i + 147(16^1 -U3)- 87 - 32 t;i 

= V 3 — (3^^ + 351)vi. 

Thus vi is not in K, but 2t’i has a chance. Since 351 = 2 ^^u — 3 ^^ with u odd, 

= 2(3^2 _ 32/c _ 211^)^^ ^ 

with u' odd, where 2 ^‘^vi = 0 . Thus generates the other 

summand, which will have 2 -exponent min(12 — l ,3 + z/( 2 A: — 72 ) — l),as claimed. 

□ 

In Section 4 , we will prove that a failure of ( 2 . 5 ) to split compensates for the 
unexpected splitting in Proposition 2 . 7 , yielding 

Proposition 2.9. The nonzero groups on the 2 -line of the BTSS of Eq are given by 

^2,2n+l ^ 7/2 m ^ ^ 2 k 

2 ( e) ~ / |2;/2’^^^(12,2 z.(/c- 5)+6) ^^2A:-hl. 

Finally, we determine the eta-towers. This refers to elements in filtration > 2, 
all of which occur in families related by hi, also known as rj. ([ 4 , 3 . 6 ]) With Qn as 
defined in ( 2 . 6 ), we have, from [ 4 , 3 . 10 ], for s > 2 , a short exact sequence 

( 2 . 10 ) 0 - coker( 0 „|Q,+„(M)) ^ ^ ker( 0 „|Q,+„_i(M)) ^ 0 . 

We establish 

Proposition 2.11. For M = QK'^{Eq)/ im{'ip‘^), Qn{M) ^ Z/2, generated by vs if 
n is odd, and by 2 ^'^vi if n is even. 

Proof If n is odd, Qn{M) equals ker(' 0 ~^ -h 1 : M ^ M), where M is presented 
by ( 2 . 8 ). Then M ^ Z /2 0 Z/ 2 ^^, with generators vs and vi. From 2 . 2 , we see 
that U3 G kev{^~^ 0 1 ); however, 0 l)( 2 ^^ui) = 2^^U2, which is nonzero in M. 
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One way to see that 2^^772 7 ^ 0 is to use pivoting 


to obtain the following alternate 


presentation for M, 


with columns still t;i , . . 


,,V 6 . 












16 -8 -40 


0 


0 


i\ 








0 16 0 


0 


-1 


0 




( 2 . 12 ) 




2 7-1 


-1 


0 


0 






2^5 2®27 -2617 


0 


0 


0 








0 2^2 0 


0 


0 


0 








i^2i® 0 0 


0 


0 


0) 




If n is even, we 


want ker('0 ^ — 1 : M - 


M), where M is presented by (2.12) 



with the second and fifth columns omitted. We check -0 ^ — 1 on the elements of 
order 2 . We have ^ —2^^v\ + 2^^V2 — 0, while 

2®5wi - 2^17t;3 -2^5vi + 2®5w2 + = 2®(5 + 27)t;2 = 2“w2, 

which has order 2 in M. □ 

If X is a topological space, let Qn{X) = Qn{QK^{X) / im(i/;^)). 

Corollary 2.13. For s> 2, ~ Z/2 0Z/2, with generators 2^^t'i and 

V3- 

Proof. We use (2.10) and Proposition 2.11, and 2.2 to show that Onivs) = 0 in 
Qod(^ 6 ) and/9n(2^'^'Ui) = 0 in Qev(^ 6 )- Indeed, Onivs) = 2 Avs- 162 v 4 -\-S 1 v 3 -S 1 vq, 
which is 0 in a group presented by ( 2 . 8 ), while 9n{2^'^vi) = 0 in a group presented 
by ( 2 . 12 ) since there 2 ^^^;! = 0 and 2^'^Vi = 0 for 2 < i < 6 . □ 

This, with 2.4 and 2.9, completes the determination of the E' 2 -term, which is 
as suggested by Diagram 1.3. The hi -extensions from the 1-line will be discussed 
in Section 4. 

3. (ia-differentials 

In this section, we determine the da-differentials on the eta towers in the BTSS 
of Eq. An eta tower consists of elements in for s > sq connected by hi. 

Here sq = 1, 2, or 3. We denote by r]i{X) the Z 2 -vector space of eta towers passing 
through £2’^^“^^(X) for s > 2 . Note that da is a homomorphism from r]i{X) to 
rji-4{X). With £ 2 ’^ depicted as usual in position (x, y) = {t — s, 5), then rji{X) is a 
tower of elements whose position satisfies x — y — i. Since 77 ^ = 0 in homotopy, da- 
differentials must annihilate all eta towers, except for a few elements at the bottom 
of the target tower. By (2.10), if QK^{X) consists of elements whose dimensions 
are all of the same parity, then so does ri^{X), and rii{X) depends only on i mod 

4. What must be determined for each family of eta towers is the mod 8 value of i 
for which ds : r]i{X) 77^-4 (X) is nonzero. 

We make heavy use of the fibration 
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where EIV is the group quotient E^jF/^. This fibration was studied quite thor- 
oughly in [18]. It was observed there that 

i/*(£;/F;Z);^A(x9,xi7), 

and the Serre spectral sequence of (3.1) collapses. From this, the spectral sequence 

H%EIV;K%F4)) K%Eq) 

implies that there is a short exact sequence 

(3.2) 0 ^ QK^(EIV) ^ QK\Ee) ^ QK^Fi) ^ 0, 

with each of the three algebras K*{X) being exterior. The following key proposi- 
tion implies that the Adams operations in K{EIV) are as they would be if (1.1) 
existed. 

Proposition 3 . 3 . There is a basis {^1,^2} for QK^(EIV) on which for all k 
(3.4) i’’^{yi)=k%+u^y2, 

with u a unit in Z(2), ond = ^^2/2- 

Proof. This can be deduced from [18, Thm 2], which computes the Chern character 
for EIV. We present a proof closer to our methods. 

From (3.2), we deduce QK^(EIV) = ker{QK^{Ee) QK^{F4)). This must 
be the subspace of QK^{Eq) spanned by V 2 and U5 (in the basis used in Section 
2). Perhaps the easiest way to see this is to use of 2.2, which shows that 

'0“^ = 1 on this subspace, while it equals —1 on QK^{F 4 ). 

From 2.2, we find that 240i;2 + '^’5 is an eigenvector for with eigenvalue 16. 
Thus, considering the rational splitting of Eq as a product of spheres as in [10], we 
deduce that 7/;^ (240^2 + '^^5) = k^{ 2 ADv 2 + V 5 ) and = k^v^ for all integers 

k. Thus x{j^V2 = k"^V2 + ^240 from which follows the result with yi = V2 and 
y2 = U5. □ 

In [4, 4.2], it was shown that there is a basis {xi, X2, X3, X4} of QK^{F 4 ) on 
which = —1 and the matrix of is 





0 


0 


0 \ 


3 


32 


0 


0 


1 


-8 


128 


0 


\o 


-1 


-24 


2048/ 



We easily verify the following result. 

Proposition 3 . 5 . In terms of the bases introduced, the exact sequence ( 3 . 2 ) is given 
by yi V2, y2 ^ vi 1-^ -xi - X2, X3 X2, V4 x^, and vq X4. 

Let K{X) QK^{X)/ Since 7/^^ acts injectively in our modules, the 

Snake Lemma applied to (3.2) yields a short exact sequence 

(3.6) 0 ^ K{EIV) K{Eq) K{F 4 ) 0 
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and hence by (2.1) a long exact sequence 

(3.7) 0 eI'*F4 ^ eI’^EIV ^ El’^Fi 

eI^Eq eI'^EIV eI'^F^ . 

In [4, 4.6], it was shown that 

^Z/2 s = l, t = l(4) 

Z/2^ 5 = 1, t = 4A; + 3 

E^'^lF ) < Z/2-^ 0 Z/2 s = 2, t = 4A: + 3 

^ ^ I Z/2 0 Z/2 s = 2, t = l(4) 

Z/20Z/2 5^2, t odd 

0 t even 

with / = min(12, 2i/(/c — 5) + 6). Using 3.3 and the method of [4, 4.11-4.12], we 
obtain 

'Z/2 s = l, t = 3(4) 

Z/2^ s = 1, t = 4A: + l 

s = 2, t = 4fc + l 
Z/2 ©Z/2 s = 2,t^3{A) 

TaI"! 0 Z/2 s > 2, t odd 

0 t even 

with e = min(12, i/(/c — 36 — 2^) + 3). By just substituting the known £^ 2 -groups into 

(3.7) , we can deduce quite a bit about the morphisms; in particular, the rank of 
every morphism beginning with E 2 EIV E^F^ is 1. This follows by counting 
the alternating sum of the exponents of the orders of the groups. Thus of the two 
eta-towers in E^'^^Eq) for any odd value of t — 2s, one comes from F 4 and the 
other maps nontrivially to EIV. 

We need to know more specifically which classes map across in (3.7). For 
this, we use the following commutative diagram of exact sequences, where Qn{X) 
is the functor of (2.6) applied to M = KX. 



Qs+n{EIV) - 


Extf^'^\KEIV)* - 


Qs+„-i(EIV) 


fl 


f2 


fs 


( 3 . 8 ) Q,+„(E6) - 


Ext^/’^'^^KEe)* - 


Qs+n-iiEe) 


91 


92 


93 


Q s-\-n{F4^ 


Exf/’^~^^(KE 4 )* - 


Qs+n-l(E4) 



Proposition 3.9. In ( 3 . 8 ) with s + n even, ^3(^3) = X2 pulls back nontrivially to p2. 
7 /s + n is odd, then gs{ 2 ^'^vi) = 2 ^^x\ pulls back nontrivially to Q2. If s-\-n is even 
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(resp. odd), there is an element z G {K EIV)"^ such that / 3 i{z) = 2^2/2 

(resp. yi) and f2{z) = a2{2^'^Vi) (resp. a2{v3))- 



Proof. The exact sequence for E4 is given in [ 4 , 4 . 5 ]. Actually, it is more convenient 
here to use the presentation 





/ 0 


-32 


8 


1 \ 




( 3 . 10 ) 


2 

2+ 


3 

2®27 


1 

0 


0 

0 






1^218 


0 


0 


0 / 


for 7^(F4) instead of that of [ 4 , 4 . 2 ]. 


This 


one 


can be obtained from that one by 



pivoting. Dividing the third and fourth rows of ( 3 . 10 ) by 2 gives a basis of Qev(^4), 
and 6 sends the first element to the second. This is a computation best done in 
Maple, using the rows of ( 3 . 10 ) to reduce (V^^ — l)( 2 ^ 5 xi + 2 ^ 27 x 2 ), obtained from 
[ 4 , 4 . 2 ], to 2 ^^xi. As in [ 4 , 4 . 5 ], Qod(-^4) = (^1,^2 ~ ^3) with 6 sending the 
first to the second. Now the g2~p3xi of the proposition in straightforward, using 
Proposition 3 . 5 . 

We have Qod{EIV) 'ze with generator 2'^2/2, and Qe^{EIV) ^ with 
generator y\. One readily checks, using 3.5 and 2.11, that fi =0 and /a = 0 in 
( 3 . 8 ). Thus the morphism /2 must be as claimed because of our previous observa- 
tion that it has rank 1. □ 

We can deduce ds on half of the eta towers in Eq from its behavior in E4 . By 
Corollary 2 . 13 , each rjodiEd) has basis {2^^xi,X3}. 

Proposition 3.11. The differential d^ : ry8£+i(^6) Vse-siEe) sends the v^-tower 
to the vs-tower. The differential d^ : rised-7{Ee) rjsi-^siEe) sends the 2 ^'^vi-tower 
to the 2^^vi-tower. 

Proof It was shown in [ 4 , 4 . 13 ] that in the BTSS of F4, d^ : r]sid-i{E4) rjsi-3{E4) 
is the “identity map,” while d^ : 778^+3(7^4) — > 778^-1 (F4) sends the xi-tower to the 
xi-tower, and d^ : t 78£+7(F4) ^ 778^+3(7^4) sends the 2 ^^Xi-tower to the 2 ^^xi- 
tower. We dualize ( 3 . 8 ) and use 3.9 to see that the xa-tower is in the image of 
774 =,<+i(F4) — > 774:^+i(F 6), and that T74*+a(F4) ^ T74*+a(F6) sends the 2^'^xi-tower 
to the 2 ^^xi-tower. Naturality of da implies the result. □ 

By using the inclusion map EIV, we deduce the third family of da- 

differentials. 

Proposition 3.12. The differential da : 773^+3 (Fe) ^ T78 £_i(F6) sends the Vd-tower 
to the Vs -tower. 

Proof. Using the dual of /2 in Proposition 3 . 9 , it suffices to show that da : 
778 £+a(F 7 U) rjs£-i{EIV) sends the 7/1-tower to the 7/1-tower. The map j : ^ 

EIV induces 



QK^EIV QK^S^ 
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satisfying j*(yi) = g and j*{y2) = 0. The generator g G QK^S^ gives rise to the 
stable eta towers in BTSS(5^), and by [1, p. 58] or [3, p. 488] ds : 
g8£-i{S^) sends the stable eta tower to the stable eta tower. Our conclusion follows 
by naturality using the map j. □ 

The final on eta towers requires a more elaborate argument. The conclusion 
is that ds is as it would be if the fibration (1.1) existed. Our desired result is 

Proposition 3.13. The differential d^ : gsesiEe) sends the 2^^vi~ 

tower to the 2^^vi~tower. 

Proof. By Proposition 3.9, it suffices to show g8£-\-i{E^y) Vsi-siEIV) sends the 
2^^2-fower to the 2^^2-tower. This is a consequence of the following two proposi- 
tions. □ 



Proposition 3.14. There is an isomorphism of BTSSs 

Ef\nEIV) ^ Ef^-^^EIV) 

for r >2. 

Proposition 3.15. The differential d^ : gsei^EIV) gsi-4{^EIV) sends the 
2^ y2-tower to the 2^ y2~tower. 

Proof of Proposition 3.14- We need the following result. 

Proposition 3.16. The algebra K^{QEIV) is a polynomial algebra on two classes 
in Kq{-). 

Proof We first note that H^{flEIV) is a polynomial algebra on classes in Hs{—) 
and Hiq{—). To see this, we first use the computations of the rings H^{TlF4;R) 
and R) for R = Z/2 in [15, 2.3] and for R = Z/3 in [13, Thm.l], which 

imply that H^{QEIV; R) is polynomial on 8- and 16-dimensional generators. With 
coefficients Q or Z/p for p > 3, this is also true because the localizations of F4 
and Eq are products of spheres whose dimensions are well known. The result with 
integral coefficients follows by standard methods. 

Now the Atiyah-Hirzebruch spectral sequence H^{QEIV; K^) => K^{riEIV) 
implies the result for □ 

Returning to the proof of 3.14, we adapt an argument first used in [2, 
6.1] to show that for the BP-based unstable Novikov spectral sequence (UNSS) 
E2 ^ ~ It was shown in [5, 3.3] that the same argument 

works if is replaced by a space Y for which BP^{QY) is the polynomial 

algebra on classes {p 2 i}, and BPfY is isomorphic to an exterior algebra on the 
primitive classes ap 2 z- R was noted in [6, 4.12] that these arguments can be adapted 
to the jA-based BTSS. This, with Proposition 3.16, yields the proposition when 
r = 2. 
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To prove the result for all r, we note that the isomorphism of -terms is 
induced by a map of towers. To see this, we use the following natural map of 
augmented cosimplicial spaces, where K{X) = A 



nx 

nx 



Knx =: K{K{nx)) 

QKX =: nK{KX) 



K^nx 



QK^X 



Applying 7 t*(— ) and taking homology of the alternating sum to the first row 
yields E'2’*(flX), and doing this to the second yields E 2 *~^{X). The induced mor- 
phism in homology is the E 2 isomorphism observed above. But these cosimplicial 
spaces give rise, by the Tot construction, to the towers that define the entire spec- 
tral sequence, and so the morphism induces a morphism of spectral sequences. 

□ 



Proof of Proposition 3.15. Let E denote the fiber of the inclusion map EIV. 
The Serre spectral sequence of this fibration shows that H*E, like is a 

divided polynomial algebra on a 16-dimensional class. Thus H^F = (xiQi) with 

i’ixm) = E ® ^i6(*-i)- 

It follows that the Z/2-graded K^F has the same coalgebra structure, although 
the grading is lost. Thus there is an abstract isomorphism of coalgebras K^F ^ 

This implies that the fibration 

PtEIV F 

induces a relatively injective extension sequence 

0 ^ ^ K,{9.EIV) ^ K^{F) ^ 0, 

and hence, by [2, 4.3], a long exact sequence of BTSS, commuting with 

E^{ns^) E^{nEiv) ^ E^{F) . 

We remark here that the notion of relatively injective extension sequence was 
defined in [4, 5.14]. It is the notion which was intended in [2, 4.3]. 

The Hurewicz Theorem gives a map / : — > F, and we have the map 

p : QEIV F from the above fibration. Both of these maps induce morphisms 
of BTSS, commuting with d^. The image under p^ of the eta towers 2^y2 equal 
the image under f^ of eta towers in which map, in the EHP sequence, to the 
unstable eta towers in 774^+1(5^^). By [1, p.58] or [3, p.488], the ds-differential on 
the unstable eta towers in is nonzero from ?78^+i(5^^) to 778^-3(5'^^). Hence it 
is nonzero from rj8i{S^^) to 778^-4(5'^®), hence also in F, and thence in flEIV. □ 
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4. Fine tuning 

In this section we determine the ^3-differentials from the 1-line, prove Proposition 
2.9, and show that there are no exotic extensions (-2) in the BTSS. 

In general, the hi-action on the 1-line of the BTSS can be delicate. See, e.g., 
[4, 4.15]. It is important, because one way to determine on the 1-line is to 
determine ds on the eta towers and then use the hi -action from the 1-line to the 
eta towers to deduce d^ on the 1-line. A different method was used for Sp{n) in 
[5] and illustrated in [5, 4.3] the subtle things that can happen. In that case, the 
relevant 2-line group contained some classes supporting ds- differentials and some 
which did not, and we argued indirectly to see whether d^x was nonzero, which 
was equivalent to determining whether h\x contained any classes of the first type. 

In our situation here, the 1-line classes in Eq map to or from classes in EIV 
or F4 on which hi and ds are known, from which we deduce the following result, 
which will be proved along with Proposition 2.9. 



Proposition 4.1. The hi-extensions and d^- differentials from the 1- and 2-lines are 
as depicted in Diagram 1.3. 

Proof of Propositions 2.9 and 4-T We compare the exact sequences in (Ext^’^^"^^)^ 
and induced by (3.6). Here GInv denotes the category of profinite 

abelian groups with involution. We will also use Inv, the category of abelian groups 
with involution. 

The analysis is much more delicate when n — 2k is even, and so we focus on 
this case. Some details of the proof (but not final conclusions) are slightly different 
when v{k — 36) = 8 due to the v{k — 36 — 2^) which occurs in F2(F/P), so we 
assume i/(/c — 36) ^ 8 to simplify the exposition. 

The exact sequences (2.5) and (2.10) are obtained in [4, §3] from a long exact 
sequence 

^ Ext^(M, N)* ^ N)* Ext^i„,(M, N)* 

^ Exty^(M,AT)# ^ 



and isomorphisms 



Ext; 



s+l,2n+l 

GInv 



(M) 



# 



: Ext 






^ f Qs+n+l(Af) 

lM/(V^-i-(-l)-) 



s > 0 

s = 0. 



Then 



0 ^ 
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is 

0 ^ KFi/i'il)-'^ - 1) ^ KEe/{-4^-'^ - 1) ^ KEIV/i'tp-'- - 1) 

^ QUKFi) ^ Q,.(KEe) ^ QeviKEIV) ^ <3od(^i^4). 

Using results and notation from Sections 2 and 3, this sequence becomes, with 
:Tc = 2^5x1 + 2^27x2, 

0 ^ (x2) ^ (^3,vi) ^ (yi) ^ (xc,2^^xi) ^ (2^V) ^ {vi) ^ (a:i,X2), 

with all elements having order 2 except vi and yi, which have order 2^^. Using 
3.5, the explicit morphisms, yielding an exact sequence, are 

X2 ^ Vs 0 ^ 2^^xi ^ 2^’^xi 

(4.2) X 1 +X 2 ^ vi 2^Vi ^ Xc 0 ^yi^xi 

2vi ^ yi. 

With u = min(12,z/(A: — 36) + 3), the nonzero occurrences of — 3^^ on the 
groups in this sequence are xi t— > X2, Vi 1-^ 2^vi +X3, yi 1-^ 2^yi, Xc 1-^ 2^^xi, and 
xi I— > X2- The reader can verify that these commute with the morphisms of (4.2). 
Now the short exact sequences of (2.5) and (2.10), and the isomorphism 

(2.3) , written vertically, become as follows. We write E^iX) for Ext^^^"^^(KX), 
and denote by x(2^) an element x of order 2^. Elements not followed by parentheses 
have order 2. 



Xi 


^ vi(2‘^+i) 


yi(2") 




i 


i 


i 




E^)* 


- El{E^)* 


^ El{EIV)* 




Xc 




2/1 


^ X\ 


i 


i 


i 


i 


El{F^)* 


^ E|(E6)# 


^ EliEIV)* 


^ El{Fi)* 


I 


i 






X2 


^ t;3,2i2-vi(2") 


^ 2l2-‘^yi(2-). 





In order for the E|(— )^ sequence to be exact, must hit Xc in EKEi)^, 

and 2^Vi niust hit 2^^xi in E|(E6)^. The latter implies the nontrivial extension 
in EKEg)^, that it contains a Z/2^+^ with 2^^xi the element of order 2 in this 
summand. This concludes the proof of 2.9. 

The above analysis showed E2’^^"^^(Ee)^ E2’^^^^(E/U)^ injective; hence 

E2’^^+^(Ee) ^ E2’"^^+^(E/U) 

is surjective. In 3.9 and the proof of 3.12, we showed that the stable eta tower 
in E2’^^^^*~^(Ee) maps to the one in EIV which comes from S^. If v{k) < 1, 
E 2 ’^^^^(E/U) is an isomorphism. So the hi-extension and da- 
differential from E2’^^^^(5^) implies the same in Eq. A nonzero hi-extension from 
is implied when i is odd. It is not so important because ds must be 
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0 on since h\ times the Z/2 in (8^ + 1,2) is in the image of d^. It is 

likely that an adaptation of [4, 3.7] to modules which do not satisfy = — 1 
would allow the determination of hi on (Eq) . 

Since E 2 ^^~^^{F 4 ) (Eq) is an isomorphism, the /ii -extensions and 

ds-differentials from (Eq) follow from those in F 4 . In [4, 4.14], it was shown 

that hi on eI'^^~^^{F 4 ) hits the stable eta tower iff u{k — 5) ^ 3 and hits the 
unstable eta tower iff v(k — 5) = 3. This implies the nonzero hi and ds from 
E\'^^^^{Eq) pictured in Diagram 1.3, and that hi is nonzero from (Eq) 

unless £ = 7 mod 8, in which case it is 0. The latter is because the unstable eta 
tower in F 4 in this dimension maps to 0 in Ee. That hix is sometimes 0 here is 
mildly interesting because in [4, 3.8] it was shown that if = —1 then hi acts 
injectively on E 2 (X)/ 2 . 

The analysis of exact sequences earlier in this proof implied that 

^2,4fe+l(^^) 

sends the Z/2® summand surjectively, and that the generator is dual to 
which is the name of the unstable eta tower whose ds-differential is described in 
3.13. The /ii-extension and da-differential on it follow immediately. 

The exact sequence in Ext^^^^^(— ) induced by (3.6) easily implies that 
^2,4/e+3^^^^ sends the Z/2-^ bijectively. The di-extension (for all 

k) and da -differential when k is odd follow from those in F 4 established in [4]. □ 

Finally, we have the following result about extensions (-2) in the spectral 
sequence. 

Proposition 4.3. The extensions from E 2 ^{Eq) to (Eq) are all trivial. 

Proof. For s = 1 or 2, the group E 2 ^^~^^{Eq) ^ Z/2^ is mapped isomorphically 
onto from £^ 2 ’^^~^^(F 4 ). In [4, 4.14], it is shown that when s = 1 (resp. s — 2) there 
is a nonzero extension into the element of {F 4 ) which is part of the stable 

(resp. unstable) eta tower. In Proposition 3.9, it is proved that these eta towers 
map trivially to hence this extension is 0 in Ee. 

In the proof of Propositions 2.9 and 4.1, it was shown that for s = 1 and 2, 
the element of order 2 in E 2 ’^^^^(Ee) is in the image from E 2 ’^^"^^(E 4 ), which does 
not support an extension in [4, 4.9]. □ 



5. The CTP for Eq 

In this brief section, we mention several issues related to the CTP for Eq. In other 
words, how might we prove that the groups vf^ 7 T:^{EQ), which we have computed, 
are in fact isomorphic to v^^ 7 t^{Eq), which is what we really want? 

Not all spaces satisfy the CTP. One example which does not, pointed out to 
the author by Bousfield, is the Eilenberg-MacLane space E(Eoo, 1), where Eoo is 
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the infinite symmetric group. On the other hand, the only spaces which are known 
to satisfy it are certain spaces which can, in some sense, be built from spheres by 
fibrations. 

Localized at an odd prime, the result of [7] which states that a space which is 
KASR and K-durable satisfies the CTP is very useful. If the 2-primary analogue 
were known to be true, then we would know that Eq satisfies the CTP. However, 
the proof of the result of [7] relies on much delicate machinery developed at the 
odd primes by Bousfield, especially in [8]. One crucial difference between the odd 
primes and the prime 2 is that Ext^(M, N) vanishes for s > 2 when p is odd. This 
is important for existence and uniqueness of realizations of certain morphisms of 
Adams modules. An adaptation to the prime 2 would be far from straightforward. 

A main worry in considering convergence of spectral sequences related to 
v^^7T^{X) is the possibility that there could be elements in not seen by 

the spectral sequence because they correspond to a family of elements in 'Krn{X) 
for ^ oo, related to one another by -vl and having increasing filt rations. 
The algebraic -vi operation in the UNSS or BTSS preserves filtration, but the 
homotopy-theoretic operation can increase filtration. For the E'oo-term of 

the -periodic BTSS yields exactly the r’l -periodic homotopy classes, which we 
know because they were calculated by another method in [16] {p = 2) and [17] (p 
odd). Spaces built from odd spheres, or perhaps their loop spaces, by fibrations 
can then guarantee nonexistence of undetected t’l -periodic families by exactness 
properties. The proof in [7] that at the odd primes X KASR and K-durable implies 
the CTP for X ultimately boils down to building the localization Xk from various 

^2n+l 

The isomorphism E 2 ^{S‘^^^^) implies that if a space 

is nicely fibered by ’s, then it satisfies the CTP. For spaces fibered by 

^ 2 ^ 2 n+i, gQ clear. 

If it could be proved that jP, the fiber of EIV considered in the proof 

of 3.15, has the same homotopy type as then the CTP for Eq could be 

deduced. In [9, 2.1], a map was constructed. If it could be shown 

that the composite 

^ 2^17 ^g9 Qgjjy 

is null- homotopic, then one could deduce existence of a fibration 

02^9 ^ 

It is likely that such a fibration would imply the CTP for Eq, although a detailed 
argument has not been produced. 
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The Homotopy of L2V{1) for the Prime 3 

Paul Goerss, Hans- Werner Henn, and Mark Mahowald 



Abstract. Let V^(l) be the Toda-Smith complex for the prime 3. We give a 
complete calculation of the homotopy groups of the L 2 -localization of 1^(1) 
by making use of the higher real iC-theory EO 2 of Hopkins and Miller and 
related homotopy fixed point spectra. In particular we resolve an ambiguity 
which was left in an earlier approach of Shimomura whose computation was 
almost complete but left an unspecified parameter still to be determined. 



0. Introduction 

The chromatic approach offers at present the most attractive perspective on the 
stable homotopy category of finite complexes. For any natural prime p there is a 
tower of localization functors Ln with natural transformations Ln Ln-i where 
Ln is Bousfield localization with respect to a certain multiplicative homology the- 
ory E{n)^. For a finite complex X the homotopy inverse limit of these localizations 
gives the p- localization of X. The study of the localization functors Ln is some- 
times referred to as the study of the chromatic primes in stable homotopy theory. 
For more details the reader may consult [Ra3]. 

The solution of the Adams conjecture led to a good conceptual and calcula- 
tional understanding of the localization functor Li if p is any prime. The case of 
L 2 is reasonably well understood for primes p > 3 at least from a computational 
point of view [SY]. The case of L 2 at the primes p = 3 and p = 2 is harder. 
The standard approach to understand the L 2 -localization L 2 S^ (at any prime) is 
to study L 2 X for a “suitable” finite complex X and to work one’s way back to 
L 2 *S'^ through appropriate Bockstein spectral sequences arising from the skeletal 
filtration of X. At odd primes the Toda-Smith complexes V{1) (which are defined 
as cofibre of a self map A of the mod-p Moore spectrum V (0) such that A induces 
multiplication by in Brown-Peterson theory BP^) are suitable in this sense. For 
primes p > 3 the homotopy of L 2 V'(l) is relatively easy to understand; the Adams- 
Novikov spectral sequence (ANSS for short) converging to 7T^L2V{1) collapses at 
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E 2 and its £^ 2 -term is known [Ral]. Starting from this information Shimomura and 
Yabe were able to compute the homotopy of L 2 S^ for all primes p > 3. 

At the prime 3 it is natural to try the same strategy and start with studying 
7 t*I/ 2V'(1). In fact, the E' 2 -term of the ANSS converging to tt^L 2 V{ 1 ) has been 
computed in [H] (see also [GSS] and [Shi]) but this time the ANSS for V{1) does 
not collapse. Using various information about homotopy groups of spheres and 
related complexes in low dimensions Shimomura studied this spectral sequence 
and arrived at a calculation modulo some ambiguity; there was an unspecified 
parameter k G {0, 1,2} and several families of homotopy elements which lived in 
degrees which were only determined up to adding 2Ak. 

The E 2 -teTm of the ANSS for I/2U(1) can be identified by Morava’s change 
of ring isomorphism with the continuous cohomology of a certain 3-adic Lie group 
G 2 , (the “extended Morava stabilizer group”) with coefficients in F 9 [u^^j. Devinatz 
and Hopkins [DH2] have given a homotopy theoretic interpretation of Morava’s 
change of rings isomorphism: the localization Lx{ 2 )^^ of the sphere with respect 
to the second Morava A"-theory K(2) has the homotopy type of the homotopy 
fixed point spectrum E^^^ which is defined by making use of the Hopkins-Miller 
rigidification of the action of G 2 on the Lubin-Tate spectrum E 2 [Re] . 

In this paper we analyze the ANSS for ^ 2 ^( 1 ) by making serious use of group 
theoretic and cohomological properties of G 2 . In fact, Z/2U(1) can be identified 
with L/^( 2 )I^( 1 ) — ^(1) — ^ 2 ^^ ^(1) wo will study ^ 2 ^( 1 ) by 

comparing it with E^^ A U(l) where E^^ is the homotopy fixed point spectrum 
with respect to the normalizer of an element of order 3 in §2 (the classical stabilizer 
group). The use of the spectrum E^^ was suggested by the calculation of the E 2 - 
term of the ANSS in [H] which made heavy use of centralizers of elements of order 
3 in §2 • The other good property of E^^ on which our method relies is that it can 
be analyzed in terms of the Hopkins-Miller higher real A"-theory spectrum EO 2 at 
the prime 3. Both properties together allow us to give an independent calculation 
of 7 t=,Tv 2U(1) which is complete and identifies Shimomura’s parameter as A: = 1. 

To state our main result we need some notation. First of all, from now on all 
spaces or spectra will be localized at 3. 

The homotopy of L2V{1) is annihilated by 3 and is a module over the ho- 
motopy of Therefore it can be regarded as a module over the algebra 

Fs[/?] G A(C) where f3 is the image of the generator /?i G Trios'^ and ( is in 
7T-iLx{2)S^- The homotopy groups turn out to be periodic of period 144 and 
on the £^ 2 "level this periodicity corresponds to multiplication by V 2 where V 2 is 
the polynomial generator in ttiqBP. We do not prove that this periodicity arises 
geometrically but it is convenient to describe 7 t*L 2U(1) nevertheless as a module 
over P ¥s[vf^,P] <S> A(^). We will use notation like P/(/3^){t’2}/=o,i,5 
note the direct sum of P-modules each of which is killed by (3^ (more precisely its 
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annihilator ideal is the ideal generated by and which have generators named 
1 = V 2 t V 2 and 

Finally we note that the E 2 -tevm has a product structure and it contains 
elements which deserve to be named V 2 (which is closely related to the generator 
^2 ^ 7Ti6(^P)), a (which detects the image of the generator ai G 7T3(5'^)), P, 
V 2 ^ol, Pass, otass, Pass and Paass and which live in total degree 16, 3, 
18, 11, 45, 38, 53 and 56 respectively. The reason for these names will become 
clear once we have discussed the spectrum and in particular E^^ A y(l) 
(see Section 2.3). With these conventions our main result reads as follows (see 
Theorem 20). 

Theorem. As a module over P = ¥s[v^^ ,P] 0 A{() there is an isomorphism 
7T.L2V{1) ^ P/(/3"){^^};=0.1,5 ® ^^/(/3")Mc^}(=0.1.2,5.6,7 

© P/(/3"){4^'/"/?},=0.4,5 © P/(/?"){4^'/'a};=0,1.2,4.5,6 
® P/(/?^){^2/^<^35}i=0,l,5 ® P/(/3^){l’2*^a35}i=0,l,2,5,6,7 

© P/(/?^){4^2^^^^/3a35};=0,4,5 ® P/(/3^){^2^^^^/?Q!a35};=0,l,2,4,5,6 ■ 
We note that this result has already been used to carry out the program to calculate 
7t^{L2S^) that we mentioned above [Sh2], [SW]. 

The paper is organized as follows. In the first section we discuss the spectrum 
EO2 and EO2 A V'(l). In particular we give a detailed discussion of the ANSS 
converging towards 7t^{E02)- In the second section we introduce the homotopy 
fixed point spectrum E^^ and we relate E^^ to EO 2 , and consequently E^^ AV (1) 
to EO2 A 1^(1 ). In the final section we compare L 2 V'(l) with E^^ A F(l) and prove 
the main theorem. 

1. The homotopy of EO 2 and EO 2 A V{1) 

1.1. The spectrum EO 2 

We begin by recalling the construction of the spectrum EO 2 due to Hopkins and 
Miller. We refer to [Re] for more details. 

The point of departure is the Lubin-Tate deformation theory of formal group 
laws (cf. [LT]), in particular the universal deformation of the formal group law T 
of height 2 over the field Fg with [p]-series [p]{x) — x^. The universal deformation 
is a lift of r to a formal group law F over WFgffr^ij] (where Wfq are the Witt 
vectors of Fg and is a formal power series variable). Over the graded ring 
WF 9 [[iXi]][rA'^^] (where u is of degree —2 and ui of degree 0) this formal group law 
is isomorphic to the one induced from the universal p-typical formal group law 
over BP^ = . . .] via the map of algebras which sends vi to V 2 

to and t’n to 0 for i > 2. The Landweber exact functor theorem implies 

that there is a homology theory (£’2)* represented by a ring spectrum £2 with 
coefficients 7 t*(£2) = WF 9 [[iAi]][rt'^^] such that the cohomology theory (£2)* is 
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complex oriented with associated formal group law f . To simplify notation we will 
abbreviate by W and E2 by E throughout. 

The group §2 of automorphisms of T (also known as the Morava stabilizer 
group) acts on the ring spectrum up to homotopy, and this action extends in a 
canonical way to an action of the extended stabilizer group, given as the semidirect 
product G2 := S2 X C2 where the cyclic group C2 of order 2 acts on §2 via Galois 
automorphisms of P. (Note that P is defined over F3 and thus we get an action of 
the Galois group of the extension F3 c Fg on §2-) 

Hopkins and Miller have shown how to rigidify this action to a genuine action 
via Aoo-maps [Re] and subsequently Devinatz and Hopkins [DH2] have shown how 
to construct homotopy fixed point spectra E^^ with respect to closed subgroups 
H of G2. Their construction has the following properties: it agrees in the case of 
finite subgroups with the naive construction of the homotopy fixed point spectrum, 
if iP = G2 then E^^ ~ and for any closed subgroup H and any finite 

spectrum X there is a spectral sequence 

E^/{X) = A X) 

where denotes continuous cohomology of the p-adic group H. 

The group S2 can also be identified with the group of units of the maximal 
order O2 of the division algebra D2 over the 3-adic rationals Q3. The maximal 
order is a free W-module of rank 2 with basis 1 and 5; as a ring it is determined 
by the relations = 3 and Sa = <p{a)S if (j) notes the lift of Frobenius from Fg to 
W [Ra2, Appendix 2]. From this point of view the extended group G2 is the split 
extension S2 x C2 where the action of C2 is given by conjugation with in D2. 

Let uj he a. fixed 8th root of unity in W. The element s := — ^(1 + ujS) is 
easily checked to be of order 3. Furthermore so that s and t := uj‘^ 

generate a subgroup G12 of S2 which is isomorphic to C3 x C4 with C4 acting 
non-trivially on G3. The spectrum EO2 is defined as the homotopy fixed point 
spectrum We add that G12 is a maximal finite subgroup of §2 and every 

other maximal finite subgroup is conjugate to G12. 

1.2. The P^ 2 -term of the ANSS converging to tt^{E02) 

We do not claim any originality for the results in this and the following subsection. 
The ANSS for EO2 was first investigated by Hopkins and Miller but unfortunately 
their work remains unpublished. There is a rather brief discussion of this spectral 
sequence in the still unpublished paper [Nj. A discussion of its £'2-term from a 
different point of view can be found in [GSj. Neither of these sources suits well our 
needs and therefore we have decided to give a self-contained treatment here. 

In order to describe the ^2-term E^'^ = H^{Gi2,Et) we start by analyzing 
E:^ as a Gi2-algebra. The first step is to locate an appropriate subrepresentation 
in £’-2. 
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Let X be the representation of G12 on W which is trivial on s and on which t 
acts by multiplication by Define a Gi2-module p by the short exact sequence 

0 ^ X ^ W[Gi2] 0w[C4] X ^ P 0 

in which in the middle term x is considered as a representation of the subgroup 
C4 generated by t and where the first map takes a generator e of x to 

(1 + s + s^)e := (1 + s + S^) <S> e G W[Gi2] ®w[C4] X • 

Lemma 1. There is a morphism of G 12 -modules 

p — ^ E-2 

so that the induced map 

p ^9 E -2 0 Eo Eq/ (3, u^) 

is an isomorphism. 

Proof. We need to know something about the action of G2 on E^. Let tn = (3, tti) C 
Eq be the maximal ideal. Then Proposition 3.3 and Lemma 4.9 of [DHl] together 
imply that, modulo xn^E-2 

s^{u) = — ^{uPuJ^UUi) 

s^{uui) = — ~{3uju uui) 

t^{u) = (jj^u 
t^{uui) = —UJ^UUi . 

(In fact, the formulae for t^ are true on the nose.) In particular, we see that 
E-2^Eo £'o/( 3 , Ui) is isomorphic to p(S)w^9 as a Gi2-module and that the residue 
class of u is a Gi2-module generator. Thus we would like to find a class x G E ^2 
with the same reduction as u so that t^{x) = uj‘^x and x + s^{x) + s‘l{x) = 0. In 
fact, because the action of t on E-2 ^Eq £-0/(3, is diagonalizable with distinct 
eigenvectors it suffices to find x such that x = u mod (3, ui), up to a scalar in Fg . 

Such an x can be obtained as follows: we start with the element u~^ui which 
is the image of vi G BP^ with respect to the map BP^ E^ which classifies P 
(we will denote this element simply by vi in the sequel); vi is invariant modulo 3 
with respect to the action of all of S2. More precisely, the structure formulae in 
BP^BP [Ra2, Appendix 2] yield 

5*(^i) = '^1 + (3 - 3^)ti(fif) =vi+ 3h{g) mod (3^) 

for every ^ G §2- Here we use the identification of E:^,E with the continuous func- 
tions from the profinite group §2 with values in E^ equipped with the profinite 
topology (see [St, Thm. 12] for a convenient reference) and t\ G E4^E is the image 
of the element with the same name in BP^BP. 
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By definition of we have ljS)) = uju~^ mod (3,i^i). Hence, if 

z = uu~^ mod (3, Til) , 

in particular z is non-zero. Clearly we have z -h s^{z) -h sl{z) = 0 but z does not 
yet have the right degree. 

Therefore we consider the class 

y = us^{u)sl{u)z . 

Then 

y = uju mod (3, ui) 

and we still have 

y + s*(y) + sj(y) =0 . 

However, y might not yet have the correct invariance property with respect to the 
element t of order 4. Therefore we average and set 

x=^{y + + u~Hl{y) + uj~^tl{y)) . 

Then we get x = uju mod(3, ul) and we are done. □ 

The morphism of Gi 2 -modules constructed in the lemma defines a morphism 
of W[Gi 2 ]-algebras 

5(p) — E, 

where S{p) denotes the symmetric algebra on p. We note that as an algebra S{p) 
is polynomial over W on two generators e and s^{e), and we can choose e such 
that its image is the element x of the proof of the lemma above and is therefore 
invertible in E^. Let 

N= Hg.ee S{p) ; 

9^Gi2 

then we have a morphism of W[Gi 2 ] -algebras 

5(p)[AT-i] ^ ^ 

Note that inverting N inverts e as well, but in an invariant manner. Let I C 
5(p)[A^“^] be the preimage of the maximal ideal m = (3, ui) C E^ (now considered 
as a homogeneous graded ideal). 

Proposition 2. The induced map of complete algebras 

S{p)[N-^]^ E. 

is an isomorphism. 

Proof It is enough to show that the induced maps 

jk 



are isomorphisms for each k. 
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If we identify S{p) with W[e,s*(e)] then we get N = -(es*(e)(e + s=^(e)))^. 
Furthermore it is straightforward to check that the homogeneous graded ideal I is 
generated by 3 and e — s*(e) and that the maps in question are isomorphisms. □ 

Our next step is to study JT*(Gi2, *S(p)). We will see in Theorem 6 below 
how the calculation of the ^2-term can be reduced to that of H*{Gi 2 , S{p)). 

If e G p is the generator, let d be the multiplicative norm of e with respect 
to the subgroup generated by s, i.e., d = es*(e)s^*(e). We note that d is of degree 
—6, it is invariant with respect to s and furthermore = —N. 

For a finite group G and any G module M, let 

trc - tr : M — > = H^{G, M) 

be the transfer: tr(x) = following calculates id*(Gi2, S'(p)) com- 

pletely if * > 0 and gives partial information if * = 0; an element listed as being 
in bidegree (s, t) is in S{p)t)- (Note that for this the t-degree of p is —2!) 

Lemma 3 . Let G3 C G12 be the normal subgroup generated by s. Then there is an 
exact sequence 

S{p) ^ H*{C3 ,S{p)) ^ Fg[6,d] ® A(a) ^ 0 

where a has bidegree (1, —2), b has bidegree (2,0) and d has bidegree (0, —6). Fur- 
thermore the action oft is described by 

t^{a) = -uj^a t^{b) = -b t^{d) = cu^d . 

(By abuse of notation we have denoted the image of the invariant class d in the 
quotient H^{Gs, S-q{p))/ I m tr still by d. ) 

Proof Let F be the Gi2-module W[Gi2] ^w[C4] X- We can choose a W-basis xi, X2, 
X3 of F such that X2 := s^{xi) and X3 := s^{x 2 )^ and then we get an identification 

S{F)=W[xi,X2^xs] 

with all Xi in degree —2. The kernel of the canonical G3-linear algebra map which 
sends F to p is the principal ideal generated by ai = Xi + X2 + X3, i.e., we have a 
short exact sequence of graded G3- modules 

(*) 0 S{F) 0 X ^ S{F) S{p) ^ 0 . 

(In the tensor product x has to be treated as a representation in degree —2 in 
order to make the maps degree preserving.) 

As a G3-module S{F) splits into a direct sum of free modules and trivial 
modules where the trivial modules are generated by the powers of the monomial 
(73 := X1X2X3. Therefore we obtain a short exact sequence 

S{F) ^ H*{C 3 , S{F)) ^ Fg[6,tT3] ^ 0 
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where b has bidegree ( 2 , 0 ) and has bidegree ( 0 , —6). Here 6 is a generator of 
H‘^{Cs,W) = W /3 and W C S{F) is the submodule generated by the unit of the 
algebra S{F). The action of t is given by the following formula 

= cJ^CTs = —uj^as and t^{b) — —b. 

The short exact sequence (*) and the fact that S{F)) = 0 now imply that 

there is an exact sequence 

5 (p) H*{C3,S{p)) ¥g[a,b,d]/{a^) ^ 0. 

where d is the image of <73 and a is the preimage of 

b e H^{C3,W) = So{F) ® x) 

with respect to the isomorphism 

H\C 3 ,p) = H^{C 3 ,Si{p)) ^ F2(C3,5o(F) 0x) 

given by the obvious connecting homomorphism. Thus a has bidegree ( 1 ,- 2 ) and 
the action of t is twisted by y: 



The next step is to compute the invariants S{p)^^ together with the action 
of t. For this we start with the invariants of S{F) and then we use the exact 
sequence (*). The action of the cyclic group C3 on S{F) = W[xi,X2,X3] extends 
in an obvious way to an action of the symmetric group E3 on three letters; thus 
we have an inclusion of algebras 

W[a-i, (72,(73] = W[a;i,X2,X3]^® C S{Fp\ 

It is clear that the following element 

e = xlx 2 + ^2X3 + X3X1 — X2X1 — X^X 3 — X3X2 

(the “anti-symmetrization” of xfx2) is also invariant under the action of C3. We 
use the same notation for the images of these elements in S{p) and we note that 
<Ji becomes 0 in S{p). 

Lemma 4. 

a) There is an isomorphism of W -algebras 

W[(7i,(72,(73,e]/(e^ - /) = S{Fp^ 
where f is the following polynomial in a\, 02, 73 

/ = -27(73 - 4crf - 4(73(7 j + 18(71(72(73 + (7i(7| . 

Furthermore, the action of t E G12 is given by 
t*{cri) = t*((j2) = -ct2 ^*(^3) = t*(e) = cj‘^e . 

b) There is an isomorphism of W -algebras 

W[( 72 ,( 73 ,e]/(€^ -5) ^ S{pp^ 
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where g is the following polynomial in <^3 

g = -21 a\ - 4a| . 

Furthermore, the action of t £ G 12 is given by 

t^{cT2) = -(^2 t^{as) = Lj^a^ t^{e) = . 



Proof a) It is clear that is E3 invariant and therefore it can be expressed as a 
polynomial in ai, <J2 and To find the precise relation is an elementary exercise. 
We also leave it to the reader to verify that the action of t is as claimed. Thus it 
remains to determine the algebra structure of 

As a graded (73-module S{F) decomposes into a direct sum of free modules 
of rank 3 and of trivial modules of rank 1, and each of these summands contributes 
a summand W to S{F)^^. From this it is easy to calculate the Poincare series of 
the invariants and we find 

1 Ft^ 

XS(F)Os {t) - • 

(In this calculation we regrade S{F) such that F is homogeneous of degree -h2.) 

On the other hand there is still an action of C 2 on S{F)^^, and S{F) splits 
as direct sum of eigenspaces 



S{F) ^ S{F)^ F S{F)- . 



Furthermore 6'(F)+ = S{F)^^ and S{F)~ is a module over S'(F)+. By the Poinca- 
re series calculation it is therefore enough to verify that S{F)~ is free as an *S(F)+- 
module with generator e. 



In fact, it is clear that e is in S{F)~ and because Wfyi,X2,X3] is without 
zero divisors it is also clear that e generates a free *5(F)+ module with the correct 
Poincare series. Now suppose p e S{F)~. We can choose a constant c G W of min- 
imal valuation, say r, such that cp = eq for a unique polynomial q G W[cTi, 0-2,(T3]. 
Then 

e{cp) = e^q = fq . 



If c is divisible by 3 then the formula for / shows that q must be divisible by 3 
and then r was not minimal. Hence r = 0, c G and p is in the submodule 
generated by e. 

b) This is an immediate consequence of (a) and the vanishing of S{F)). □ 



The next step is to invert the element N. This element is the image of 
thus, we are effectively inverting the element as G We begin with the 

observation that if we divide 



by 4(J3 we obtain 




3 

2 



27 



4(j 



4 * 

3 
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Thus if we set 



^^2 

C4 2 7 ^6 

^3 

then we get the following relation 



2a|’ 



A = - 



1 

40-3 



4-4 = 27 A 



which corresponds to the famous relation from the theory of modular forms [D] 
(except that in our case 2 is invertible and hence the usual factor 1728 can be sim- 
plified to 27). The reader is referred to [GS] for an explanation of this coincidence. 

Furthermore, C4, cq, and A are all invariant under the action of the entire 
group Gi 2. The elements 

a:=ad-^ eH4C3,(S(p)[N-%) 



and 

/3 := bd-^ € H4C3 ,(S(p)IN-%2) 

are clearly fixed by the action of t and by degree reasons they are acted on trivially 
by C4 and ce. The following result is now straightforward to verify. 

Proposition 5. 
a) The inclusion 

W[C4, C6, A±i]/(c2 - c3 27A) 



is an isomorphism. 
b) There is an exact sequence 

S{p)[N-^] ^ H*{Gi2,S{p)[N-^]) ^ Fg[c^, f3, A^^]/{a4 0 

and C4 and cq act trivially on a and (3. 

The final step is now to investigate what happens under completion. We 
continue to use C4, cq etc. for the images of these elements in i7*(Gi2, with 
respect to the map 5(p)[A^~^] studied in Proposition 2. 

Theorem 6. 

a) There is an isomorphism 

S W[[c1A-1]][c4,C6, A±1]/(c2 -4 = 27 A) 



b) There is an exact sequence 

E, H*{Gi2,E4 ^ Fs[a,/3, A±3/(a2) ^ o 
and C4 and cq act trivially on a and (3. 



Proof, a) We use Proposition 2 and we use that completion commutes with taking 
invariants. We abbreviate 5(p)[A^“^] by A and we recall that the ideal I C A is 
generated by 3 and e — s*(e). With this it is straightforward to check that both 
C4 and C6 belong to I. The relation Cq — cl — 27A implies then that I fl Aq^ is 
generated by 3 and cfA"^ This implies (a). 
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b) It is also straightforward to verify that a 2 = — (e — 5>,c(e))^ mod (3) and this 
implies that the ideals / and (3,C4A“^) define the same completion. Abbreviate 
C4A“^ by 2:. We have an isomorphism 

= \imkA/{z^) . 

Now we consider the short exact sequence 

0-^ A/{z^) -^0 . 

Because 2^ acts trivially on H^{Gi 2 , A) for g > 0 (by Proposition 5b) we obtain for 
each g > 0 a tower (indexed by /c) of short exact sequences 

0 ^ H^{Gu,A) ^ ^ H^+\Gu,A) ^ 0. 

The maps on the right-hand side of this tower are also induced by multiplication 
with 2:, hence they are trivial and therefore we obtain an isomorphism 

H‘>{Gu,A) ^limkH0{Gi2,A/{z'^)) . 

On the other hand the graded quotients A/{z^) are of finite type for each k and 
this implies that the usual short exact sequences 

0 ^ YimiH^-\Gi2,AI{z^)) limfc^/(z'')) ^ 

-^WmkH\Gi2,A/{z^))^Q 

degenerate into isomorphisms 

rn{Gi2AimuA/{z^)) ^ \imkH'i{Gi2,A/{z'^)) 

and the proof is complete. □ 

Remark. With the same reasoning we can also compute the £’2-terms for the 
homotopy fixed point spectra and E^^^ where C3 is, as before, the subgroup 
generated by s, while Cq is that generated by s and In fact, the Gi2-invariant 
A = — l/4cr3 has a Gs-invariant 4-th root A^/^ in 5(p)[A^~^] and we get 

{E.f- - W[[c3A-1]][c4,C6, A±i/4]/(ci - cl = 27A) . 

Furthermore there is an exact sequence 

E, ^ ^ F9[a,/3, A±i/4] ^ 0 
and C4 and ce act trivially on a and /?. 

Similarly, 

- W[[c1A-1]][c4,C6, A±i/2]/(c2 - d = 27A) , 
there is an exact sequence 

^ Fg[a,/3, A±i/2] ^ 0 
and C4 and cq act trivially on a and (3. 
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1.3. The homotopy of EO 2 

Before we turn to the discussion of the differentials of the spectral sequence we 
relate the elements A, C4, ce, ce and /3 to well-known quantities in homotopy theory. 

We start by recalling that the elements G BP^/ {3)) de- 

fine permanent cycles in the classical ANSS of the mod-3 Moore space P(0). Simi- 
larly, the element V 2 G Ext^p^p^pp{BP^, BP^/{3,vi)) defines a permanent cycle in 
the classical ANSS for the cofibre P(l) of the Adams self map ^ V'(O). 

Furthermore vi and V 2 give rise via the Greek letter construction to genera- 
tors ai G 7T3(5'^) = IjjZ resp. (5\ G 7Tio{S^) = Z/3 which are detected in the 
classical ANSS by elements with the same name in Ext^p"^p^pp{BP^, BP^) resp. 

Ext^i^^p^gp{BP^,BP^). 

Finally we note that the localization map from a finite spectrum X to Lk{ 2 )^ 
together with the Morava change of rings isomorphism and the obvious restriction 
homomorphism in group cohomology induce a natural homomorphism 

Ax : Ext%^p^pp{BP,,BP,X) ^ H\G2',EtX) H^{Gn)EtX) . 

We will denote the images of the elements v\^ V 2 with respect to Ay(o) resp. Ay(i) 
still by V\ resp. V 2 . 

Proposition 7. 

a) Reduction modulo (3^ ui) sends /S? to the image ofv^ in H^{G 12 , Es 2 /{^,ui))- 

b) The mod-3 reduction map 

H°{Gi2,Et)^ H^{Gu,Et/{3)) 

sends C4 resp. cq to the image of vl resp. vf, up to multiplication by a unit 
in H^{Gi 2 , Eq/{3)) = F9 [[c 4A“^]]. Furthermore there is an element 

aeH\Gi2,Ei2/m 

and an isomorphism (of modules over Fg[[t;jA“^]][fi, A^^,/3] ® A(a)^ 

= Fg[[viA“^]][vi, A"‘"\/3] ® K{a){l,a] / (via,via,aa + vi(3) 

c) The map A^o sends ai to a and /?i to (3 up to a nontrivial constant m W/3. 

Proof, a) The definition of A implies immediately that its reduction modulo (3, ui) 
is equal to that of u~^^. On the other hand the reduction of is equal to v^. 
b) It is clear from our calculation of i7*(Gi2, E^) and the short exact sequence of 
Gi2-modules 

O^E.^E,^ E,/{3) ^ 0 (*) 

that Vl and vf are in the image of mod-3 reduction. Furthermore they generate 
the invariants in degree 8 resp. 12 as module over H^{Gi 2 , Eq/{3)). On the other 
hand the Gi2-invariants in degree 8 resp. 12 of are freely generated (as modules 
over iF^(Gi2, F^o)) by Q resp. cq. This proves the statement on C4 and cq and also 
gives the result for FT^(Gi2, F^*/(3)). We define a such that 5*^(5) = f3 where 
denotes the boundary homomorphism associated to the exact sequence (*). Then 
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everything else except perhaps the relation vi(3 = aa is straightforward to check. 
This relation is obtained by calculating 

+ aa) = 5^{vi)f3 — o;(5°(5) = a^ — aj3 = 0 

and by noting that is a monomorphism in the relevant bidegree. 

c) This is a consequence of the compatibility (with respect to the maps Ax) of the 
Greek letter construction for ExtBP^Bp{BP^^—) and an analogous Greek letter 
construction for — ). 

In fact, the image of v\ G Ext%p^^p^{BP^, BP^/{3)) (which is the class 
uiu~‘^) defines an element in H^{Gi2, E^/{3)). The short exact sequence 

0 E^/{3) 0 

shows that this class has a nontrivial image G H^{G 12, E4) =W/3 and this 

latter group is generated by a. 

Similarly, for f3\ we just need to check that the result of the Greek let- 
ter construction on G H^{Gi2, Eiq/{3,Ui)) yields a nontrivial element in 
B‘^{Gi 2 , E12). First we note that the boundary map associated to the exact 
sequence 

0 ^ S^£*/(3) ^ ^./(3) ^ £*/(3,«i) ^ 0 

maps u~^ nontrivially and hence to 5, up to a nonconstant multiple. In the proof 
of (b) we have seen that 5^(5) = j3 and hence we are done. □ 

In the sequel we redefine a resp. /3 such that a — Xso{ai) and (3 = \so{l3i). 
We are now ready to describe the differentials in our SS. 

Theorem 8. In the spectral sequence 

H^{Gi2,Et)^7rt-s{E02) 

we have an inclusion of suhrings 

^W[[c1A-1]][c4,C6,C4A±\c6A±\3A±\A±3]/(c3-c2 =27A) . 

In positive filtration E^ is additively generated by the elements a, af3, Aa, Aaj3, 
/3G j = 1,2 , 3, 4 and their multiples by powers of A^^. All these elements are of 
order 3 and C 4 and cq act trivially on elements in positive filtration. 

Proof First we observe that every element in the image of the transfer is a per- 
manent cycle. The last proposition implies furthermore that the elements a and 
j3 are permanent cycles detecting homotopy classes with the same name. Next we 
use Toda’s relation aij3\ = 0 in This implies that afl^ = 0 in tt^{E02) 

and this can only happen if d^{A) = aia/3‘^ for some ai G Fg . 

Then we use the Toda bracket relation /3i G ± (<ai, ai, ai) in Conse- 

quently we have /? G ± {a, a, a) in 7t^{E02)- This and a/3^ = 0 imply that (3^ is 
in the indeterminacy of the bracket (a/?^,a,a). This is only possible if a A is a 
permanent cycle and a{aA) = / 3 ^, up to a nontrivial constant. 
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The next possible differential is dg. Up to nontrivial constants we have (5^ = 
= 0 in tt^{E 02 ) and this forces dg(A^a) = a2/^^ for some 
G Fg . Then there is no more room for further differentials and Eoo = -E'lo is as 
stated in the theorem. □ 



Remeurk. With the same reasoning we can also compute the homotopy of Elf^^ 
and ^2 . In the case of C3 we obtain an inclusion of subrings 

^ W[[c3A-l]][c4,C6,C4A±l/^C6A±'/^3A±l/^A±3/4]/(c3 _c2 = 27A) 

and in positive filtration E^ is additively generated by the elements a, aP, Aa, 
AaP, , j = 1, 2, 3, 4 and their multiples by powers of These elements are 

of order 3 and C4 and cq act trivially on elements in positive filtration. 

In the case of Cq we obtain an inclusion of subrings 

^ W[[cilA-i]][c4,C6,C4A±i/2^C6A±i/2^3A±i/2,A±3/2]/(c3 _c2 = 27A) 

and in positive filtration E^ is additively generated by the elements a, aP, Aa, 
AaP, P^ , j = 1, 2 , 3, 4 and their multiples by powers of Again these elements 

are of order 3 and C4 and Cq act trivially on elements in positive filtration. 

In particular we see that EO 2 is 72 periodic with periodicity generator A^, 
E 2 ^^ is 18 periodic with periodicity generator A^^^ and E^^^ is 36 periodic with 
periodicity generator A^/^. 

1.4. The ANSS converging to tt^{E02 A U(l)) 

In this section we calculate 7t^{E02 A U(1)). We can do this by using Theorem 8 
and the long exact sequences associated to the defining cofibre sequences of V (0) 
and U(l). However, later on we will make use of the structure of the ANSS for 
L2V{1) and so we choose to give a presentation in terms of the ANSS 

E^/{V{1)) = H%Gi 2,E,V{1)) nt-s{E02 A F(l)) . 

First we note that E^{V{1)) is given as Fg[u^^]. The element s G Gu acts neces- 
sarily trivially on this ring while t acts via t^{u) = lu‘^u (cf. the proof of Lemma 
1). This gives us the following E'2-term 

E 2 '* = (F9[M=*=\y] ® A(x))‘^'‘ 

in which the (s, t)-bidegree of u is (0, —2), that of y is (2, 0) and that of x is (1, 0). 
The invariants can then be identified with Fg[u^"^,/?] 0 A(a) where P \= u~^y is 
a permanent cycle detecting p G 7Tio(U(1)) and a := u~‘^x is a permanent cycle 
detecting a G 7Ts{V{1)) and where P and a are the images of the classical elements 
Pi and ai in 7r,.(*S'^). (This can easily be checked via the long exact sequences of 
homotopy groups mentioned above.) The element u~^ is the image of V 2 in the 
F^2-term of the ANSS for with respect to the localization map (cf. the proof 

of Proposition 7 above). 




The Homotopy of L2V{1) for the Prime 3 



139 



If k is an integer than we will write from now on instead of If x 

is an element of E 2 we will denote by v^^^x. We note that the periodicity 

generator of 7 T 72 EO 2 projects to 

Theorem 9. There are elements G 7 Tsk{E02 A V{1)), k — 0,1,2 and G 

7Tsk-\-3{E02 /\V {!)) , k = 0,1, 2 , 3 , 4 , 5 , such that as a module over , P] there 

is an isomorphism 

7T,{E02AV{1)) 

® {¥q[(3]/{P^){1,vI^\v 2} ®¥^f3]/{l3^){a, . . . . 

Remark. We remark that additively 7Tk{E02) is nontrivial and of dimension 1 over 
¥g if k = 10m + Sk mod (72) with 0 < m < 4, 0 < /c < 2, or if A; = 10m + 8A: + 3 
if 0 < m < 1 and 0 < k < 5. For all other k the homotopy group is trivial. 



Proof. Because a and P are permanent cycles, the first possible nontrivial dif- 
ferential is d^ and it is determined by its value on the powers of ^2 . By using 

the long exact homotopy sequences associated to the defining cofibre sequences of 

P(0) and P(l) together with Theorem 8 and Proposition 7b it is easy to verify 

1 /2 

that the elements 1, ^2^ and V 2 are permanent cycles. 

Now £^*’*(P(1)) is a differential graded module over This implies 



a ( k/ 2 . _ I 0 if /c = 0, 1, 2 mod 9 

® ~ \ckV 2 ~^^^ap^ if /c = 3, 4, 5, 6, 7, 8 mod 9 

for suitable nontrivial constants Ck and therefore 

Ee = , 0\{l,vi/2,V2] , !3 ]{vY^ a,vY^ a,vY^ a] 

© ,0\/{0^){a, vY^a, V2a, a) . 

The next possible differential is dg and by using the module structure again we 
obtain 

. /e/2 X Jo if /c = 0, 1,2, 3, 4, 5 mod 9 

dg(t>2 a) - l^/^^fc/2-3^5 if ^ 6, 7, 8 mod 9 

for nontrivial constants c'^. The resulting FJio-term is isomorphic to the stated 
result, and in fact, there is no room for further differentials. □ 



2. The homotopy fixed point spectrmn 

2.1. The subgroups N and 

Next we introduce certain infinite closed subgroups of §2 which are closely related 
to the subgroup G 12 which is used to define E02> We refer to [H, Section 3] for 
more details on the following discussion. The centralizer C := Cs 2 {Cs) of the 
subgroup C3 C Gi 2 generated by s can be identified with the maximal order of 
the units in the cyclotomic extension Q3(C3) of Q3 generated by a third root of 
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unity Ca , and is hence isomorphic to C3 x C2 x Z| . Furthermore C is of index 2 in 
its normalize! N := Ns^{Cs). The action of the element n of order 2 in N/C on 
C is via the Galois automorphism of the cyclotomic extension. The action can be 
diagonalized, i.e., the splitting of C3 x C2 x can be chosen to be invariant with 
respect to the action of n, and n acts trivially on C2 and on one copy of Z3 while 
it acts by multiplication by —1 on the other copy and on C3. 

Furthermore, there is a homomorphism S2 ^3 (^3 given as 

the composition of the reduced norm and the canonical projection. Its kernel is 
denoted by §2? and S2 decomposes as §2 Z3 where the complementary factor Z3 
comes from the center of the division algebra. There is a corresponding splitting 
N = xZs and this splitting is preserved by the conjugation action of n (where n 
acts trivially on the complementary factor Z3). We observe that the subgroup G12 
is contained in and that is a (nonsplit) extension of C2 by := C3 XC2 XZ3 
where the C2-action preserves the splitting of and is nontrivial on the factors 
C3 and Z3. 

In the sequel we will make use of the homotopy fixed point spectra 
and . These spectra are closer to Lx(2)*5^ but we will see that they are also 
closely related to E02- 

2.2. The spectra E^^ , E^^' and EO2 

The splitting N = x implies the following result. 

Theorem 10. There is a cofibration sequence 

^hN — > E^^^ 

where the map E^^^ — ^ E^^^ is given by id — k if k denotes a topological generator 
of the central Z3 . 

Proof. There is a canonical map / : E^^ E^^^ induced by the inclusion C 

N. Furthermore k induces a self map of E^^ and (id — k) o / is null. This gives us 
a map g from E^^ to the fibre F oi id — k. Then one shows that or equivalently 
Lk{ 2 )[q ^idE) is an equivalence. In fact, as in [DH2, Prop. 7.1] we can identify 
7t^Le:(2){E^^ a E) with map^^g(G 2 /A^, F’*), the continuous maps from the coset 
space G2/N to F^, and likewise AF) with map^^g(G2/F'i, F*). Then 

one sees that the map id—k induces a surjection on 7 t*(Fx( 2)(~ AF)) and g induces 
an isomorphism between map^^^(G2/A/', F*) and the kernel. □ 

The spectrum E^^^ itself can be obtained from EO2 in a slightly more so- 
phisticated fashion. For this we consider the ring spectrum E^^^ = £;^(^3xC2) 
The group Cq is normal in G12 and we obtain an induced action of the quotient 
G12ICQ = C2 on the ring spectrum F^^®. The spectrum E^^^ splits with respect 
to this action as F+ V E~ where F+ and E~ are the “eigenspectra” of E^^^ 
with respect to the two nontrivial characters of C2. Furthermore F+ (£’^C'e^^C'2 
can be identified with EO2 and thus E^^^ and E~ become F02-module spectra. 
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The following elementary observation introduces a suspension which may seem 
surprising at first but which becomes very important for the sequel. 

Proposition 11. There is an equivalence of EO 2 -module spectra 

E~ - Y?^E02 . 

Proof. We have seen in Section 1.3 above that E^^^ is a periodic ring spectrum 
with periodicity generator of degree 36. Furthermore, the periodicity gener- 
ator is in the -1 eigenspace of the action of C 2 on 7t^{E^^^) and represents an 
element in 7Tsq{E~). Using the structure of E~ as a module spectrum it defines 
an equivalence between E^^E02 and E~ . □ 

We have other elements of order 2 acting on e.g., all elements of order 

2 in the group jC^ = Zs € 2 ^ In particular, if ki is a topological generator of 
Z3 and if we choose the image of t G G 12 as generator of C2, then kit is such an 
element. We refer to the corresponding eigenspectra of any element r of order 2 
as E^. In particular we have E^ = EO 2 , Ef = Y?^E02^ 

Theorem 12. 

a) There is a cofibration sequence 

Et ^ 

and the map between the eigenspectra is induced by id — k\ ( on the level of 

b) There is an equivalence 

Kt ^ . 

Proof a) This follows the same strategy as the proof of Theorem 10. The map 
{id — ki ) induces a self map of E^^^ which we can easily check to induce a map 
E^ — > E'lf^^. Let E be the fibre of this map. As before the canonical map / : 
pjhN i30comes null after composing it with id — k\ so that we obtain a map 

g : E^^ E. This time we get an identification 

'k^Lj^(^2){E^^^ a E) = map^^g(G2/C6, £’*) = Homcfs(Z3[[G2/C6]], 

where for a profinite G2-set X — limo, with finite G2-sets X^ we write Z3[[X]] 
for limc^^n ^3/(3 ^)[Xc^] and where Hornets denotes continuous homomorphisms. 
The elements t and k\t act on the coset space and after linearization we can pass 
to the corresponding ± eigenspaces which we denote Hom^i^ etc. 

Now id — ki induces as before a surjective map 

Hom‘’+(Z3[[G2/C6]],B3 - Eom':iy{Zs[[G2/Ce]],E.) 

whose kernel gets identified via g with Homcts(^3[[G2/A'^]], This finishes the 
proof of (a). 
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b) This is an immediate consequence of Proposition 11 and the fact that the 
elements t and kit are conjugate in because 2 is a unit in Z3. Hence they have 
equivalent eigenspectra. □ 

Remark. Theorem 10 and Theorem 12 have the following discrete analogues which 
may, in particular in the case of Theorem 12, help to explain the situation. 

It is well known that in the case of an action of a discrete infinite cyclic group 
Coo on a spectrum X one can obtain , up to homotopy, as the fibre of the 

map X ^ X given hy id — k where A: is a generator of Coo- In fact, if we take 
the real line R as a model for the universal Coo -space EC 00 with Coo acting via 
translations then the usual equivariant cell structure gives a presentation of ECoo 
as a pushout and hence of X^^°° as a pullback, and then it is easy to see that 
in the case of spectra this pullback is equivalent to the homotopy fibre of id — k. 
Similarly, if we consider Coo x C2 as acting on R via translations and refiections 
and if we ignore 2-primary phenomena then R is still a good substitute for the 
universal Coo ^ C2-space E{Coo C2). This time the 0-simplices are the integral 
points on the real line with isotropy isomorphic to C2, and the isotropy group 
of a 1-simplex is C2 with C2 acting nontrivially on the 1-simplex. From this cell 
structure we get, as before, a pullback description of X), and if X is 

a spectrum localized away from 2 then the pullback is on the one hand equivalent 
to the fibre of a map as in Theorem 12 and on the other hand to 

Corollary 13. There is a coflbration sequence 

^ EO 2 — > ^^^E02 - □ 

2.3. The homotopy groups of E^^ A y(l) and of E^^^ A V{1) 

It is not hard to see that the spectrum E^^^ is no longer periodic. Nevertheless 
the following lemma shows that the homotopy groups 7Tk{E^^ A V{1)) remain 
72-periodic. 

Lemma 14. The map 

tt,{E02 a V{1)) ^ 7t4E36£;02 a 1^(1)) 
which is induced by id — k\ is trivial. 

Proof. Theorem 9 implies that if 7Tn{E02 AV {!)) and 7rn{Ei^^ EO 2 AV {!)) are both 
nonzero then 

n G {0, 10, 20, 36, 46, 56} mod 72 . 

Because id — ki commutes with the action of [3 we see that the map is trivial 
if n = 36, 46, 56 and that it suffices to concentrate on the case n = 0. Now the 
periodicity generator G tt72{E02 A V'(l)) comes from G tt72{E02) and 
therefore it suffices to show that the composition 

7T72{E02) ^ 7T72{^^''E02) ^72{E?^ EO 2 A V{1))) 
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annihilates A^. In fact, we see from Proposition 7b and Theorem 8 that the image 
of EO 2 ) in 7T72(5]^^^02 a P( 0)) is divisible by v\ and becomes therefore 

trivial in 'K'j 2 {^^^ EO 2 A P(l))). □ 

The lemma allows us to analyze the ANSS 

^ W{N\E,V{1)) ^V{\)) . 

Its ^2-term is easily calculated to be 

H*{N\E,V{1)) ^ (Fg[w±Sy]® A(x,a'))^" =F9b^^^/3]® A(a,w-i®a') 

where as before a = u~‘^x, (3 = u~^y, = u~* and the exterior generator a' is 

the contribution of the factor Z3 in the centralizer = C3 x C2 x Z3. Its bidegree 
is (1,0) and the generator t of C 4 acts on it by multiplication by —1. Therefore 
a35 := is a new invariant class. We note that the elements x and y are a 

priori not canonically defined, not even up to a nontrivial constant because the 
corresponding groups are of rank 2 over Fg. We can and will choose them such 
that a and (3 detect the images of a\ and [3i in n^{E 2 ^ A V{1) for example by 
defining them via Greek letter constructions in H*{N, —). 

Proposition 15. 

a) The ANSS 

Sy S H%N\E,V{1)) A(a){l,as5} ^ 7Tt-s{E^^' AV{1)) 

splits as the direct sum of the ANSS for E02AV{1) and that o/E^^^02 AP(1) 
(where the summand indexed by 1 corresponds to EO 2 /\V {1) and that by a^^ 
to ^^^E 02 AV{ 1 )). 

b) As modules over , [3] there is an isomorphism 

AF(1)) ^7T,(^02 AP(l)){l,a35} . 

Remark. We emphasize that the module structure over is (at least at this 

point) a purely algebraic accident induced by an algebraic module structure on 
the level of ^2-terms. 

Proof The fibration sequence 

E^^' A V{1) EO 2 A f^(l) a V(1) 

induces an exact sequence 

0 a y(i)) E4EO2 A y(i)) ^ e^{'e^^eo2 a v{i)) ^ o 

where E^X has to be interpreted as 7t^{Lx{2){E A X)). In fact, as in the proof of 
Theorem 12 this sequence can be identified with the sequence 

0 ^ Eom,ts{M[^2/N%E,V{l)) ^ Eom^’+{M[^2/Ce]],E.V{l)) 

^ Eom^,ll'-{Zs[[G2/Ce]],E*V{l)) ^ 0 . 
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In cohomology (i.e., on J5^2-terms of the relevant ANSS) this sequence induces short 
exact sequences for all s > 0 

0 ^ ^ H^{N\EtV{l)) H%Gi2, Et{V{l)) ^ 0 

where the monomorphism converges towards the map 

nt-s{T,^^E02 A F(l)) ^ nt-s{E^^' A K(l)) 

by the geometric boundary theorem and the epimorphism converges towards the 
map 

7Tt-s{E^^' A V(l)) ^ 7Tt_s{E02 A F(l)) . 
by naturality. The proposition follows. □ 

Now we turn towards A V{1) and consider the ANSS spectral sequence 

Es,t ^ H%N,EtV(l)) nt-s{E^^ A \/(l)) . 

The E 2 -term of the SS is easily calculated to be 

H*{N,E,V{1))^ (F9[w±i,2/]®A(x,a',C))"'' =Fg[i;f/",/3]®A(a,a35,C) 

where the new exterior generator ( is the contribution of the central factor Z3 in 
the centralizer C. Its bidegree is (1,0) and it is fixed by the action of t. 

Proposition 16. 

a) The ANSS 

E^/ ^ H^{N,EtV{l))^¥g[vf^\p]®A{a,0{l,a35} n-s{E'^^ A F(l)) 

splits as the direct sum of the ANSS of E^^^ ^(1) ofT>~^E^^^ ^(1) 

(where the summand indexed by 1 corresponds to E^^^ A P(l) and that by ( 
to AV{1).) 

b) As modules over ^ P] there is an isomorphism 

ME^^" A V{1)) ^ 7t4E02 a P(1)){1, a35, C, • □ 

Remark. We emphasize that as before the module structure over is (at least 

at this point) a purely algebraic accident on the level of Eoo-tevms. 

Proof As before the proof will be an easy consequence of the following result 
(which is analogous to Lemma 14) whose proof will, however, make use of the 
structure of the SS considered in Proposition 16. □ 

Lemma 17. The map 

{id - fc), : a y(l)) a y(l)) 

is trivial. 

Proof First note that the action of k on ^^^.^(l)) = is trivial. Indeed, the 

generator k of the central Z3 C D2 necessarily congruent 1 mod 3 (for example. 
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one can take k = 4). Then k acts on ix G 7 t_ 2£^ by multiplication with k = 1 mod 3 
and therefore the action o^ id — k is trivial on E^V{1) and hence on the E'2-term 
of the ANSS. This shows that the action on 7Tk{E^^^ A P(l)) is trivial except 
possibly in degrees 

n = 0, 3, 8, 11, 16, 19, 35, 38, 43, 45, 46, 48, 53, 56 mod 72 

where the total degree n of the E 00 -term of the SS is made of two copies of Fg. 
Degrees 35 and 43 resp. 45 and 53 can be excluded from the list because both 
copies have the same filtration (= 1 resp. 3). Next the action of a and f3 and the 
compatibility of k with the fibration sequence of Theorem 12 resp. Corollary 13 
imply that degrees 38, 46, 48 and 56 can also be excluded. Similarly the action of 
a and (5 show that it is enough to consider the cases n = 0, 8, 16 mod 72. liid-k 
acts nontrivially in one of these dimensions then there exists some integer p and 
there exists q G {0, 1, 2} such that 

for some nontrivial constant c. This implies then that in the ANSS for E^^ A^l) 
the element (5aC,a‘^^ (which is a permanent cycle by Proposition 14 

and the fact that C detects a homotopy class which comes from Lx{ 2 )^^) does not 
survive and hence that it is in the image of a differential. At this point we turn 
attention towards the analysis of the SS to show that this cannot happen. 

In the ANSS converging to A P(l)) the elements o, j3 and C come 

from the sphere (or at least from the A"(2)-local sphere). Furthermore we know 
from [Ra2, Table A3. 4] that the Greek letter element /?6/3 G Ext^^p^Qp{BP^,BP^) 
is a permanent cycle in the ANSS for 5^. By [Shi, Lemma 2.4] and Corollary 19 
below this element is detected in E 2 in our SS and therefore agrees with V 2 /?, 
up to a nontrivial constant.^ Because E 2 is free over Fg[/3] we deduce that the first 
differential is linear with respect to multiplication by . 

So for the first differential we need to study the elements 

^2^^’ ^35^2'^^ if r = 0, 1, . . . , 8 mod 9 . 



^Note added in Proof: Shimomura shows that Ae/s is detected by an element which in his notation 
is given by —v^hn and in [Shi, Proposition 5 . 9 ] he proves that In view of the 

structure of the £^2-term, given below in Corollary 19 , this implies that —v^bu agrees, up to a 
constant, with j 3 . 

The following gives an independent and more elementary justification of the f^^^-linearity 
of c?5 which is within the framework of our methods: First we note that A /3 in the £^2 -term of 
EO2 can be pulled back (not necessarily uniquely) to a class in the FJ2-term of . The third 
power of this class will be a cycle for in the ANSS for E^^ , and when we project this third 
power to the FJ2-term of E^^ A V (1) then we get Therefore we know that in the ANSS 

for E 2 ^ A F(l) the differential is linear with respect to and then also with respect to 

V2 , because the £"5 -term is free with respect to ( 5 . 
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Degree reasons (i.e., calculating modulo total degree 8) shows that the first possi- 
bility for a differential is d^. The possible targets are as follows: 

• d^{v2‘^) is a linear combination of the elements 

and PaC,a‘i^. 

• ^ multiple of P‘^OLa^^. 

Now we use that 1, V2 and uf are permanent cycles coming from V'(l) (see [Shi, 
Thm 2.6]). This implies that for r = 0, 1, 2 mod 9 we have 



d?>{v2^) = 0 , 



in particular is not in the image of for q = 0,1, 2, hence 

it survives and the proof of the lemma is complete. □ 



3. The homotopy of L2V{1) 

In this section we will calculate the homotopy of ^2^(1) ^(1) by com- 

paring it to that of E2^ a V'(l). The £’2-term of the ANSS converging to 7 t^L 2 V (1) 
is isomorphic to 

F*(G2,F9[n±i]) ^ {H*{S2,¥g[u^^]f^ 

where C2 acts via conjugation on S2 and via Frobenius on Fg (hence the action is 
free and the spectral sequence of the extension §2 ^ G2 C2 degenerates into 
the stated isomorphism). Furthermore there is a canonical isomorphism 

H*(S2,¥g[u^^]) ^ {H*{S2,¥g) 

where S2 is the 3-Sylow subgroup of §2 and acts trivially, and the invariants are 
taken with respect to the action of the quotient S2/S2 which can be naturally 
identified with Fg generated by u. The generator a; of Fg acts diagonally on this 
tensor product, via conjugation on S2 and via multiplication with a; on li, so that 
taking invariants amounts to taking the eigenspace decomposition of H*{S2,¥g) 
with respect to the action of lo (determined implicitly by Theorem 18 below) 
and tensoring the eigenspace E^i (with eigenvalue up with powers to get 

invariants. 

In [H, Prop. 3.4 and Thm. 4.2] ilf*(5'2, F3) was studied via the restriction map 
to the centralizers Cs2{Ei) = C3 x Z3, i = 1, 2, where the Ei are representatives 
of the two different conjugacy classes of (73’s in 82- We can choose Ei to be the 
subgroup generated by s G G12 and then E2 can be chosen to be u~^Eiuj so that 
the restriction map 

2 2 

H*(S2,¥3) -^]JH*(CsA¥^^),¥3) ^ 

i=l i=l 

becomes Fg-equi variant where the Fg -action on the right is induced from the 
conjugation action of Ng^{Ei)/Cs2{Ei) = C4 C Fg . We note that t G G12 C 
Ng,^{Ei) projects to a generator in G4. We can choose the cohomology classes 
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such that yi and Xi correspond to the generators of the cohomology of the cyclic 
subgroup, Q to the cohomology of the central factor Z3, and a/ to that of the 
noncentral factor Z3 on which t acts by multiplication by - 1 . This notation differs 
somewhat from that in [H] but is consistent with our notation in Section 2 . 

Theorem 18 [H]. 

a) The restriction map 

2 2 

^ ® A(x^, C*, a/) 

i=l i=l 

is an -invariant monomorphism whose image is the ¥^-suhalgehra gener- 
ated by xi, X2, yi, y2, Ci + C2, xioi - X202 , y\ai and y2Ci2 • 

b) In particular {S2->¥‘i) is a free module over¥^[yi-\-y2]^A{(^i-{-(2) generated 

by 1 , xi, X2; yi, xioi - X2a2 , y\ai , y2a2 and yiXiOi . □ 

We note that a priori the elements yi and a/ are not canonical (because 

they depend on the chosen decomposition of Cs2{Ei)). The theorem implies, how- 
ever, that Xi and y^ (as the Bockstein of x^) are distinguished (at least up to 
nontrivial constants). 

Next we describe the invariants of H* (S2^¥g[u^^]) with respect to the action 
of Fg (which is determined by uj^{u) = uu). By using the Fg -linear monomorphism 
these invariants can be identified with a subring of 

^ = H*{NsAEi),¥9[u^^]) 

2=1 

where C4 is as before generated by t G G12. Its action on H* (Cs2{Ei),¥s) is given 
by 

t^{y) = -y^ = -^1 E{a') = -a', t*(C) ^ C 

(where we have omitted the indices for simplicity). The following corollary is now 
straightforward to verify. As in Section 1 . 4 . and Chapter 2 we write for . 
Corollary 19. 

a) The restriction map 

H*{S2,¥g[u^^]) ^ H*{N,¥g[u^^]) ^ (Fg[w±\y] ® A(x,C,a'))^" 
is a monomorphism. Its target is isomorphic to 
¥g[v 2 ^^‘^,P] O A(o;,C,a 35 ) 

(with (3 — u~^y, a = u~‘^x, ( and and its image is the Fg- 

subalgebra o/Fg[x^^^^, / 3 ] 0 A(q, C, c^as) generated by , a, / 3 , 

1 /2 

C, QO35, /?a35 and V2' /3035. 

b) In particular /f*(S 2 ; Fg[u^^]) is free as a Fg[t;^^,/3] ® K(Cf) -module and iden- 

tifies with the free submodule o/Fg[t;y'^^,/ 3 ] ® A(Q,C,a35) generated by 1, a, 
V2^‘^a, ao35 /3a35, and ^€*.033. □ 




148 



P. Goerss, H.-W. Henn, and M. Mahowald 



The restriction map above is the comparison map at the ^ 2 -level between 
the two ANSS converging to A V{1)) resp. 7Tt-s{E^^ A P(l)). We still 

have to deal with the Galois action of C 2 if we want to get at Z/ 2 P( 1 ). 

Now the Galois generator (j) £ C 2 acts on §2 C O 2 conjugation by S', 
hence it is clear that ujcj) centralizes 5 = — ^(1 + uoS) and thus everything in the 
commutative subfield of D 2 generated by s. In particular ujcj) commutes with the 
units in the maximal order of this subfield, i.e., with Cs 2 {Ei). Therefore the group 
Cq^{Ei) (which is generated by (7§2(^i) and ujcj)) is an abelian group and uocf) acts 
trivially on i 7 *(C 52 (^ 1 ), ^^ 3 ). The action on the coefficient ring is given 

by {uj(l))^{cu^) — (!){c)lo^u^ if c G Fg. 

The monomorphism of Theorem 18 (with coefficients extended to Fg[i/^^]) is 
actually linear even with respect to Fg xi C 2 where the Galois generator 0 acts on 
the target on the level of groups by conjugation by S while it acts on Fg[i/^^] by 
Frobenius again. The Fg xi C 2 -invariants in the target of this monomorphism can 
therefore be identified with 

2=1 

The preceding two paragraphs show that we can modify (if necessary) the elements 
^ 2 ^^, /?, a:, C and as 5 of Corollary 19 by scalars in Fg so that they become invariant 
with respect to the action of uxp. After having done this iiT* (G 2 , Fgfy^^]) can be 
identified with the Fs-subalgebra of Fgfi;^^^, /^]GA(a, C, <^ 35 ) generated by elements 
with the same name as in Corollary 19a and if *(^ 2 , Fgfy^^]) is a free module over 
¥s[vf^,/3] G A(^) on elements with the same name as in Corollary 19b. 

Now we are ready to compare the differentials in the two ANSS converging 
to L2V{1) £ 2 ^^ AV{1) resp. A P(l). We refer to them as the source SS 

resp. the target SS. 

For the target SS we deduce from Section 2.3 that , f3, a, ( and ass are 
permanent cycles and that the differentials are linear with respect to the algebra 

R:=¥,[vf^\l3]®A{a,C,a35) ■ 

To better compare with the spectral sequence of the source we should consider 
this SS as one of modules over S := Fg[i;^^, /?] G A(a, C, 0 ^ 35 ). In fact, the F^ 2 -ferm 

k /2 

of the target SS is a free module over S on generators V 2 , fc = 0, . . . , 17. 

We consider the J 52 -term of the ANSS of the source as a free module over 
P:=F3[t;f,/3]®A(C) 

(note that here we have taken the prime field) on the following generators (where 

• 4 . 4 /^« 35 , 

• v^2^, V 2 a, ^2<an35, V 2 P<aa35 
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We have seen in Section 1 and 2 that the first differential for the target SS 
is d^. It is determined by 



^ f _ J 0 if /c = 0, 1, 2 mod 9 

^ ^ if /c = 3, . . . , 8 mod 9 . 

This implies that the first differential of the source SS is also d^. Furthermore by 
the discussion above the nontrivial constants Ck have to be in F 3 and d^ in the 
source SS is given by 



£^ 5 (^ 2 ) 



0 if / = 0 , 1,5 mod 9 

if Z = 2, 3, 4, 6, 7, 8 mod 9 






if / = 0, 4, 5 mod 9 



d^{v2fia35) = j 



0 



^Ev 2 ^a/3^ 


if / = 1, 2, 3, 6, 7, 8 mod 9 




if / = 0, 1, 5 mod 9 


l — 2-|-l/2 ^3 

V 2 ap^asG 


if/ = 2, 3, 4, 6, 7, 8 mod 9 


fo 


if / = 0, 4, 5 mod 9 


[±V2 


if / = 1, 2, 3, 6, 7, 8 mod 9 



d^{v 2 ^) = a) = 0 if / = 0, . . . , 8 mod 9 

d 5 {vlaas^) = d^{v^ 2 ^^^‘^ Paa^^) =0 if / = 0, . . . , 8 mod 9 . 

This yields the following F^e-f^rm (which is already presented in a form which 
is adapted to the discussion of the next differential): 



Eq = Eq^i 0 Eq^2 ® £^6,3 0 F^6,4 

with 

Eg,! = -P{'^2}/=0,1,5 0 ^{'^2^}/=3,4,8 0 -P/(/3^){'?^2<^}/=0,1,2,5,6,7 

Eg, 2 = ^{'^2"^^^^^}/=0,4,5 0 0 ^/(/5^){^2"^^^^<^}/=0,l,2,4,5,6 

F^6,3 = ^{'^2/3^35}/=0,1,5 0 ^{'^^2^Ct35}/=3,4,8 0 ^/(/^^){'?^2^<^35 }/=0,l,2,5,6,7 
Eg,A = ^{'^2^^^^/?C^35}/=0,4,5 0 ^{^2^^"^^/3o;a35}/=3j,80 
0 ^/(/ 3 ^){^ 2 ^^^^/ 3 <^^^ 35 }/= 0 , 1 , 2 , 4 , 5,6 • 

We know that the next differential in the target SS is dg and is determined by 

/e /2 fo if /c = 0,1, 2, 3, 4, 5 mod 9 

d<^[vJ <^) = < , /r/9-3 ^ 

yC]^V 2 f3^ if k = 6, 7, 8 mod 9 

for suitable nontrivial constants cj.. Again by comparing with the spectral sequence 
of the target we deduce that the next differential in the source SS is also dg, the 
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constants have to be in F 3 and dg in the source SS is given by 



dg(4Q) 

dg{v2aa35) 



0 

0 

0 

±V2 ^[3^0,35 



if Z = 0,1, 2, 5, 6, 7 mod 9 
if / = 3, 4 , 8 mod 9 

if / = 0,1, 2, 4, 5 , 6 mod 9 
^ if / = 3, 7 , 8 mod 9 

if / = 0, 1, 2, 5, 6 , 7 mod 9 
if / = 3, 4 , 8 mod 9 



dg{v2^^^^ Paasz) 



±u 



/-3+1/2^6 






and we obtain the following £^io-term 



if / = 0,1, 2, 4, 5 , 6 mod 9 
if / = 3, 7 , 8 mod 9 



^10 — ^/(/?^){^2}/=0,1,5 ® ^/(/3^){^2^}/=0,1,2,5,6,7 

0 P/(/3^){u2/3u35}/=0,1,5 ® ^/(/3^){^2<^^^35}/=0,1,2,5,6,7 

0 P/(/3^){t’2^^'^^/3a35}/=o,4,5 0 ^/(/?^){'^2"^^^^/3<^^i35}/=0,l,2,4,5,6 • 

At this point there is no more room for further nontrivial differentials and we 
arrive at the desired result below in which the names of the generators are chosen 
so as to give representatives in the £' 2 -term of the ANSS for 7r^{E2^ A P(l)). 
Theorem 20. As a module over P — F 3 [u^^,;^] 0 A(C) there is an isomorphism 
7T*L2P(1) ^ P/(/3"){^^}/=0,1,5®^/(/^'){4^}/=0,1,2,5,6,7 

0 P/(/^‘^){u2^^^^/3}/=o,4,5 0 P/(/5^){'?^2^^'^^<^}/=0,1,2,4,5,6 
0 P/(/3'^){'^2/^^35}/=0,1,5 0 P/(/^^){^2<^^35}/=0,1,2,5,6,7 
0 P/(/5^){'^2^^^^/?^^35}/=0,4,5 0 P/(/5^){'^2^^^^/3<aa35}/=o,l,2,4,5,6 • D 

We finish by observing that this matches with Shimomura’s result (if his 
parameter is taken to be A: = 1 !). 
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Spherical Space Forms - 
Homotopy Types and Self-equivalences 

Marek Golasinski and Daciberg Lima Gongalves 

Abstract. Let Q^m be a generalized quaternion group and X{n) an n-dimen- 
sional CfL-complex with the homotopy type of an n-sphere. We compute the 
number of distinct homotopy types of spherical space forms with respect to 
all Q 4 m-actions on all CVL-complexes X(4n — 1) and deduce an existence of 
finite space forms given by some free cellular Q 4 m-actions on CVL-complexes 
X (3) which do not have the homotopy type of a Clifford-Klein form provided 
that m is not a power of 2. We show that homotopy types of (2mn — l)-space 
forms with respect to G-actions are exhausted by homotopy types of orbit 
spaces of joins of CVL-complexes X{2n — 1) with appropriate G-actions. 

Given a free cellular action 7 of a finite periodic group G on a GW-complex 
X{n), we derive an exact sequence relating the group 8{X{n)/^) of homotopy 
classes of homotopy self-equivalences of the space form X{n)/j with the set 
of homotopy types of space forms with respect to all free cellular G-actions 
7. At the end, the group of homotopy self-equivalences of a lens space and a 
space form associated with a free cellular Q 4 m-action are studied. 



Introduction 

The cohomology of any discrete group that acts freely on a finite-dimensional 
GW-complex and the homotopy type of a sphere is periodic. Wall [20] has asked 
if the converse is true. A positive answer is given in the recent result [2] under the 
assumption that the periodicity isomorphism is a cup product with integral coho- 
mology class. Swan [16] has shown that any finite group with periodic cohomology 
of period s acts freely and cellular ly on an (s — l)-dimensional GW-complex of 
the homotopy type of an {s — l)-sphere. Furthermore, also in virtue of [16], there 
exists a finite {ds — l)-dimensional GW-complex with the homotopy type of a 
{ds — l)-sphere and a free cellular action of that periodic group, for some d with 
ds > 2. By means of [10], d cannot be taken equal to one in general. However, due 
to a Milnor result [11], this GW-complex may not have the homotopy type of any 
closed manifold for some finite groups with periodic cohomology. 



2000 Mathematics Subject Classification. Primary 55M35, 55P15; secondary 57S17. 

Key words and phrases, automorphism group, G VP-complex, free cellular G-action, join, lens 
space, quaternion group, spherical space form. 
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The study of free cellular actions of a group on ClT-coniplexes with the 
homotopy type of a sphere is related to an investigation of their orbit spaces called 
spherical space forms and a classification of their homotopy types has been studied 
extensively in [8, 18, 19]. Useful cohomological and geometric aspects associated to 
group actions are presented in [3] and lists of basic conjectures are provided. An old 
result of homotopy type theory (see e.g., [12, 17]) says that, up to homotopy, the set 
of lens spaces exhausts all homotopy types of orbit spaces of the cyclic group Z/m 
free cellular actions on (2n — l)-dimensional ClU-complexes with the homotopy 
type of a (2n — l)-sphere. Thus the classification of all Z/m-actions on these CW- 
complexes is equivalent to the classification of manifolds with the homotopy type 
of lens spaces studied by Browder in [4]. The set of homotopy types of lens spaces 
is evidently finite and their homotopy classification has been presented in [6, 12]. 
The paper [7] deals with homotopy types of space forms for cyclic groups. An 
explicit formula for the number of lens spaces has been obtained there and the 
structure of the group of homotopy classes of homotopy self-equivalences of a lens 
space described in the case of Z/p with p an odd prime. By means of [16], it is 
shown in [17] that the set of homotopy types of spherical space forms of all free 
cellular G- actions on (2n — l)-dimensional GfU-complexes with the homotopy type 
of a (2n — l)-sphere is in one-one correspondence with the orbits, which contain 
a generator, in if^’^(G;Z) = Z/|G| under the action of ±AutG (see also [7] for 
another approach). 

The problem of immersing or embedding in Euclidean space of space forms 
§4n-i^^ of free orthogonal -actions 7 with m > 3 on the sphere has been 

considered in [14]. The aim of this paper is to calculate the number of homotopy 
types of spherical space forms for a generalized quaternion group (54m and describe 
the structure of the group of homotopy classes of homotopy self-equivalences of 
these space forms and lens spaces as well. These results are presented in Theorem 
2.2, Theorem 3.3 and Theorem 3.4. The paper is divided into three sections. In 
Section 1 we recall the results presented in [7] on orbits, which contain a generator, 
in iJ^^(Z/m;Z) under the action of ±AutZ/m for the cyclic group Z/m of order 
m, describe the automorphism group Aut (54m and compute the induced maps by 
elements in Aut (54m on the cohomology i^*((54m;^)- 

In Section 2, we establish in Theorem 2.2 the number of homotopy types 
of orbit spaces given by free cellular (54m-actions on (4n - l)-dimensional CW- 
complexes with the homotopy type of a (4n - l)-sphere. In particular (Corollary 
2.4), there are only two homotopy types of space forms determined by all free 
cellular (52m'+2^-actions (with an odd number m and m' > 0) on 3-dimensional 
GlU-complexes with the homotopy type of a 3-sphere if and only if either m is a 
positive power of an odd prime and m' = 0 or m = 1 and m' > 0. Otherwise, the 
number of those homotopy types is a power of 2 with exponent greater than one. 
Then, we extend the result in [18] and deduce in Theorem 2.5 that there is a finite 
space form given by a free cellular (52m'+2^-action on a 3-dimensional GVE-complex 
with the homotopy type of a 3-sphere which does not have the homotopy type of 
a Clifford-Klein form provided that m' > 0 and m > 1 is an odd number, and any 
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finite space form has the homotopy type of a Clifford-Klein one for m' > 0 and 
m = 1. We also correct the numbers of generators in i7^(Q2m'+2^; Z) presented 
in [8] corresponding to 3-dimensional space forms from the finite, infinite and 
Clifford-Klein form classes, respectively. At the end we generalize (Theorem 2.7) 
the classical result of homotopy type theory [12, 17] on CVF-complexes with the 
homotopy type of spheres and cellular free Z//c- actions by showing that homotopy 
types of orbit spaces with respect to G- actions on {2mn — l)-dimensional CW- 
complexes with the homotopy type of (2mn- l)-spheres is exhausted by homotopy 
types of orbit spaces of joins of (2n - l)-dimensional CW-complexes with the 
homotopy type of (2n — l)-spheres furnished with appropriate G- actions. 

In Section 3, we study the structure of the group of homotopy classes of 
homotopy self-equivalences for lens spaces and space forms given by free cellular 
Q4m-actions. We prove that all these groups are finite and abelian with orders 
described by means of the order of the acting group and the dimension of that 
space form. 

The authors are grateful to the referee for carefully reading the original manu- 
script and his many valuable suggestions. 



1. Arithmetical backgroimds 

Throughout this paper X denotes a finite-dimensional GW-complex with the ho- 
motopy type of a sphere and of the same dimension as that sphere, and a free 
cellular action 7 of a finite group G of order |G|. Write X/7 for the corresponding 
orbit space called an (n — l)-spherical space form or a Swan {n — l)-complex (see 
e.g., [3]) of dimension (n- 1). Then, by [5, Chap. XVI, §9], the group G is periodic 
with period 5 dividing n and = Z/|G|, where Z/|G| is the cyclic group 

of order |G|. By means of [16], it is shown in [17] the homotopy types of space 
forms are in one-one correspondence with the orbits, which contain a generator 
in iT^(G;Z) = Z/\G\ under the action of ±AutG (see also [7] for another ap- 
proach). But generators of the group Z/|G| are given by the unit group (Z/|G|)^ 
of the ring Z/|G|. Thus, these homotopy types are in one-one correspondence with 
the quotient {Z / \G\y / {±(p* ; (f G AutG}, where (p* is the induced automorphism 
on the cohomology i7^(G; Z) = Z/jGj by p in the automorphism group AutG. 
We intend to examine this quotient for G being the generalized quaternion group 

— {x, y] = y‘^,xyx = y}. Note that in this group = y"^ — e and each 
of its elements can be uniquely written in the form x^y^ with k = 0, , 2m — 1 
and / = 0, 1. 

Let Q 2 be a generator in the cohomology group i7^(Z/m;Z) = Z/m. The 
results in [5, Chap. XII, §11] show that ^2 generates the group i7^^(Z/m;Z) = 
Z/m. Then, for any p in Aut Z/m = (Z/m)^, the induced automorphism (/?* of the 
group i7^’^(Z/m;Z) = Z/m is determined by the power with k corresponding 
to p in the group {fZjmy . 
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Let now ^4 be a generator in the group H^{Q 4 ^rn]'^) = Then by [16], 

the element generates The results presented in the sec- 

ond part of the proposition below are developed in [16] for generalized quaternion 
groups of order being a power of 2 and > 8. However, for any generalized quater- 
nion group Qatyi with m > 2, they are also probably known to some experts but 
it seems that they are not in the literature. 

Proposition 1.1. Let ip : Q^m — ^ Qatu cl map with m > 2. 

(1) If p is an automorphism then p{x) = for some i such that 

r — 0, . . . , 2m — 1 with r and 2m relatively prime for m > 2. Conversely, 
any map p defined on the generators x and y as above extends uniquely to 
an automorphism of Q^m • 

(2) //(/?* : H^'^{QArn]’^) Is the induced map in cohomology by 

an automorphism p of the group Q 4 rn "xith p{x) = x'^ then p*{gA) = r‘^^g2 
for n > 0. 

Proof (1) Given an automorphism p of the group Qaju = {x,y; x'^ = y^,xyx = 
y}, let p{x) = x^y for some r = 0 , . . . , 2m — 1. But xyx = y, hence p{x"^) = 
(x'^yx^)y{x'^yx'^)y ■= y^ = e and consequently x^ = e. This is impossible since 
the generator x is of order 2m with m > 2. Therefore, p{x) — x^ for some r = 
0, . . . , 2m — 1 and relatively prime with 2m. Because p is surjective, so p{y) = x^y 
for some i = 0 , . . . , 2m — 1. 

Conversely, let p he a, map defined on generators x and y as above. Then, the 
extension of p on the whole Q^m by taking p{x^y^) = x^^{x'^yY, for any element 
x^y^ in Qaju with A: = 0, . . . , 2m — 1 and / = 0, 1 is well defined and preserves the 
multiplication on Qatu- The cyclic subgroup (x) of Qatu with index two is properly 
contained in the image of p. Consequently p is an automorphism of Qatu- 

(2) Let p be an automorphism of Qatti and l \ (x) Qatu the inclusion homo- 
morphism. Then, by [16, Proposition 8.5] C{gA) = ^2 5 where p 2 is a generator in 
the group if^((x); Z). But, any automorphism p of the group Qatu restricts to one 
of the subgroup (x). By the naturality, one gets p"^{gA) = ^^^4 and consequently, 
the results follows. □ 

Thus we are in a position to state the following conclusion proved in [15] as 

well. 

Corollary 1.2. The automorphism group Aut Qatu of the group Qatu '^Ith m > 2 is 
metabelian and there exists an isomorphism 

Aut Qatu — ^/2m X (Z/2my, 

where Z/2m x (fLl2mY denotes the semi- direct product of the groups Z/2m and 
{Zl2m)\ 

Proof. By the first part of Proposition 1.1, we see that any automorphism p of the 
group Qatu is uniquely determined by the pair (i,r) of the number satisfying the 
indicated conditions. Given two automorphisms determined by the pairs (i,r) and 
(i',r'), their composition yields the pair (i -h i'r,rr'). Then, the map Aut Qatu 
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Z/2m X assigning to any automorphism Lp the associated pair (i, r) is the 

required isomorphism. □ 



Remark 1.3. It is well known (see e.g., [1, Lemma 6.9]) that the group Aut Qg is 
isomorphic to the symmetric group S^. 

In the light of the above, to describe homotopy types of spherical space forms, 
we are led to compute the quotient group A(m, n) = / mY / {^x'^ ] x G (Z/m)"^}. 

If m = • • • Y'i is the prime factorization of an integer m > 1 with U > \ for 

i = l,...,s, then it is well known (see e.g., [21, Chapter IV]) that {7j/mY — 
{Z/p^^Y X ’ ’ ' X ' Moreover, {Z/p^Y = ~ 1) x Zjp^~^ for p an odd 

prime or / < 3 and {J^j2}Y — Z/2xZ/2^“^ for / > 3 with generators, multiplication 
by —1 giving the element of order two, and multiplication by 5 or —3 giving the 
element of order 2^“^. 

Now we recall some results presented in [7] on the quotient group A(m, n) 
which are useful in the next section. 

Proposition 1.4. If m — ' * 'Yi ihe prime factorization of an integer m> 1, 

then for any integer n > 1 there is an extension 



0 ^ (Z/2)‘ -> A{m, n) ^ II A{p \' , n) ^ 0, 

where t is determined as follows: 

(1) ^ = 0, if -I e X e {fZ/YlY} z = 1, . . . , s; 

(2) t = s - 1 - #{i; -1 G x G {Z/p^fY}}’ otherwise. 

Of course, we can assume that n = q[^ ■ ■ ■ and p — 1 = qY ' ' ‘ qY ^ where 
gi, . . . , ^/ are different primes, ^i, . . . , t/, zzi, . . . , ?i/ are non- negative integers and U 
or Ui is positive for all z = 1, . . . , / . Then, in [7] we have stated 



Proposition 1.5. Let 0{p^,n) denote the order of the group A{p^^n) for positive 
integers m, n and a prime p. 



(i) 

min(Zi,Wi 



“io + l 






min(Z; ,Ui ) 



(1) If p is an odd prime and {p — l)/2 is divisible by n in the group Zf{p— 1), 
or p = 2 and n is an odd integer, then 0{p^,n) is equal to: 

(i) forp^2 and p ^ qi, . . . ,qi\ 

V^V HI • • * HiQ-l P 

if p Y^2 and p = qi^ for some 1 < zq < /; 

(iii) 1, ifp = 2. 

(2) Otherwise 0{p'^,n) is equal to: 

V^V ^ Hi P ^ ^Zo + 1 ”'Hl ; 

if p Y ond p = qiQ for some 1 < Zq < /; 

(iii) for p — 2, m > 3 and qi^ = 2; 

(iv) 1, forp = 2, m < 2 and qi^ = 2. 
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In particular, one gets 

Corollary 1.6. Let p he an odd prime, 2^ | p - 1 and 2^+^ \ P ~ ^ and m,n > 1. 
Then 0{p'^,2'^) = for u < n and 0{p'^,2'^) = 2^ otherwise. Furthermore, 
0{2^, 2^) = form>3 and 0{2^, 2^) = 1 form <2. 

2. Homotopy types of space forms 

In this section we give formulas for the number of homotopy types of orbit spaces 
under actions of a generalized quaternion group Q^rn on finite-dimensional CW- 
complexes with the homotopy type of a sphere. For some finite groups G with 
periodic cohomology with the period four, the numbers of generators in Z) 

corresponding to infinite, finite and Clifford-Klein forms, respectively are studied 
and listed in [8, 18]. We make use of these and [7] to present some new results on 
infinite, finite and Clifford-Klein forms for the group Q4m- 

Observe that by identifying elements in the group {ZjmY with all positive 
integers less than m and relatively prime with m one gets the inclusion (Z/2m)^ C 
(Z/4m)^. 

Lemma 2.1. For any m > 1, the canonical homomorphism 

(Z/4m)^/{±x^'^; x G (Z/2m)^} ^ A{Am,2n) 
is an isomorphism. 

Proof. It is enough to show that x G {Z/2mY} = x G (Z/4m)"^}. 

Any element in (Z/4m)^ which does not belong to (Z/2m)"^ is of the form x+2m for 
some X in (fLj2mY . By means of the congruence {x-\-2mY^ = (x^-h4xm+4m^)^ = 
x 2 n proof is complete. □ 

Now consider the family of orbit spaces A/y with respect to all free cellular 
G-actions 7 on (2n — l)-dimensional GIF-complexes X with the homotopy type 
of a (2n - l)-sphere. Two orbit spaces A/7 and X'/Y are called equivalent if they 
are homeomorphic. Let denote the set of all such classes. We say that two 

classes [A/7] and [A'/7'] are homotopic if the orbit spaces A/7 and X' jY 
homotopy equivalent. Write j ^ for the associated quotient set of and 

^ for its cardinality, respectively. Then, we can state 

Theorem 2.2. Let m > 2, n > 1 and 4m = 2^p^f • • - be the prime factoriza- 
tion of Am. Then, card =" 2^ 0{2\2n) 0{p^f , 2n) • • • 0{p[^ , 2n), where the 

number t is given by Proposition 1.4. 

In particular, card Ag ~ for any m',n > 1, provided that 

n' is an odd positive integer. 

Proof. By means of [16], it was shown in [17] that elements of the set K?q~^ j are 
in one-one correspondence with the orbits, which contain a generator in the group 
H^^{G; Z) = ^/|G| under the action of ±Aut G. But generators of the group Z/|G| 
are given by the unit group (Z/|G|)^ of the ring Z/|G|. Thus, the homotopy types of 
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space forms are in one-one correspondence with the quotient (Z/|G|)*/{±(/?*; G 
AutG}, where (/?* is the induced automorphism on the cohomology = 

Z/|G| by (/? in the automorphism group Aut G. 

Now examine this quotient for G being the generalized quaternion group 
Qatu = = y}- Then the first claim follows straightforward 

from Proposition 1.4 and Lemma 2.1. The second one is a direct consequence of 
Proposition 1.5. □ 

In the group Z/ (p — 1) x Z/p"^~^, if p is an odd prime, (p — l)/2 is the only 
element of order 2, which corresponds to —1 in the group {Zfp'^Y by the isomor- 
phism above. Therefore, the equation —l = x'^ has a solution in the multiplicative 
group {7j/p^Y if and only if (p — l)/2 is divisible by the integer n in the additive 
group Z/(p — 1). Then, in the light of Proposition 1.4 and Corollary 1.6, we may 
state 

Corollary 2.3. Let m' > 0, n > 1 and m = p^/ • • -p^/ he the prime factorization of 
an odd positive integer m > 1, 2^^ \ pi — 1 and 2^^“*“^ | p^ — 1 for i = 1, . . . , s and 
Pki 7 • • • iPkt such primes from this factorization that Uj < n for j = 1, . . . , L 

Then +(«-*)«. 

V2m'+2^ ' 

In particular, for m a positive power of an odd prime p with 2^ 1 P — 1 ciTid 
2^+1 |p_i card/C^ ^ if u < n and otherwise. 

Consequently, for 3-dimensional space forms, one can state 

Corollary 2.4. Let m' > 0 and m = p^/ • • • p^/ be the prime factorization of an odd 
positive integer m > 1. Then card/Cg /~ = 2"^^'"^^’’^ 

In particular, card/Cg /c:^ = if and only if either m is a positive power 
of an odd prime number and m' = 0 or m = 1 and m' > 0. 

Let m' > 0 and m be an odd positive integer. The number of generators 
in the cohomology group is given by = 

2 m +i(^(^772), where (f) denotes Euler’s function. By [8, Theorem 1], all 2(j){m) those 
generators correspond to finite space forms, for m' = 0 and only 2^ (f){rn) of them 
correspond to such space forms, otherwise. Furthermore, by means of [18], to each 
generator of the form in Z/2^^ corresponds a Clifford-Klein form. In 
the light of our investigations above, all orbits under the action (on generators of 
Z/ 2 ^ ^‘^m) of ±Aut Q 2 "^'+ 2 m have the same cardinality. On the other hand, by 
[13, Chapter 6], Clifford-Klein forms (other than lens spaces) are determined up to 
homeomorphism by their fundamental groups. Then, the following result (stated 
partially in [18]) based on Corollary 2.4 summarizes our discussion. 

Theorem 2.5. Let m' > 0 and m he an odd positive integer. 

(1) 7/m' > 0 and m > 1 then there is a finite space form given by a free cellular 

Q 2 m' + 2 action on a 3-dimensional GW -complex with the homotopy type of 

a 3- sphere which does not have the homotopy type of a Clifford-Klein form. 
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(2) If m' > 0 and m = 1 then any finite space form given by a free cellular 

Q2m'+2-action on a dimensional CW -complex with the homotopy type of a 

3 -sphere has the homotopy type of a Clifford- Klein form. 

More precisely, let m' > 0 and m = p^f - ■ p[^ be the prime factorization of 
an odd positive integer m > 1. Following [8], divide all 3-dimensional space forms 
X corresponding to all Q2m'+2^-iree cellular actions into three classes: 

I, X is infinite, hence not equivalent to a manifold; 

F, X is finite; 

CK, X is equivalent to a Clifford-Klein form. 

Basing on results presented in [13, Ghapter 6] and our calculations above, 
numbers of generators in Z) listed in [8] and corresponding to 3-di- 

mensional space forms from each of these three classes should be stated as follows: 



m' 


m 


I 


CK 


F but not CK 


0 


> 1 


— 




2 (f){m) — 


> 0 


> 1 


2 '"7(m) 


2 "»'-7(m) 


2 ^' 4 >{m) - 2'"'-7(m) 


> 0 


1 


2 m' 


2m' 





Remark 2.6. In virtue of [9], there are two finite homotopy types of space forms 
given by free cellular (54m-actions on (4n — l)-dimensional CVF-complexes with the 
homotopy type of a (4n — l)-sphere provided that m is an odd prime and n > 1. 
One is realized by an orthogonal (54m-action, the other is not. 

Write X^ for a (2n — l)-dimensional CVF-complex X with the homotopy 
type of a (2n — l)-sphere and a free cellular G- action 7 : G x X ^ X and let X/7 
be the associated orbit space. In virtue of [7], there is a G-map : X^ X^^ 
with degree d{ff) to an arbitrary (2n — l)-dimensional GhF-complex X^ with the 
homotopy type of a (2n — l)-sphere and a free cellular G-action 70. Then the map 

{Z/\G\r/{±ip*; ^ e AutG} 

given by V^~^{[X/^]) = [d{f-y)], where [d(r)] is the class of the automorphism 
in {Z/\G\ff determined by the integer d(/^), is well defined. In the light of [7] the 
induced map 

(Z/|G|)7{±<p*; ^ £ AutG} 

is injective and by means of [17] it is surjective as well. On the other hand, by 
[7, Theorem 1.1] given a G-map / : X^ ^ X^ of (2n — l)-dimensional CW- 
complexes with the homotopy type of (2n — l)-spheres and d = d{f) (mod|G|) 
there exists a G-map h : X^ ^ X^ with d{h) = d. Consequently, the surjection 
— > (Z/|G|)'^/{±(/?*; ip G AutG} lifts to a surjection 

W\G\)\ 

Given (2n — l)-dimensional GVF-complexes X^, . . . , X^ with the homotopy 
type of a (2n — l)-sphere the join X^ * • • • * X^ is a (2mn — l)-dimensional 
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CFF-complex with the homotopy type of a {2mn — l)-sphere. Free cellular actions 
7i, • • • , 7m of G on . . . , respectively determine the free cellular action 

7i * • • • * 7m : G X (X^ * . • . * X"^) ^ X^ * • • • * X^ 



given by (71 * • • • * * • • • * Xm) = 7i(^,xi) * • • • * 7^(^,x,^). Moreover, 

cellular G-maps fk : X^^ ^ , for /c = 1, . . . , m yield a cellular G-map 

A * . . . * /. : (X^ * . . • * ^ (X'l * • . • * X 

It is easy to check that for a cellular G-map / : X7 — > X^^ we get the 
associated cellular G-map 









)(.o 



with d(id^^Q^^(m-i) * /) = d{f). Then we are ready for 



Theorem 2.7. Let G be a finite group with the bijection 

(Z/\G\r/{±^*-, V e AutG}. 

Given a (2mn — 1)- dimensional GW -complex X with the homotopy type of a 
{2mn — 1) -sphere and a cellular G-action 7 there are (2n — 1)- dimensional GW- 
complexes X^, . . . ,X"^ with the homotopy type of a (2n — l)-sphere and cellular 
G-actions 71 , . . . , 7 m; respectively such that the orbit spaces X /7 and (X^ *•••>!< 
X^)/{^i * • • • * 7 ^) have the same homotopy types for any m>l. 



If G is the cyclic group Z//c of order k then the surjection > 

{Z/ky restricts to a surjective on the homeomorphism classes [S^/7] for all free 
cellular Z//c- actions 7 on the circle S^. Thus we deduce one of the classical result 
of homotopy theory [12, 17]. 

Corollary 2 . 8 . Given a free cellular action 7 of the cyclic group Zjk on a (2n — 1)- 
dimensional GW -complex X , the orbit space Xj^ is homotopy equivalent to a lens 
space. 

On the other hand, by [10, 11] there are finite groups acting freely and cellu- 
larly on the sphere §2mn-i admit a free cellular action on the sphere 

g2n-i m,n> 1. 



3. The group of homotopy self-equivalences 

We make use of the previous sections and some results from [7] to study the 
structure of the group ^(X/y) of homotopy classes of homotopy self-equivalences 
for lens spaces and space forms X/7 given by free cellular Q4m-actions 7 on a finite- 
dimensional GW-complex X with the homotopy type of a sphere and compute the 
order of this group. 
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Given a (2n — 1) -dimensional CVF-complex with the homotopy type of a 
(2n — l)-sphere and a free action of a finite group G, for a fixed base point in X, 
the fundamental group functor tti yields a homomorphism 8{X/^) — > Aut G. Take 
the surjection {1 j/\G\Y / {=tl} — > as the composition of the quotient map 

{1 j/\G\Y / {± 1} (Z/|G|)*/{±(^*; G AutG} with the inverse map 

Finally, let the map AutG (Z/|G|)'*'/{ibl} be given as the composition of 
AutG ^ (Z/|G|)^ (induced by the cohomology functor H‘^^) with the quotient 
map (Z/|G|)'*' ^ (Z/|G|)'*'/{ibl}. Fix a free cellular G-action 7 on X and take 
the homotopy class of the homeomorphism class [X/7] as a base point in the set 
Then, one may state 

Proposition 3.1. Lei X he a (2n — 1)- dimensional GW -complex with the homotopy 
type of a {2n — 1) -sphere and a free cellular action j of a finite group G with 
|G| > 2. Then there is an exact sequence 

1 ^ f(X/7) AutG ^ (Z/|G|)V{±1} ^ ^ * 

with the maps defined above. 

Proof The exactness at 5 (X/7) and Aut G is a consequence of [7, Proposition 1.5] 
and at (Z/|G|)'*'/{±1} follows straightforward from the definition of the indicated 
maps. □ 

From the exact sequence above it follows 

Coroll£iry 3.2. If X is a (2n — l)- dimensional GW -complex with the homotopy type 
of a ( 2 n — l)-sphere and a free cellular G-action 7 then the cardinality of the set 
I - to 

2-V(|G|)|f(X/7)|(|Aut(G)|)-^ 
where (p denotes Euler’s function. 

At the end, the group f (X/7) of homotopy classes of homotopy self-equiva- 
lences is studied, where 7 is given either by a free cellular action of an arbitrary 
finite cyclic group or a generalized quaternion group on a finite-dimensional GW- 
complex with the homotopy type of a sphere. For a cyclic group with an odd prime 
order, the group £{X/^) has been established in [7, Proposition 2.6]. 

In view of Proposition 3.1, the group f (X/7) is the kernel of the map Aut G 
(Z/|G|)*/{±1}. In particular, by Section 1 the group £{L) is isomorphic to the 
subgroup of {Ij/p^Y consisting of all elements k with = ±l(modp^) for a lens 
space L given by a free cellular Z/p^-action on a homotopy (2n — l)-sphere with p 
an odd prime and any / > 1 or p = 2 and I > 2. 

For an odd prime p and I > 1, one has that {Tj/p^Y — ~ ^ ^ so 

the corresponding additive subgroup of all solutions of that equation consists of all 
elements (mi, m2) with n(mi,m2) = (0,0) or n(mi,m2) = ((p — l)/2,0), because 
((p — l)/2,0) is the only element of order two in the group Z/(p — 1) x Z/p^“h If 
d\ (resp. g? 2) is the greatest common divisor of the integers n and p — 1 (resp. n 
and p^“^), then the subgroup Gd^ x Gd2 of the group Z/ (p - 1) x Z/p^“^ generated 




Spherical Space Forms - Homotopy Types and Self-equivalences 163 



by the element {{p— l)/di,p^~^ /d2) consists of all elements (mi, m 2 ) in the group 
Z/(p — 1 ) X with n(mi,m 2 ) == (0,0). Moreover, if there is a solution mo in 

the group 7jj{p — 1 ) of the equation nmi = (p — l)/ 2 , then the set of all solutions 
of the equation n(mi, m 2 ) = ((p-l)/ 2 , 0 ) in the group Z/(p- 1 ) is equal 

to the coset (mo , 0) -h Gd^ x Gd^ • Denote by G{p^ , n) either the subgroup Gd^ x Gd2 , 
if such mo does not exist or Gd^ x Gd^ U ((mo, 0 ) -h Gd^ x Gd^) otherwise. 

For p = 2 and I > 2, one has that {^j2}y — Z/2 x Z/2^“^ and multiplication 
by —1 yields the only element of order two (in the group Z/2). Take the greatest 
common divisor d of the integers n and 2 ^“^ and consider the subgroup Gd of 
the group Z/2^“^ generated by the element 2}~^ /d. It is easy to check that the 
corresponding additive subgroup G(2^,n) of the group Z/2 x Z/2^“^ (formed by 
appropriate solutions) is equal to Z /2 x Consequently, Z{V) — G(p^n) for a 
lens space given by a free cellular Z/p^ on a homotopy (2n — l)-sphere. Let G( 2 , n) 
denote the trivial group. Then, in view of [7, Proposition 1.5] the following result 
holds. 

Theorem 3.3. Let L be a lens space determined by a free cellular 'L/m- action on a 
homotopy {2n — l)-sphere and m — p^^ • • -p^^ the prime factorization of an integer 
m > 2 with ki > 1 for i = 1 , . . . , s. Then S{L) = G(p^^ , n) x • • • x G{pg ^ , n). 

Now let X be a {An — l)-dimensional GIF-complex with homotopy type of a 
(4n — l)-sphere and a free cellular Q 4 ^-action. For the greatest common divisor d of 
the integers 2 n and 2 ^“\ consider the subgroup Gd of the group Z/ 2 ^~^ generated 
by the element 2}~^ /d. Then, it is easy to check that the corresponding additive 
subgroup G(2^, 2n) (studied above) is equal to Z /2 x Gd- 

Finally, we can conclude the paper with the following result. 

Theorem 3.4. Let Q^m be a generalized quaternion group, 7 a free cellular action 
on a {An — 1)- dimensional GW -complex X with the homotopy type of a {An — 1)- 
sphere and 2m = 2^°+Vi^ " ' Ps^ ihe prime factorization of 2m with m > 2. Then 
£{X/'y) is isomorphic to: 

( 1 ) the semi- direct product 

Z/2m XI (G{2'^°+\2n) x G(p^,2n) x x G{p^/,2n)) 
for m > 3; 

(2) the symmetric group S4 for m — 2. 

Proof Part one is a consequence of Corollary 1.2 and the discussion before The- 
orem 3.3. By [16, Proposition 8.3] any automorphism of Qs induces the identity 
automorphism on the cohomology H^'^{Q8;Z). Then, in the light of the exact se- 
quence given in Proposition 3.1, one gets £{X/j) = AutQs = S4 and the second 
part follows. □ 
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The Homotopy Type of Two-regulair A"-theory 

Luke Hodgkin and Paul Arne 0stvaer 



Abstract. We identify the 2-adic homotopy type of the algebraic AT-theory 
space for rings of integers in two-regular exceptional number fields. The answer 
is given in terms of well-known spaces considered in topological K- theory. 



1. Introduction 

Let E he 8i number field, Oe its ring of algebraic integers, and Re = Oe[^] 
the corresponding ring of 2-integers. For the definition of the algebraic theory 
space K{Oe) (resp. K{Re)) we refer to [7]; it is the usual ‘plus construction’ on 
the stable classifying space BGL{Oe) (resp. BGL{Re))> A related, homotopically 
more accessible space is the etale topological K-theory space K{RE)et of Re^ see 
[3]. The purpose of this paper is to pin down the 2-adic homotopy type oi K {Re) 
for some special E. Our results rely on the following recent advances. 

In [9], Rognes and Weibel determined up to extensions the 2-completed 
groups Kn{RE )2 (= Kn{OE )2 for n > 2). Their computation is expressed in 
terms of the etale cohomology groups H*{Re]' 1‘2 (0) of Re with coefficients 
twisted by the action of the roots of unity. A case where the extension prob- 
lems disappear is the ‘2-regular case’, (see definition below) for which Rognes 
and 0stvaer [11] gave a complete description of Kn{RE )2 , for all n. The above 
results are among the consequences of Voevodsky’s solution of the Milnor con- 
jecture [13], as developed in subsequent work [12], [2]. A particular interesting 
end-product is ‘etale descent for AT-theory of number fields at 2’, i.e., the strong 
Quillen-Lichtenbaum conjecture is true for number fields at the prime 2. See [10] 
for the case of totally imaginary number fields, and [14] for the case of real number 
fields. In particular, we have: 

(a) the spaces K{Re) and K{RE)et are the same on zero-connected components 
at the prime 2, and 

(b) in consequence one can try to adopt the etale homotopy methods from [3] 
to determine the 2-completed homotopy type of K{Re) (= K{Oe) on one- 
connected components). 
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Part (b) was solved in the case where E is 2-regular and 'non-exceptionaP (see 
definition below), in [15]; the result is satisfyingly simple, in that the homotopy 
type is a product of well-known components. In this paper we apply a similar 
analysis to the more complicated ‘exceptional’ case. Here the product structure is 
replaced by a twisting (fibration), but the degree of complication is minimal, and 
almost all of the factors are untwisted, and again of a simple type. As a check, we 
verify that our result gives the homotopy groups calculated in [11]. 

To state the results, we need some definitions and notation. Let ri respectively 
V2 denote the number of real embeddings respectively pairs of conjugate complex 
embeddings of E. We say that E is 2-regular if any of the following equivalent 
conditions is satisfied: 

1) The ‘modified tame kernel’ of E vanishes. This latter can be identified with 
the kernel of the natural surjection: 



a'^ : H^{ReM 2)) ^ ^ H^{R-Z2{2)) = r^.Z/2 
summed over the real embeddings of E. 

2) The ideal (2) does not split in E and the narrow Picard group Pic-\-{RE) of 
Re has odd order. 



3) 






ri.Z/2 (i ^ 0 even) 
0 7^ 1 odd). 



For a discussion, and further criteria, see Proposition 2.2 of [11]. 

Next, let Cm denote an mth root of unity and ifs conjugate. For each r, we 
have the cyclotomic extension E{C,2^). E is said to be exceptional if Gal {E{(2^)/E) 
is not cyclic for some r; otherwise it is non- exceptional It is easy to check that 
E is non-exceptional if and only if (4 G E or C2^ + C2^ ^ ^ some k > 3. Any 
real number field is exceptional, while any 2-cyclotomic field Q(C2^), r > 2, is non- 
exceptional. In our case (exceptional), the description of K{Oe)2 is complicated 
by the above-mentioned twisting, and we require some names for the spaces which 
will be our building blocks. 

We consider all spaces completed at the prime 2, where not explicitly stated; 
we hope that the reader will accept statements such as ‘7 Ti( 5'^) = Z2" ’ which 
result from this. We also abusively write Specif for what is properly the etale 
homotopy type (Speci?)et. As usual /7, 0 are the stable unitary and orthogonal 
groups, and BU, BO their classifying spaces. The complexification c maps O into 
as a subgroup, with quotient U/0. For q odd, let be the Adams operation on 
BU. Note in particular that is the conjugation map. By Quillen’s fundamental 
result [8], when q is an odd prime-power the X-theory space of the finite field ¥q 
is the fibre oi - 1 : BU — > BU] we shall denote this space by Fip^. Similarly, 
we write Eip~^ for the fibre of — 1. We require two variants of F'lp^: 
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1) In analogy with a construction of Bokstedt, define JK(q) to be the fibre of 
the composite: 

c — 1 

BU. 

(This is K{Z) iiq = ±3 mod 8.) 

2) Let j : BU be the inclusion of the fibre, and define Jc{q) to be the 

fibre of the composite - 1) o j : BU . (Note the analogy between 

this construction and the previous one.) 

Our next points concern Galois groups. Let iJoo{E) respectively fioo be the 
group of 2-primary roots of unity in E respectively C, and L'^ = Gal {E{iioo)/ E). 
The natural action of L'^ on fioo gives a monomorphism 

( 1 ) </> : ri; ^ Aut{iioo) = 0 ^/2 

- compare §1 of [6] . By considering tti (Spec Re) the Galois group of the maximal 
unramified extension of Re^ we see that the action of 7Ti(Spec i?^;) on /ioo factors 
through r'^ to give a composite: 

(2) 7Ti(Speci^£;) F'e ^ Aut{/J.oo) 

which we shall call 0. Clearly the images of (j) and 0 in Aut{/j,oo) are the same 
subgroup, say A. If Eq = E(^/0T), it is a consequence of the ‘exceptional’ condition 
on E that = Te x ^/2, where Te = Gal (£;(/ioo)/£’o)- Still following [6], set 
dE = i^ 2 {\ldoo{Eo)\) (the 2-adic valuation). Then A is (topologically) generated by 
elements q, a where a (order 2) is conjugation and q G Z 2 is represented by any 
integer such that q is = ±1 mod 2“^ but not mod2"^^+L By Cebotarev’s theorem 
we can always choose a prime ^ in such that the order q of the finite field 
Re/{V) is an integer with these properties. 

For future reference, we define numbers Wm = Wm{E) by: Wm = 2 {m odd), 
Wm = (772 even). (Compare, e.g., the definition in [9], which is equivalent 

in the exceptional case. Mitchell [6] writes Wi for the exponents, rather than the 
powers of 2.) 

Our main result is as follows: 

Theorem 1.1. With the preceding notation, let E be 2-regular and exceptional 
Then at the prime 2: 

(i) If E is totally imaginary (ri =0^, K{Re) is homotopy equivalent to the 
product 

^2 — 1 

Jc{q) X n [/ 

(02 — 1 factors in the product). 

(ii) If ri > 0, K{Re) is homotopy equivalent to the product 

JK{q)xf[Ux f[iU/0). 




170 



L. Hodgkin and P.A. 0stvaer 



Our strategy in proving this result is based on ideas present in [3], and is 
as follows. We find a space X, and map f : X ^ Spec Re which induces an 
isomorphism on mod 2 homology. The space X is a wedge of r 2 + 1 circles and 
ri copies of the infinite projective space RP"^. The key question is then how the 
wedge components of X map via the composite: 

(3) 7Ti{X) ^ 7Ti{Spec Re) ^ Aut{iioo)‘ 

Specifically, the condition required is that Im{^ o f^) — Im{^) — A. According to 
[3], in the given circumstances, K{Re) is homotopy equivalent to a space called 
X(X); and to find K{X) we need to know the wedge components, and the way 
that their fundamental groups map into Aut{iioo)- We therefore find these, simplify 
as much as possible, and our theorem will follow from Dwyer and Friedlander’s 
result. As can be seen from the statement of the theorem, cases (i) and (ii) need 
separate treatment; they are dealt with in Sections 2, 3 respectively. 

It should be noted that all of these computations could have been done at the 
time of the original paper [3], modulo replacing the X-theory spaces by their etale 
topological versions; indeed, our reliance on the methods of Dwyer and Friedlander 
is substantial. However, the etale descent results we mentioned in the beginning 
make it possible to state the results for the X-theory spaces themselves. 

A general solution to the problem of finding X-theory spectra of number 
rings at the prime 2 has been undertaken by Mitchell [5, 6]. The results are fuller, 
and give in fact the 2-adic homotopy type when combined with [10] and [14]. But 
their interpretation requires knowledge of the Twasawa module’, which appears 
difficult in general. Mitchell has kindly pointed out to us that our main result for 
real number fields can be deduced from results in [6] and [14], see Example 2 in 
[6]. The deduction itself will not be reproduced here since it requires technology 
which is not part of this paper. 

2. The totally imaginary case 

In this section, E will denote a number field which is 2-regular, exceptional, and 
totally imaginary. We can deduce immediately (cf. [11]): 

Lemma 2.1. The mod 2 homology of Re is given by: 

Xi(X^;Z/2) = (r2 + l).Z/2 

H^{Re;ZI2) = 0 (i>l). 

However, in this case we can do better, since the 2-completed homology is 
also simple; for this we write Hi{ ), omitting the coefficients. 

Lemma 2.2. The 2-completed homology of Re is given by: 

Hi{Re) = (t2 + l)-^2 

H,{Re) = 0 (i>l). 
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Proof. Let a be the unique prime above 2 m Oe- Then by Theorem 2.2 of [3], 
Hi{Re) is a quotient of " (since the narrow Picard group vanishes); that is, 

of a direct sum of copies of Zf and 2-torsion groups. From the description of the 
mod 2 homology in Lemma 2.1, there is no 2-torsion, so Hi is a sum of copies of 
Zf , and the rank, again from Lemma 2.1, is r2 + 1. □ 

Next, recall from §1 the homomorphism (f) : 7Ti(Spec — > Aut{iioo)- In [15] 

(following a model from [3]) it was shown that in the non-exceptional case there 
is a map, f : X ^ Spec Re, inducing an isomorphism on mod 2 homology, where: 

(i) X is a wedge of r2 + 1 circles; 

(ii) The circles can be chosen in such a way that the first one maps to a topological 
generator of Zf , and the rest map trivially. 

Our first result in this section is parallel to this, if slightly more complicated. It 
states: 

Proposition 2.3. In the exceptional totally imaginary case, there is a map f : X ^ 
Spec Re such that: 

(i) X is a wedge o/ r2 T 1 circles; 

(ii) The first circle, considered as an element of tti{X), maps under (f) o f^ to 
q G A; the second to the non- trivial element a of order 2 in A; and the rest 
(if any) map trivially; 

(hi) / induces an isomorphism on mod 2 homology. 

Proof. This is essentially elementary topology, using what we know of the homology 
of Spec Re- In fact, we can clearly choose r2 + 1 maps from 5^ to Spec Re whose 
images under the Hurewicz map generate Hi{Re) {Zjf or Z/2 coefficients). The 
key adjustments to be made concern their images under (j). We know the structure 
of = A, and since the latter is Abelian, cf) factors through H\{Re)- Hence 

we can find maps /i,/2 : Spec Re which represent generators of H\, such 

that fi maps under (p to q, and /2 maps to a. 

Now let fs, . . . , fr^Ei • Spec Re represent the remaining generators 

of Hi. We can multiply (in tti) by suitable powers of /i,/2 to obtain maps 
gs, . . . , gr^Ei which still define a basis of Hi together with fi, f 2 , and map trivially 
under (p. We can now use /i, /2, ^3, . . . , ^r2+i fo construct a map / from the wedge 
X of T2 + 1 circles to Spec Re which has the properties claimed in Proposition 
2.3. □ 

Now Proposition 3.2 of [3] tells us that / induces a homotopy equivalence 
from K{Re) to a space K{X), whose definition strictly depends not on X as space 
but on the composite map 

f 1 

X ^ Spec Re — > SpecZ[-j. 

Again using the methods of [3], we write X = Vi V V2 V VF, where Pi,V2 
are the first two circles and W is the wedge of the remaining ones. There is 
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a fibre square 

K{X) ^ K{Vi V V2) 

Y Y 

K{W) ^K{^) = BU 

and K{W), by the arguments of [3] Proposition 4.5, is the unpointed function 
space BU^ = BU x U. It follows easily that: 

Proposition 2.4. The space K{X) is homotopy equivalent to the product: 

V2-1 

K{Vi V P2) X Yl U. 

And our main challenge is to identify the space K{Vi V V2). For this we have 
a second fibre square: 

K{ViWV2) ^K{Vi) . 



K{V 2 ) ^ BU 

The space K{Vi) is essentially well known, and often used, being the ‘finite 
fields’ AT-theory space F'lp^ of Quillen [8]. It follows from the choice of the prime 
^ and the integer 9 in §1 that the composite 

— » Spec Re / i"^) Spec Re 

where the generator of 7 Ti{S^) is mapped into the Frobenius of the finite field, can 
be taken for the inclusion of Vi - its image under 0 is precisely q. We can therefore 
identify K{Vi) with the 2-adic K-theory space of the finite field; and this is 
the fibre of - 1 : BU — ^ BU. 

The following result is now not surprising, given its similarity to the foregoing: 

Lemma 2.5. The space K{V2) is homotopy equivalent to the fibre F'ijj~^ — 1 : 

BU ^ BU. 

Proof. We give a rather ad hoc proof of what is probably a special case of a larger 
result. Let R denote the ‘ground ring’ The map /2 : V2 ^ Speci?, which 
defines K{V2) (see above), has an obvious double cover /2 : F2 Spec R. However, 
/2 is trivial on tti, so that the corresponding space K { V2 ) is homotopy equivalent 
to BU^^ as before. (V2 is still a circle, of course.) Now the theory of [4] tells us 
that K{V2) can be identified with the ‘homotopy fixed points’ Hom^{E'E, K{V2)), 
where E is the covering group (=Z/2). In our case these are equivalent to the 
fixed points, i.e., to the equivariant maps A : 1^2 BU ; where E acts on V2 by the 
antipodal map, and on BU by complex conjugation 

Clearly such a map A is determined by its values on the upper half-circle, 
and a standard argument shows that we can identify the space of such maps with 
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the space of maps A' : [0, 1] — » BU satisfying A'(l) = But this is (one 

definition of) the homotopy fibre □ 

Now we can compute K{Vi V V 2 ). In fact, again following [3], the wedge 
product gives rise to a fibre square, which we extend to the right: 

KiVx V V2) ^ K{V2) ^ BU ■ 

j 

K{Vi) ^ BU ^ BU 

From this it is clear that VV 2 ) is the fibre of the composite - 1) o j : 
BU, which is the space denoted Jc{q) in §1. This identification, together 
with Proposition 2.4, give us case (i) of Theorem 1.1. 



3. The case where ri > 0 

The case where E admits real embeddings is (contrary to what one might expect) 
simplified by the fact that the ‘Z/2 part’ of the model space X can be absorbed 
into the real embeddings and dealt with there. In this section we suppose E 2- 
regular, with ri > 0; again we begin by producing a space X which will serve as 
a model for the homology of Speci^^;. The homology (again adapted from [11]) is 
described by: 



Lemma 3.1. The mod 2 homology of Re is as follows: 



Hj{Re-^Z/2) 



(ri +r2 + l).Z/2 j = l 
ri.Z/2 j > 1- 



fi 

The ri real embeddings (i = induce isomorphisms from the 

group Hj(RE\Tu/T) to 0^^iifj(]R; Z/2) in dimensions j > 1. 

The last sentence in the above statement is Tate’s theorem: the higher ho- 
mology of Re comes solely from the real embeddings. The fact that E is 2-regular 
makes it possible to extend the statement (true in general only for j > 2) to the 
case j = 2. 

As is the previous section, we can extend the statement to the Z 2 " homology: 



Lemma 3.2. 

(i) The 2-completed homology of Re is as follows: 

Ri{Re) — (^2 T l)-^2 0^1. Z/2 

H2j{Re) = 0 (j>0) 

H2jEi{RE)=ri.Z/2 (j >0). 

fi 

(ii) The r\ real embeddings Re (i = I, . . . ,ri) induce isomorphisms from the 
group 0^ii7j(M) to Hj{RE) in dimensions j > 1. 
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(iii) For i = 1,. . .vi, the image of the non-trivial element of Hi{R) under {fi)^, 
maps to a under <j). 

Proof Parts (i), (ii) require essentially the same as the proof of Lemma 2.2. Part 
(iii) is a consequence of the statement that 7Ti(SpecE) = Z/2 is generated by 
complex conjugation, which corresponds to cr. □ 

Parallel to Proposition 2.3 we have the following result setting up a space X 
for this case. 

Proposition 3.3. There is a map f : X Spec Re such that: 

(i) X is a wedge o/r 2 + 1 circles and r\ copies of SpecM; 

(ii) The first circle, considered as an element of tti{X), maps to q under the 
composite (f)o f^, and the rest (if any) map trivially; 

(iii) For each copy of SpecM., the non-trivial element of 7Ti{Spec'R) maps to a E 

(Z2)*; 

(iv) / induces an isomorphism on mod 2 homology. 

Note. The copies of Spec M can be replaced by the infinite projective space RP^ ~ 
5Z/2 (cf. [3]), but this is not particularly useful for our purposes. 

Proof First note that the copies of Spec R are already taken care of by Lemma 3.2. 
Now as before consider the homomorphism from Hi{Re) onto A C Aut{/aoo). Since 
the 2-torsion subgroup maps onto the subgroup generated by a G Aut{fioo)^ we 
can, by subtracting 2- torsion elements if necessary, choose a free direct summand 
(r 2 + 1).Z2^ which maps entirely into the Zf part of A. By choosing generators 
for this summand as in the proof of Proposition 2.3, we can ensure that the first 
maps to q and the others to zero. 

Now represent these (r 2 + 1) generators by maps Spec Re- The wedge 

of these, and of our r\ copies of SpecM, with the given mappings into Spec Re, is 
the required space X. □ 

We now have once again to find the space K{X), representing wedges by 
fibred products over BU. However, we can speed up this process by dealing with 
all the copies of SpecR at once. 

Proposition 3.4. Let Xi, . . . ,Xk be copies of SpecM. mapping into Spec Re by maps 
fi, . . . , fk which arise from real embeddings. Then K{Xi\/ X 2 • • X Xk) is homotopy 
equivalent to the product BO x U''~\u/o) ; where the structure map from K{Xi V 
X 2 ‘ ■ y Xk) to BU is the complexification on BO, and the trivial map on each 
factor U/0. 

Proof. First, by Proposition 4.1 of [3], we can identify K{R) with BO, mapped 
into BU in the usual way. We therefore need to find the fibred product of k such 
copies of BO. To do this, replace the maps BO — > BU by principal fibrations 
Pi,. . . ,Pk, with fibre U/0. A point of the fibred product is a sequence {xi,. . .Xk) 
with pi{xi) = - = pk{xk)- It follows that there are unique elements g 2 ,--.gk 

of U/0 such that Xi = xi.gi {i = 2,...,/c); and that the map {xi, . . . ,Xk) ^ 
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• • • ,5^/c) is a homeomorphism from the fibred product to BO x {U/0). 
The statement about the structure map is now obvious. □ 

It is now relatively easy to complete the proof of Theorem 1.1. Let us write 
V for the wedge of the circles in the space X, and W for the wedge of the Spec M’s. 
We know that the circles, as in the previous section (but here simplified by the 
absence of a Z/ 2-component) combine to give a space K{V) = x U ; while 

K{W) is given by the preceding result. To find the fibred product of K{V) and 
K{W) we need only look at those parts which are non-trivial over BU, i.e., at the 
in K{V) and the BO in K{W). Now the fibred product of these is again well 
known, going back to Bokstedt and Dwyer- Friedlander; from the diagram 

i^(SpecFg V SpecM) ^ K{R) — BO ^ BU 

c 

/s:(F<,) = ^ BU > BU 

we see that it is precisely the fibre of the composite 

C 1.1)^ — 1 

BO^BU^-X BU 



or what we have called JK{q). Theorem 1.1 in the case of real embeddings follows 
immediately. □ 



4. The homotopy groups 

As a check on the correctness of the preceding results, it makes sense to show that 
they imply the results on Ki{RE) — 7Ti{K (R e)) proved in [11]. Some attention 
to details is needed since the homotopy groups of a fibre may not be uniquely 
determined by the exact sequence of the fibration (there may be extensions). 

Again, we have to separate the two cases. In the totally imaginary case, 
since U) is well known to be (r 2 — 1).Z2' for i odd and 0 for i even, 

the question reduces to finding the homotopy groups of the factor we have called 
Jc{q), the homotopy fibre of the composite 

Fxp-'^ ^BU'^^ BU 

where j is the fibre inclusion. The homotopy groups of (the classifying space 

of self-conjugate X- theory) were computed by D. Anderson in his thesis from 1963, 
but see also Atiyah’s paper ‘X-theory and Reality’ [1]. 

Lemma 4.1. The homotopy groups of F'ip~^ are: 

7T4/C+1 = 7T4fc+2 = 0 

7T4/e+3 = '^2 '^4k = ^2 

and the fibre inclusion from F'ip~'^ to BU induces an isomorphism on it 4 k, 
zero in all other cases. 
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Clearly we can deduce that — 1) o j)^ is zero from 'Ki{F'tp^) to 7Ti{BU) 
unless 2 = 4/c, in which case it is multiplication by — 1 - this from the known 
action of the V^’s on the homotopy groups of BU. 

It should be noted that or 'KSC as it is traditionally called, is one 

of a family of A-spaces, and admits Adams operations for g > 1 and odd, say. 
The fibre of 2 /^^ - 1 : Fip~^ F'ip~^ will be called J5C(g), by an obvious analogy. 
Similarly, we use JO{q) to denote the fibre of — 1 : BO BO. 

From the above, we can deduce: 

Proposition 4.2. The homotopy groups of Jc{q) zero in even dimensions; for 
the odd ones we have: 

7r4fc-l(Jc(g))=Z2 - 1))2 

and there is a split exact sequence 

^ 7T4fc+l(Jc(g)) ^ Z/2 ^ 0 . 

Proof. The kernel of - 1) o j)^ is Z/2 for 7T4 A:+i, for 7T4 /c_i, and zero 
otherwise, from the lemma; the cokernel is Ijf for 'K^k+ 2 , “ 1))2 for 7T4/e, 

and zero otherwise. Hence it remains to prove that the exact sequence is split. 
Consider the diagram of fibre sequences: 

JSC{q) ^ . 

Jc{q) ^ ^ BU 

The map 7T4/c+i(J5C(g)) TT^k+i{F'ip~^) is an isomorphism by the choice of g, 
so we get the claimed splitting. □ 

How does this fit with the results of [11]? Once we have added (r 2 — 1) copies 
of 'Ki{U) as required, we have an obvious agreement in the even dimensions. In 
dimension 4A: + 1, [11] give: 

7T4/c+i(A^( 7?£;)) = r2-Z2" 0Z/rc2/c+i 

where iC 2 /c+i = 2 is as defined in §1; hence our result agrees. In dimension 4/c + 3, 
their result is 

'^Ak-l{F{RE)) —r2-Tj2 0Z/u;2/e- 

This agrees with our result provided we can identify W 2 k with the 2-part of g^^ - 1. 
However, from the requirements on g and onwi in §1, this is immediately evident. 



We now consider the case where ri > 0. Here we need the homotopy groups 
of U/0] these are periodic of period 8, as follows: 

'^8k{U/O)=0^ 7T8fc+l(t7/0) = Z 2 , 7Tsk^2{U/0) = 7 j/2^ TTg/e+S (t^/0) = Z/2 

7^8k+4{U/0) = 0 , 7Tsk-\-5{U/0) = Zf , TTg/c+G (t^/ 0 ) = O 5 '^8k-\-7{U / O) = 0 . 
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(These groups are well known in the study of Bott periodicity; they also follow 
from identifying U/0 with B{Ij2 x BO).) 

The homotopy groups 7Ti{K{RE)) = Ki{RE) are the sum of (ri — 1) copies 
of these, r 2 copies of 7Ti{U), and Ei{JK{q)), which we must now determine. From 
the fibration 

JK{q) BU 

we derive an exact homotopy sequence. All homomorphisms from ni{BO) to 
7 Ti{BU) are necessarily zero (torsion to zero or free) except when i = Ak. It is 
known that c* is an isomorphism for i = Sk and multiplication by 2 for i = 8/c + 4, 
and hence - 1) oc)* is multiplication by - 1 for z = 8/c and by - 1) 

for i = 8/c + 4. From this (using the relation between q and the Wi's as before) we 
deduce the following. 

Proposition 4.3. The homotopy groups of JK{q) are as follows: 

TTs/e = O 7 7T8/e+2 = 7T8/c+3 "= kTsk-\-4 = 0 

7T8/e+5 = ^ 2 " , 7T8/e+6 = 0, 7T8fc+7 = Tjjw4kE4 

and there is a split short exact sequence 

0 7Tsk-\-l — ^ ^/2 0 . 

Once again, these give exactly the results computed in [11]. 

Proof. Using the above remarks, we see: 

(a) that the cokernel of ((V^^ - 1) oc)* is zero on odd dimensions, Zf in dimension 
Ak -h 2, Zj2w4kE2 in dimension 8k + 4, and Z/w 4 k -^4 in dimension 8k + 8; 

(b) that the kernel is Z/2 in dimensions 8k + 1, 8/c + 2, and zero otherwise. 

Hence in the short exact sequence 

0 Coker{{'ip'^ - 1) o c)^{i F 1) ^ 7Ti{JK{q)) Ker{{'ijj'^ - 1) o c):,(z) 0 

either the kernel or cokernel vanishes except for i = 8/c + 1. This therefore gives 
the only extension problem, and the other calculations are immediate. To answer 
the extension question we use an argument which the second author learned from 
J. Rognes. Consider the diagram of fibre sequences: 

JO(q) ^ BO ^ BO ■ 

C 

JK{q) > BO ^ BU 

The map TTsk+i{JO{q)) TTsk+i{BO) is a split surjection from Z/2 ©Z/2 to Z/2, 
and we can conclude. D 
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Strict Model Structures for Pro-categories 

Daniel C. Isaksen 



Abstract. We show that if C is a proper model category, then the pro-category 
pro-C has a proper model structure in which the weak equivalences are the 
levelwise weak equivalences. The structure is simplicial when 0 is simplicial. 
This is related to a major result of [10] and is the starting point for many 
homotopy theories of pro-objects such as those described in [5], [17], and [19]. 



1. Introduction 

If 0 is a category, then the category pro-0 has as objects all cofiltered diagrams in 
0 and has morphisms defined by 

Hompro-e(-^, = limcolimHome(Xs, Ft). 

t s 

Pro-categories have found many uses over the years in fields such as algebraic 
geometry [2] , shape theory [20] , geometric topology [6] , and possibly even applied 
mathematics [7, Appendix]. 

When working with pro-categories, one would frequently like to have a ho- 
motopy theory of pro-objects. The first attempts at this appear in [2] and [26] in 
which pro-objects in homotopy categories are considered. The difficulty with this 
approach is that the diagrams commute only up to homotopy, and this makes it 
virtually impossible to make sense of most of the standard notions of homotopy 
theory in this context. 

Much better is to first consider actually commuting cofiltered diagrams (of 
spaces or simplicial sets or spectra or whatever) and then to define a notion of 
weak equivalence between such pro-objects. This approach was first taken by [12] 
in a restricted context. See also [22] and [23] for early but incomplete attempts. 

This framework was applied much more generally in [10]. The idea is to start 
with a model structure {i.e., a homotopy theory) on a category 0 and then to 
construct a strict model structure on pro-0 in which the weak equivalences are 
more or less just the levelwise weak equivalences. The resulting homotopy theory 
is precisely suited to study homotopy limits [4, Ch. XI] of cofiltered diagrams. The 
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strict model structure is a starting point for several other model structures such 
as those described in [5], [17], and [19]. 

The strict model structure on pro-C does not seem to exist for a completely 
arbitrary model category 6. A niceness hypothesis was required in [10, p. 45] (which 
was weakened in [13]). Unfortunately, many important examples of model cate- 
gories, such as the usual model for topological spaces or any of the usual models for 
spectra, do not satisfy this hypothesis. The main purpose of this paper is to prove 
that the strict structure on pro-C exists whenever C is a proper model category. 
Almost all of the most important examples of model categories are proper. 

Theorem 1.1. // C is a proper model category, then pro-C has a proper model 
structure in which the weak equivalences (resp., cofibrations) are the essentially 
levelwise weak equivalences (resp., cofibrations) and the fibrations are defined by 
the right lifting property. If G is a simplicial model category, then so is pro-C. 

The terminology used in the statement of the theorem is explained in Sections 
2, 3, and 4. Beware that the strict structure on pro-C does not have functorial 
factorizations, even when the original model category C does. 

Another problem with [10] is that a non-standard set of axioms for model 
structures is used. From a modern perspective, it is harder to comprehend the 
technical details of [10] than to simply work out new proofs from scratch. The 
secondary goal of this paper is to give these new more modern proofs. Oddly, 
the two-out-of-three axiom is the most difficult part of the proof; in most model 
structures, it is automatic from the definition of weak equivalence. 

The last goal of the paper is to consider whether strict model structures 
on pro-categories are fibrantly generated. It is already known that these model 
structures are not cofibrantly generated in general, even when C is [17, §19]. We 
produce reasonable collections of generating fibrations and generating acyclic fi- 
brations that have cosmall codomains, but these collections are not sets. In fact, 
the strict model structure for pro-simplicial sets is not fibrantly generated. We 
show that if this strict structure were fibrantly generated, then in the category of 
simplicial sets there would exist a set of fibrations that detect acyclic cofibrations. 

The paper is organized as follows. First we introduce the language of pro- 
categories and give some background results. Then we define the strict weak equiv- 
alences and prove that they satisfy the two-out-of- three axiom when C is proper. 
Next we prove that the strict model structure exists when C is proper. Finally, we 
consider whether the strict model structure is fibrantly generated. 

1.1. Model categories 

We assume that the reader is familiar with model categories. The original reference 
is [25], but we follow the notation and terminology of [14] as closely as possible. 
Other references include [9] and [15]. 

We do not assume that model structures have functorial factorizations. The 
reason for this choice is that the strict model structure on pro-C does not have 
functorial factorizations. 
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It does not really matter whether we assume that C has small limits and 
colimits or just finite limits and colimits. If C has small limits and colimits, then 
so does pro-C [17, Prop. 11.1]. On the other hand, if C has finite limits and colimits, 
then so does pro-C [2, App. 4.2]. For the sake of generality, we assume only that 
model structures have finite limits and colimits. 



2. Preliminaries on pro-categories 

We begin with a review of the necessary background on pro-categories. This ma- 
terial can be found in [1], [2], [8], [10], and [18]. 

2.1. Pro-categories 

Definition 2.1. For a category C, the category pro-C has objects all cofiltering 
diagrams in C, and 

Hompro-e(A ^5 = limcolimHome(Xt, Tg). 

s t 

Composition is defined in the natural way. 

A category / is cofiltering if the following conditions hold: it is non-empty 
and small; for every pair of objects s and t in /, there exists an object u together 
with maps u s and u t; and for every pair of morphisms / and g with the 
same source and target, there exists a morphism h such that fh equals gh. Recall 
that a category is small if it has only a set of objects and a set of morphisms. A 
diagram is said to be cofiltering if its indexing category is so. Beware that some 
material on pro-categories, such as [2] and [21], consider cofiltering categories that 
are not small. All of our pro-objects will be indexed by small categories. 

Objects of pro-C are functors from cofiltering categories to C. We use both set 
theoretic and categorical language to discuss indexing categories; hence > s” and 
^ s” mean the same thing when the indexing category is actually a cofiltering 
partially ordered set. 

The word pro- object refers to objects of pro-categories. A constant pro-object 
is one indexed by the category with one object and one (identity) map. Let c : 
C — > pro-C be the functor taking an object X to the constant pro-object with value 
X. Note that this functor makes C a full subcategory of pro-C. The limit functor 
lim : pro-C C is the right adjoint of c. To avoid confusion, we write lim^^° for 
limits computed within the category pro-C. 

Let Y : I ^ G and A : J ^ C be arbitrary pro-objects. We say that X 
is cofinal in Y if there is a cofinal functor F : J ^ I such that X is equal to 
the composite YF. This means that for every s in /, the overcategory F [ s is 
cofiltered. In the case when F is an inclusion of cofiltering partially ordered sets, 
F is cofinal if and only if for every s in / there exists t in J such that t > s. The 
importance of this definition is that X is isomorphic to Y in pro-C. 
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2.2. Level representations 

A level representation of a map f : X ^ Y is: a. cofiltered index category /; pro- 
objects X and Y indexed by / and pro-isomorphisms X ^ X and Y ~^Y\ and a 
collection of maps fs : Xg Yg for all s in / such that for alH ^ s in /, there is 
a commutative diagram 

X, -F, 






and such that the maps fg represent a map f : X Y belonging to a commutative 
square 



1 



A 



/ 



F 



in pro-C. That is, a level representation is just a natural transformation such that 
the maps fg represent the element / of 



lim colim Home (At , Fg ) = lim colim Home (At , Fg ) . 

s t s t 

Every map has a level representation [2, App. 3.2] [21]. 

More generally, suppose given any diagram A pro-C : a A". A level 
representation of A is: a cofiltered index category /; a functor X : A x I G : 
(a, s) ^ Xf; and pro-isomorphisms A" A“ such that for every map cf) : a ^ b 
in A, X^ is a level representation for X^. In other words, A is a uniform level 
representation for all the maps in the diagram A. 

Not every diagram of pro-objects has a level representation. However, finite 
diagrams without loops do have level representations. This makes computations 
of limits and colimits of such diagrams in pro-C relatively straightforward. To 
compute this limit or colimit, just take the levelwise limit or colimit of the level 
representation [2, App. 4.2]. 

A pro-object A satisfies a certain property levelwise if each Ag satisfies that 
property, and A satisfies this property essentially levelwise if it is isomorphic to 
another pro-object satisfying this property levelwise. Similarly, a level represen- 
tation A F satisfies a certain property levelwise if each Ag ^ Fg has this 
property. A map of pro-objects satisfies this property essentially levelwise if it has 
a level representation satisfying this property levelwise. The following surprisingly 
general and very useful proposition about retracts of essentially levelwise maps is 
proved in [18, Thm. 5.5]. 



Proposition 2.2. Let C be any class of maps in a category C. Then retracts preserve 
the class of maps in pro-C that belong to C essentially levelwise. 
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We make an observation concerning level representations of commutative 
squares that will be used repeatedly. 

Lemma 2.3. Suppose given a square 

W 

/ 9 

Y 

of pro -maps such that f belongs to some class C essentially levelwise and g belongs 
to some class D essentially levelwise. Then we may find a level representation for 
the square such that the maps f : W Y and g : X Z belong levelwise to C 
and D respectively. 

Proof. We use the fact that the pro-category pro-Ar(C) of the category of mor- 
phisms Ar(C) of C is equivalent to the category of morphisms Ar(pro-C) [21]. Then 
the square is just a pro- map f ^ g, where / and g are pro-objects belonging lev- 
elwise to C and D respectively. Using the method of [2, App. 3.2], this pro-map 
has a level representation in which the source and target still belong levelwise to 
C and D. □ 

2.3. Cofiniteness 

A partially ordered set (/, <) is directed if for every s and t in /, there exists u 
such that u > s and u > t. A directed set (/, <) is cofinite if for every t, the set 
of elements s of I such that s < t is finite. A pro-object or level representation is 
cofinite directed if it is indexed by a cofinite directed set. 

For every cofiltered category /, there exists a cofinite directed set J and a 
cofinal functor J ^ I [10, Th. 2.1.6] (or [1, Expose 1, 8.1.6]). Therefore, every 
pro-object is isomorphic to a cofinite directed pro-object. Similarly, every map has 
a cofinite directed level representation. Thus, it is possible to restrict the definition 
of a pro-object to only consider cofinite directed sets as index categories, but we 
find this unnatural for general definitions and constructions. On the other hand, 
we find it much easier to work with cofinite directed pro-objects in practice. Thus, 
most of our results start by assuming without loss of generality that a pro-object is 
indexed by a cofinite directed set. Cofiniteness is critical because many arguments 
and constructions proceed inductively. 

Definition 2.4. Let / : X ^ T be a cofinite directed level representation of a map 
in a pro-category. For every index t, the relative matching map Mtf is the map 

^ limXs Y Yf. 

s<t ^ 

The terminology is motivated by the fact that these maps appear in Reedy 
model structures [14, Defn. 15.3.2]. The similarity is not coincidental. The strict 
model structure is closely linked to the Reedy model structures for each fixed 
cofinite directed index category [10, §3.2]. 
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3. Strict weak equivalences 

We now study strict weak equivalences for pro-categories as described in [10] [22] 
[23]. The niceness hypothesis of [10, p. 45] is not satisfied by many categories 
of interest. These include the standard model structure for topological spaces and 
many of the standard models for spectra, such as Bousfield-Friedlander spectra [3] , 
symmetric spectra [16], or 5-modules [11]. We shall study strict weak equivalences 
in pro-C whenever C is a proper model category. 

In [10, §3.3], the weak equivalences of pro-C were defined to be the compo- 
sitions of essentially levelwise acyclic cofibrations and essentially levelwise acyclic 
fibrations. We make the following simpler definition of weak equivalences in pro-C. 
We shall see in Proposition 4.15 that the two definitions are actually the same. 
Therefore, we have a much simpler description of the same class of maps. 

Definition 3.1. The strict weak equivalences of pro-C are the essentially levelwise 
weak equivalences. 

It is not obvious from the definition that the strict weak equivalences satisfy 
the two-out-of-three axiom. The next few lemmas prove this axiom. These proofs 
are the technical heart of the paper. They are the reason that we must assume 
that C is proper. The basic complication is that given a diagram of strict weak 
equivalences, it is not necessarily possible to find a level representation for the 
diagram such that the level representations of all maps are levelwise weak equiva- 
lences. Independently, each map has a level representation that is a levelwise weak 
equivalence, but the reindexing for these level representations may be different. 

Lemma 3.2. Let Q be a model category, and let f : X ^ Y be a level representation 
of an isomorphism in pro-C. After reindexing along a cofinal functor, f can be 
factored in either of the following two ways: 

1. as a levelwise cofibration followed by a levelwise acyclic fibration, both of 
which are pro-isomorphisms. 

2. as a levelwise acyclic cofibration followed by a levelwise fibration, both of 
which are pro-isomorphisms. 

Remark 3.3. The model structure on C is not really necessary. We just need a 
category C and two classes of morphisms C and F such that each morphism of C 
can be factored (not necessarily functorially) into an element of C followed by an 
element of F. 

Proof. We prove only the first claim; the proof of the second is identical with the 
obvious substitutions. 

We may assume that / is indexed by a cofinite directed set L Since / is 
an isomorphism, for every s in /, there exists t > s and a map hts : Yt Xg 
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belonging to a commutative diagram 



X, 




X, — 



In effect, the maps hts represent the inverse of /. Let I' be the set of all pairs 
( 5 , t) in I for which t > s and such an hts exists. We choose a map hts : Pt — > 
for each element (t, s) of /' making the above diagram commute but require no 
compatibility between these choices. 

Factor each map /s : X^ — > Ys into a cofibration X^ ^ followed by 
an acyclic fibration Zs Ys- We shall define structure maps making Z into a 
pro-object. 

Define a category J whose objects are the elements of / and whose morphisms 
t ^ s are finite chains t = U{) > u\ > • ■ • > Un = s such that each pair {ui, Ui-i) 
belongs to Composition is defined by concatenation of chains. Note that J is 
not a directed set; it is not even cofiltered. 

For every morphism t — uo > u\ > • - • > Uu = s m J , define a map Zt Zs 
by the composition 

Zt = Yu^^^^Xu, ^X,, ^ ^X,^ - X, 

A diagram chase shows that this makes Z into a diagram indexed by J. 

There may be more than one map from a given Zt to a given Zg , but another 
diagram chase shows that they become equal after composition with some map 
Zu ^ Zt. Consider the category K defined to be a quotient of J as follows. The 
objects of K are the same as the objects of J, and two morphisms from t to 5 in 
J are identified in K if the corresponding maps from Zt to Zg are equal in C. Now 
X is a cofiltered category, and we may consider it as the indexing category of Z. 

The projection functor X ^ / is cofinal, so we may reindex X and Y along 
this functor. More diagram chases show that the maps Xg ^ Zg and Zg — ^ Yg as- 
semble into level representations X — > Z and Z ^Y At remains only to show that 
these maps are pro- isomorphisms. This follows from the commutative diagrams 



X, — ^ Z, z, — ^ y, 




Xg — ^ Zg Zg — ^ Yg 

for every pair ( 5 , t) belonging to The diagonal maps in the above diagrams are 
the compositions Zt ^ Yt Xg and Yt ^ Xg ^ Zg respectively. □ 

Remark 3.4. There is a more obvious argument where a level representation X 
y is functorially factored into a levelwise cofibration X — > Z followed by a levelwise 
fibration Z ^ Y. This does not give the desired factorization; the maps X ^ Z 
and Z y are not necessarily isomorphisms. 
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The following lemma appears in [17, Prop. 10.4], but the previous lemma 
makes the technical details of that proof clearer. 

Lemma 3.5. If Q is a proper model category, then the strict weak equivalences of 
pro- 6 are closed under composition. 

Proof. It suffices to assume that there is a cofinite directed level representation for 
the diagram 




in which / and g are levelwise weak equivalences while h is a pro- isomorphism 
(but not a levelwise isomorphism). This requires an argument similar to the proof 
of Lemma 2.3. We must construct a levelwise weak equivalence isomorphic to the 
composition gh~^f. 

By Lemma 3.2, after reindexing we can factor h : Z Y into a levelwise 
cofibration Z A followed by a levelwise fibration A ^ Y such that 

X — ^ Y A ^^Z — ^ W 

is a level representation in which the first and fourth maps are levelwise weak 
equivalences, and the second and third are pro-isomorphisms. 

Let B be the pullback X Xy A, and let C be the pushout A Uz W. Since 
pushouts and pullbacks can be constructed levelwise, the maps B ^ A and A ^ C 
are levelwise weak equivalences. Here we use that the model structure is left and 
right proper. Moreover, the maps B ^ X and W ^ C are pro-isomorphisms since 
base and cobase changes preserve isomorphisms. Hence the composition B ^ C is 
the desired levelwise weak equivalence. □ 

Lemma 3.6. Suppose that G is a proper model category, and let f and g be two 
composable maps in pro-G. If g and gf are strict weak equivalences, then f is a 
strict weak equivalence. If f and gf are strict weak equivalences, then g is a strict 
weak equivalence. 

Proof. We first prove the first claim. Apply Lemma 2.3 to the square 
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where the vertical maps are levelwise weak equivalences and the bottom horizontal 
map is a pro- isomorphism (but not a levelwise isomorphism). We want to show 
that the top horizontal map is an essentially levelwise weak equivalence. 

By Lemma 3.2, after reindexing there exists a level representation 

X 






such that B is the levelwise pullback A Xz Y; the first and third vertical maps 
are levelwise weak equivalences; the map W A is a, levelwise acyclic cofibration 
and a pro-isomorphism; and the map A Z is a levelwise fibration and a pro- 
isomorphism. Because of right proper ness, the map B ^ Ais also a levelwise weak 
equivalence. By the two-out-of- three axiom in C, the induced map X ^ B is a 
levelwise weak equivalence. 

On the other hand, the map B Y is an isomorphism because base changes 
preserve isomorphisms. Hence X ^ B is isomorphic to /. 

The proof of the second claim is similar. Again using Lemma 2.3, we start 
with a cofinite directed level representation 

X ^ W 

/ I ~ 1 ~ 



where the vertical maps are levelwise weak equivalences and the top horizontal 
map is a pro- isomorphism. We want to show that the bottom horizontal map is 
an essentially levelwise weak equivalence. We produce a level representation 

= = 

I 

Y ^B 

such that B is the levelwise pushout A Jlx Y; the first and third vertical maps 
are levelwise weak equivalences; the map A W is a levelwise acyclic fibration 
and a pro-isomorphism; and the map X — > A is a levelwise cofibration and a 
pro- isomorphism. The map B Z is the desired level representation. □ 



4. Strict model structures 

Beginning with a proper model structure on a category 6, we now establish a 
model structure on the category pro-C. 
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Definition 4.1. The strict cofibrations of pro-C are the essentially levelwise cofi- 
br at ions. 

Definition 4.2. A map in pro-C is a special fibration if it has a cofinite directed 
level representation p for which every relative matching map MsP is a fibration. A 
map in pro-C is a strict fibration if it is a retract of a special fibration. 

In order to help us understand these definitions, we need some auxiliary 
notions. 

Definition 4.3. A map in pro-C is a special acyclic fibration if it has a cofinite 
directed level representation p for which every relative matching map MsP is an 
acyclic fibration. 

Note that every special acyclic fibration is a special fibration, so it is also a 
strict fibration. 

We shall use these definitions to establish the strict model structure on pro-C. 
The argument is organized as follows. We shall show that the strict acyclic cofibra- 
tions, 2.e., the maps that are both strict cofibrations and strict weak equivalences, 
are the same as the essentially levelwise acyclic cofibrations. This does not fol- 
low immediately from the definitions. If a map is isomorphic to a levelwise weak 
equivalence and to a levelwise cofibration, it may be necessary to use two different 
index categories to obtain the two level representations. 

Similarly, the strict acyclic fibrations, i.e., the maps that are both strict 
fibrations and strict weak equivalences, are the retracts of special acyclic fibrations. 
Using these descriptions of the strict acyclic cofibrations and the strict acyclic 
fibrations, the proofs of the model structure axioms are relatively straightforward. 

Lemma 4.4. Special acyclic fibrations are essentially levelwise acyclic fibrations. 
In particular, they are strict acyclic fibrations. 

Proof. Special acyclic fibrations are special fibrations, so they are strict fibrations 
by definition. This means that the second statement follows from the first. 

Suppose given a cofinite directed level representation p : X ^ Y for which 
each MsP is an acyclic fibration. The map ps : Xs Ys factors as 

AdsP _ - ,. 9s -xr 

Xg ^limt<s^t l^^t<s At ^Yg. 

Since compositions and base changes preserve acyclic fibrations, it suffices to show 
that limt<csPt • fimt<s Xt limt<s Yt is an acyclic fibration for every s. 

Let S be the set of indices t such that t < s. Recall that a subset T of S' is 
initial if u belongs to T whenever u < t and t belongs to T. Since S is finite, we 
may choose a sequence 

0 = So C Si C • • • C Sn = s 

such that each Si is initial and such that Si is obtained from Si-i by adding a 
single element U. 
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For all initial subsets T of 5, define Xt = limter Xt and Yt = limteTYt- 
Also, let Zt = Xt I 5 . Note that the desired map limtcsPt is the composition 

limXt = Zs^ Zs^_^ ^ Zso= hmYi, 

t<s t<s 

so we need only show that each map Z 5 . ^ is an acyclic fibration. 

Observe that Xs^ is equal to 

XSr-i Xlim„<j, X„ Xti 

and that Ys^ is equal to 

Ys,_^ xiim^<t, 

because Si = S'i-i U {t^}. A diagram chase shows that Z 5 . ^ is a base 

change of the map M^.p, so it is an acyclic fibration. □ 

Lemma 4.5. Strict fibrations are essentially levelwise fibrations. 

Proof. The proof of Lemma 4.4 shows that special fibrations are essentially level- 
wise fibrations. Retracts of special fibrations are also essentially levelwise fibrations 
by Proposition 2.2. □ 

Lemma 4.6. Every map f : X Y in pro-C factors as a strict cofibration i : X 
Z followed by a special acyclic fibration p : Z ^ Y . 

Proof We may suppose that / is a level representation indexed by a cofinite 
directed set. Suppose for induction that the maps it : Xt ^ Zt and pt : Zt Yt 
have already been defined ior t < s. Consider the map 

Xg ^ Yg Xiimt<syt lii^-^t* 

t<s 

Factor it into a cofibration ig : Xg ^ Zg followed by an acyclic fibration 

Ps • ^ Xiimt<syt lim^^. 

t<s 

This extends the factorization to level s. □ 

Lemma 4.7. Every map f : X ^ Y in pro-C factors as an essentially levelwise 
acyclic cofibration i : X Z followed by a special fibration p : Z ^ Y. 

Proof The proof is identical to the proof of Lemma 4.6, except that we factor the 
map 

A^s ^ ^ Hth Zt 

t<s 

into an acyclic cofibration followed by a fibration. □ 

Remark 4.8. The previous two lemmas do not give functorial factorizations. The 
problem is that the reindexing into cofinite directed level representations is not 
functorial. This is the reason that strict model structures do not have functorial 
factorizations. 
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Next we show that the classes of strict cofibrations and retracts of special 
acyclic fibrations determine each other by lifting properties. Similarly, the classes 
of essentially levelwise acyclic cofibrations and strict fibrations determine each 
other. 

Lemma 4.9. A map is a strict cofibration if and only if it has the left lifting property 
with respect to all retracts of special acyclic fibrations. Also, a map is a retract of 
a special acyclic fibration if and only if it has the right lifting property with respect 
to all strict cofibrations. 

Proof. Suppose given a square 



A 



i 



I 

B 



1 ' 

Y 



in which i is a strict cofibration and p is a special acyclic fibration. By reindexing, 
we may assume that the diagram is a cofinite directed level representation such 
that each is : As Bs is a, cofibration and such that each map MsP is an acyclic 
fibration. 

Assume that for all t < s, we have already constructed maps Bt Xt 
belonging to a commuting diagram 




Thus we have a diagram 



As 

V 






MsP 



Bs 



Xs ^liuitas ys 



A lift exists in this diagram since is is a cofibration and MsP is an acyclic fibration. 
By induction on s, we construct a lift B ^ X. 

We have shown that strict cofibrations lift with respect to special acyclic 
fibrations. Formally, it follows that strict cofibrations lift with respect to retracts 
of special acyclic fibrations. 

Now suppose that a map i : A ^ B has the left lifting property with respect 
to all special acyclic fibrations. Use Lemma 4.6 to factor i as a strict cofibration 
i' : A B' followed by a special acyclic fibration p : B' B. Then we have a 
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square 

i P 

and a lift exists in this square by assumption. Hence i is a retract of i' . But retracts 
preserve strict cofibrations by Proposition 2.2, so i is again a strict cofibration. 

Finally, suppose that p \ X -^Y has the right lifting property with respect to 
all strict cofibrations. Use Lemma 4.6 to factor p as a strict cofibration i \ X ^ X' 
followed by a special acyclic fibration p' : X' ^ Y. Similarly to the previous 
paragraph, p is a retract of p'. □ 

Lemma 4.10. A map is an essentially levelwise acyclic cofibration if and only if 
it has the right lifting property with respect to all strict fibrations. Also, a map is 
a strict fibration if and only if it has the right lifting property with respect to all 
essentially levelwise acyclic cofibrations. 

Proof. The proof is the same as the proof of Lemma 4.9, except that the roles of 
cofibrations and acyclic fibrations are replaced by acyclic cofibrations and fibra- 
tions respectively. Lemma 4.7 is relevant instead of Lemma 4.6. □ 

Proposition 4.11. A map is a strict acyclic cofibration if and only if it is an es- 
sentially levelwise acyclic cofibration. 

Proof. One implication follows from the definitions. For the other implication, let 
i : A ^ B he a. strict weak equivalence and strict cofibration. We may assume 
that i is a level representation that is a levelwise weak equivalence. Then we may 
use the argument of the proof of Lemma 4.6 to factor i as an essentially levelwise 
acyclic cofibration i' : A ^ B' followed by a special acyclic fibration p : B' ^ B. 
Hence we have a square 

A—^B' 

i P 

B—^B, 

and a lift exists in this square by Lemma 4.9 because i is a strict cofibration 
and p is a special acyclic fibration. Therefore, i is a retract of i' . But retracts 
preserve essentially levelwise acyclic cofibrations by Proposition 2.2, so Hs also an 
essentially levelwise acyclic cofibration. □ 

Proposition 4.12. A map is a strict acyclic fibration if and only if it is a retract 
of a special acyclic fibration. 

Proof. A special acyclic fibration is a strict acyclic fibration by Lemma 4.4. For the 
other direction, let p : X ^ T be a strict weak equivalence and strict fibration. We 
may assume that p is a level representation that is a levelwise weak equivalence. 
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Then we may use the argument of the proof of Lemma 4.6 to factor p as an 
essentially levelwise acyclic cofibration i \ X ^ X' followed by a special acyclic 
fibration p' : X' ^ Y . Similarly to the proof of Proposition 4.11, p is a retract 
of p'. □ 

Theorem 4.13. Lei G be a proper model category. Then the classes of strict weak 
equivalences, strict cofibrations, and strict fibrations define a proper model struc- 
ture on pro-C. 

Proof The existence of finite limits and colimits is demonstrated in [2, App. 4.2]. 
The two-out-of- three axiom is proved in Lemmas 3.5 and 3.6. The retract axiom 
for strict cofibrations and strict weak equivalences follows from Proposition 2.2, 
where it is shown that any class of essentially levelwise maps is always closed under 
retract. The retract axiom for strict fibrations is true by definition. 

Using Propositions 4.11 and 4.12, the factorization axiom is given in Lemmas 
4.6 and 4.7. Similarly, the lifting axiom follows from Lemmas 4.9 and 4.10. 

This finishes the proofs of the basic model structure axioms. It remains to 
consider properness. We shall show that the strict model structure is right proper; 
the proof of left properness is dual. 

Let p : X ^ T be a strict fibration, and let / : Z T be a strict weak 
equivalence. By Lemma 4.5, we know that p is an essentially levelwise fibration. 
We do not have a level representation 

because we cannot necessarily represent / by a levelwise weak equivalence and p 
by a levelwise fibration with the same indexing category. Nevertheless, we do have 
a level representation 

in which p is a levelwise fibration, / is a levelwise weak equivalence, and p is a 
pro- isomorphism (but not necessarily a levelwise isomorphism). This gives us a 
level representation 



Z Xy X xy X X 



w 



y. 



where the pullbacks are computed levelwise. Because g and therefore g' are iso- 
morphisms, /' is a level representation for Z Xy X ^ X. Hence it suffices to show 
that /' is a levelwise weak equivalence. 

Since pullbacks preserve fibrations in C, we know that p' is a levelwise fi- 
bration. Now the map /' is a levelwise pullback of a weak equivalence along a 
fibration, so it is a levelwise weak equivalence because C is right proper. □ 
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Remark 4.14. The proof of properness in [17, Prop. 17.1] is incorrect, but the 
techniques described in the above proof can be used to fix it. 

We are now ready to prove that the weak equivalences of [10, §3.3] are the 
same as the strict weak equivalences. 

Proposition 4.15. When Q is a proper model category, the strict weak equivalences 
of Definition 3.1 agree with the weak equivalences of [10, §3.3]. 

Proof The weak equivalences of [10, §3.3] are by definition compositions of es- 
sentially levelwise weak equivalences. By Lemma 3.5, these compositions are again 
essentially levelwise weak equivalences. On the other hand, the proof of Lemma 4.6 
(and Lemma 4.4) shows that every levelwise weak equivalence can be factored into 
a levelwise acyclic cofibration followed by a levelwise acyclic fibration. Therefore, 
every levelwise weak equivalence is a weak equivalence in the sense of [10, §3.3]. □ 

The preceding proposition is closely related to the main result of [24]. How- 
ever, we make a useful observation missed there. Namely, it is not necessary to 
saturate the essentially levelwise weak equivalences; they are already saturated 
when C is proper. 

4.1. Simplicial model structures 

If C is a simplicial category, then pro-C is again a simplicial category. For any two 
pro-objects X and T, the simplicial mapping space Map(X, "K) is defined to be 
liuis colimt Mapg(Xt, Ts). 

Beware that the definitions of tensor and cotensor are straightforward for 
finite simplicial sets but are slightly subtle in general. If X is a pro-object and K 
is a finite simplicial set, then X 0 K is defined by tensoring levelwise. Similarly, 
is defined by cotensoring levelwise. 

For an arbitrary simplicial set K, write it as a colimit colimg Kg, where each 
Kg is a finite simplicial set. Then define X 0 K to be colimg^°(X ^ Kg), where 
the colimit is computed in the category pro-C. This is not the same as tensoring 
levelwise with K. Similarly, X^ is defined to be limP^°(X^^), where the limit 
is computed in the category pro-C. Again, this is not the same as cotensoring 
levelwise with K. 

Theorem 4.16. If C is a proper simplicial model category, then the strict structure 
on pro-C is also simplicial. 

Proof. Most of the axioms are obvious or follow formally from the simplicial struc- 
ture on C. See [17, §16] for more details. We shall show that if i : X ^ L is a 
cofibration of finite simplicial sets and j : A ^ B is a, strict cofibration in pro-C, 
then 

A (g) L Ua^k B^K B^L 

is a strict cofibration, and it is acyclic if either i or j is. By adjoint ness [14, 
Lem. 10.3.6], this is equivalent to the usual SM7 axiom for simplicial model cate- 
gories. 
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We may assume that j is a levelwise cofibration. If j is also acyclic, then we 
may assume by Proposition 4.11 that j is a levelwise acyclic cofibration. Because 
C is a simplicial model category, the map 

As ^ L Has<s>k Bs ^ K Bs ^ L 

is a cofibration, and it is acyclic if either i or js is acyclic. Because K and L are 
finite, this shows that 



A^L Ua^k B^K ^ B0L 

is a levelwise cofibration and that it is a levelwise acyclic cofibration if either i or 
j is acyclic. □ 



5. Non-fibrantly generated model categories 

In [17, Cor. 19.3], it was shown that strict model structures are not always cofi- 
brantly generated [14, Defn. 11.1.2], even if C is cofibrantly generated. For example, 
the strict model structure for pro-simplicial sets is not cofibrantly generated. In 
this section, we study whether strict model structures are fibrantly generated. 

Let A be any ordinal. Then A is the partially ordered set of all ordinals strictly 
less than A. A A-tower Z in a category is a contravariant functor from A such that 
for all limit ordinals /?, the object Zf 3 is isomorphic to Zq,. In other words, 

it is a diagram 

• • • — > Z/9 ^ ^ Zi ^ Zo 

of length A. Note that Zp is defined only for /? < A, not for /3 = \. This definition 
is dual to the notion of A-sequence that arises in discussions of the small object 
argument [14, Defn. 10.2.1]. 

Definition 5.1. Let C be a class of maps in a category. A map p : X Y is a, C- 
principal cocomplex if there exists a A-tower Z such that each map Z/ 3+1 — > Z^ is a 
base change of a map belonging to C and such that the projection lim/ 3 <A Z /3 ^ Zq 
is isomorphic to the map p. 

This definition is dual to the usual notion of (7-cell complex [14, Defn. 10.5.8]. 

Proposition 5.2. Let C be any class of maps in a category C, and let cC be the 
image in pro-C of the class C under the constant functor. If f : X Y is a 
CO finite directed level representation such that each map Mgf belongs to (7, then f 
is a cC -principal cocomplex. 

Proof. Let I be the cofinite directed indexing category for /. Choose a well- 
ordering (/) of / that respects the ordering on /; thus 0 is a bijection from I 
to some ordinal A such that </>(s) > (j){t) whenever s >t. 

We define a A-tower Z as follows. Set Zq equal to Y. For every successor 
ordinal /? + 1, let s be the unique element of I such that (f){s) — j3. Define Z^+i by 
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the pullback square 

^/3+i ^ 



cXs ^ cYs XiimP™ cY, cXt. 

Note that the bottom horizontal map is equal to cMgf because c commutes with 
finite limits. Also note that by transfinite induction, each Z 13 comes equipped with 
a map 

Z /3 cYs XiimP- cYt cXt. 

For limit ordinals (3^ define Zf 3 to be lim^’^^ Z^- Thus we have constructed 
a cC- principal cocomplex Z ^ Y . K consideration of universal properties shows 
that limjg^^^ Z (3 is isomorphic to X; here we use that X is isomorphic to lim^^® cXg. 
Also, the projection lim^^^^ Z^ — > Zq is equal to /. □ 

Proposition 5.3. Let G be a proper model category, and let I and J be the classes 
of fibrations and acyclic fibrations in C respectively. The class of strict fibrations 
is equal to the class of retracts of cl -principal cocomplexes, and the class of strict 
acyclic fibrations is equal to the class of retracts of cJ -principal cocomplexes. 

Proof. We prove only the first statement; the proof of the second uses Proposition 
4.12 but is otherwise identical. 

One implication follows immediately from Proposition 5.2. For the other di- 
rection, first observe that maps in cl are special fibrations. Base changes and 
compositions along A- towers preserve right lifting properties, so all c/-principal 
cocomplexes are strict fibrations. Finally, retracts preserve lifting properties, so 
retracts of c/-principal cocomplexes are strict fibrations. □ 

Remark 5.4. One direction of the previous proof uses the lifting property char- 
acterization of strict fibrations, which we know because of Theorem 4.13, but the 
other direction does not. It seems plausible that for any category C and any class 
C of maps, a map in pro-C should be a retract of a cC-principal cocomplex if and 
only if it is a retract of a map that has a cofinite directed level representation for 
which all the relative matching maps belong to C. However, we have not been able 
to prove this claim in such generality. 

Proposition 5.5. Let G be a proper model category, and let I and J be the classes 
of fibrations and acyclic fibrations in G respectively. The class of strict cofibrations 
is determined by the left lifting property with respect to cJ, and the class of strict 
acyclic cofibrations is determined by the left lifting property with respect to cl. 

Proof. We only prove the first claim; the proof of the second is identical. 

Every element of cJ is a special acyclic fibration, so strict cofibrations lift 
with respect to them by Lemma 4.9. Conversely, if a map i has the left lifting 
property with respect to every element of cJ, then i has the left lifting property 
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with respect to retracts of cJ-principal cocomplexes. By Proposition 5.3, i lifts 
with respect to all strict acyclic fibrations, so it is a strict cofibration. □ 

Every object of every pro-category is cosmall [5]. Therefore, Proposition 5.5 
almost shows that the strict model structure on pro-C is fibrantly generated. The 
problem is that the collections cl and cJ of generating strict fibrations and gen- 
erating strict acyclic fibrations are not sets. 

Proposition 5.6. The strict structure on pro-simplicial sets is not fibrantly gener- 
ated. 

Proof. Suppose that the strict structure on pro-simplicial sets were fibrantly gen- 
erated. Let / be a set of generating strict fibrations. By the dual to the usual small 
object argument, every strict fibration is a retract of an /-principal cocomplex. 

Now let limi be the image of I under the limit functor. Since the constant 
functor c and the limit functor form a Quillen pair between C and pro-C, every 
element of lim / is a fibration of simplicial sets. 

Every fibration of simplicial sets is the image of a strict fibration under the 
limit functor, so every fibration is a retract of a (lim/)-principal cocomplex. This 
means that the set lim / of fibrations detects acyclic cofibrations of simplicial sets. 
No such set exists, so we have obtained a contradiction. □ 

Remark 5.7. The fact that no set of fibrations detects acyclic cofibrations of sim- 
plicial sets seems obvious, but the proof is not elementary. Bill Dwyer has shown 
us a proof, but it is too lengthy to reproduce here. 

We describe one way to obtain a fibrantly generated model structure for 
pro-simplicial sets. Choose an infinite cardinal k .. We say that a simplicial set is 
/^-bounded if it has fewer than k simplices. 

The category of /^-bounded simplicial sets equipped with the usual notions 
of weak equivalence, cofibration, and fibration is a model category. Only the fac- 
torization axiom has a non-obvious proof. One must check that the usual small 
object argument factorizations produce Av-bounded simplicial sets. 

Now the category of Ac-bounded simplicial sets is small and has all finite limits. 
This means that the category pro-(Av-bounded simplicial sets) has all small limits 
and colimits [2, App. 4.3 and App. 4.4]. We obtain a strict model structure for pro- 
(Ac-bounded simplicial sets), and it is fibrantly generated. As shown in Proposition 
5.5, the constant fibrations of Ac-bounded simplicial sets form a set of generating 
fibrations, and the constant acyclic fibrations of Ac-bounded simplicial sets form a 
set of generating acyclic fibrations. 

Therefore, the strict model structure on pro- (ac- bounded simplicial sets) is 
fibrantly generated. In some applications of pro-simplicial sets, it suffices to choose 
a AC larger than any of the simplicial sets occurring in the application. Thus, it 
is possible sometimes to use a fibrantly generated model structure to study the 
homotopy theory of pro-simplicial sets. 
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L-S Categories of Simply-connected 
Compact Simple Lie Groups of Low Rank 

Norio Iwase and Mamoru Mimura 



Abstract. We determine the L-S category of Sp{3) by showing that the 5-fold 
reduced diagonal As is given by using a Toda bracket and a generalised 
cohomology theory h* given by h* (X, A) = {X/A, 5[0, 2]}, where <S[0, 2] is the 
3- stage Postnikov piece of the sphere spectrum S. This method also yields a 
general result that cat {Sp{n)) > n -h 2 for n > 3, which improves a result of 
Singhof [20]. 



1. Introduction 

In this paper, we firstly discuss the L-S category of G 2 as in Theorem 1.1 to 
illustrate the methods to be used later in the argument for Sp{3). Secondly, we 
prove cat(5p(3)) = 5 as in Theorem 1.2, although an alternative proof of it can 
be deduced from public sources by Lucia Fernandez-Suarez, Antonio Gomez-Tato, 
Jeffrey Strom and Daniel Tanre [5]; the earlier version, however, appeared to the 
authors to contain an error. In fact, this is our starting point and motivation to 
write the present paper with a short and clear proof for cat(*Sp(3)) = 5. Finally 
we show that this argument for Sp{3) partially extends to the general case. 

From now on, each space is assumed to have the homotopy type of a CW 
complex. The (normalised) L-S category of X is the least number m such that 
there is a covering of X by (m + 1) open subsets each of which is contractible in 
X. Hence cat {*} == 0. By Lusternik and Schnirelmann [13], the number of critical 
points of a smooth function on a manifold M is bounded below by cat M + 1 . 

G. Whitehead showed that cat(X) coincides with the least number m such 
that the diagonal map A^+i : X x can be compressed into the Tat 

wedge’ T’^’^^(X) (see Chapter X of [23]). Since ^ is the (m-hl)- 

fold smash product A^+^X, we have a weaker invariant -i/icatX, the weak L-S 
category of X^ given by the least number m such that the reduced diagonal map 
A^+i : X ^ A’^^^X is trivial. Hence wcaiX < catX. 
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T. Ganea has also introduced a stronger invariant CatX, the strong L-S 
category of X, by the least number m such that there is a space Y homotopy 
equivalent to X and a covering of F by (m + 1) open subsets each of which is 
contractible in itself. Thus wcditX < catX < CatX. The weak and strong L-S 
categories usually give nice estimates of L-S category especially for manifolds. The 
following problems are posed by Ganea [6]: 

i) (Problem 1) Determine the L-S category of a manifold. 

ii) (Problem 4) Describe the L-S category of a sphere-bundle over a sphere in 
terms of homotopy invariants of the characteristic map of the bundle. 

Problem 1 has been studied by many authors, such as Singhof [19, 20, 21], 
Montejano [15], Schweizer [18], Gomez-Larrahaga and Gonzalez- Acuna [7], James 
and Singhof [12] and Rudyak [16, 17]. In particular for compact simply-connected 
simple Lie groups, cat(5f/(n + 1)) = n for n > 1 by [19], cat(5p(2)) = 3 by [18] 
and cat(5p(n)) > n + 1 for n > 2 by [20]. It was also announced recently that 
Problem 4 was solved by the first- named author [9]. The method in the present 
paper also provides a result for G 2 , and thus we have the following result. 

Theorem 1.1. The following is the complete list of L-S categories of a simply- 
connected compact simple Lie group of rank < 2: 



Lie groups 


5^(1) = SU{2) = Spin(3) 


SU{3) 


Sp{2) = Spin{5) 


G 2 


WCSit 


1 


2 


3 


4 


cat 


1 


2 


3 


4 


Cat 


1 


2 


3 


4 



Although the above result is known for experts, we give a short proof for G 2 . 
In fact, the result for G 2 has never been published and is obtained in a similar but 
easier manner than the following result for Sp{3): 

Theorem 1.2. wcdit{Sp{3)) = cat(5p(3)) = Cat(5p(3)) = 5. 

Remark 1.3. The argument given to prove Theorem 1.2 provides an alternative 
proof of Schweizer ’s result 

wcSit{Sp{2)) = cat(S'p(2)) = Cat(5p(2)) = 3. 

The authors know that a similar result to Theorem 1.2 is obtained by Lucia 
Fernandez- Suarez, Antonio Gomez-Tato, Jeffrey Strom and Daniel Tanre [5]. Our 
method is, however, much simpler and provides the following general result: 

Theorem 1.4. n -f 2 < wcai{Sp{n)) < cat(5p(n)) < Cat(5p(n)) for n > 3. 

This improves Singhof ’s result: cat(5p(n)) > n + 1 for n > 2. We propose 
the following conjecture. 

Conjecture 1.5. Let G be a simply- connected compact Lie group with G = fllLi 
where Hi is a simple Lie group. Then wc3X{G) = cat(G) = Cat(G) and cat(G) — 
Er=icat(i^i). 
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It might be difficult to say something about cat Sp{n) , but an old conjecture 
says the following. 

Conjecture 1.6. cat Sp{n) = 2n — 1 for all n > 1. 

The authors thank John Harper for many helpful conversations and also the 
referee for giving them some comments, in particular, regarding Remark 2.4. 

2. Proof of Theorem 1.1 

Let us recall a CW decomposition of G 2 from [14]: 

G 2 = U U U U U U U 
On the other hand, we have the following cone-decomposition. 

Theorem 2.1. There is a cone- decomposition of G 2 as follows: 

= SCP2, 5^ U e'^ ^ ^ 

5® U ^ Gf ^ ^ ^ G 2 . 

Proof The first and the last formulae are obvious. So we show the 2nd and 3rd 
formulae: By taking the homotopy fibre Fi of ^ G 2 , we can easily observe 
using the Serre spectral sequence that the fibre has a CW structure given by 
S'^Ue^U(cells in dimensions >7), where the cohomology generators corresponding 
to and e^ are transgressive. Thus the mapping cone of Ue'^ C Fi G^^^ has 
the homotopy type of G 2 • Similarly, the homotopy fibre F 2 of G 2 ^ G 2 has a 

CW structure given by 5'^Ue^^U(cells in dimensions > 10), where the cohomology 
generators corresponding to and e^^ are transgressive. Thus the mapping cone 
of U C F 2 G^^ has the homotopy type of G^ 2 ^\ □ 

CoroUary 2.2. 1 > Cat(G^^^) > Cat(G^^^), 2 > Cat(G^®^) > Cat(G^®>), 3 > 

Cat(G^“^) > Cat(G^®^) and 4 > Cat(G 2 ). 

Let us recall the following well-known fact due to Borel. 

Fact 2.3. LT*(G2;Z/2Z) ^Z/2Z[x3,X5]/(x|,xi). 

Corollary 2.4. w;cat(G 2 ^^ ) > w;cat(G2^^) > 1, wcat{G^2^) > wcdit{G^2^) > 2, 
wc 8 it{G^ 2 ^^) > wcdit{G^ 2 ^) > 3 and wca.t{G 2 ) > 4. 

Corollaries 2.2 and 2.4 yield the following. 

Theorem 2.5. 



Skeleta 










G<®’ 




G2 


wcdit 


1 


1 


2 


2 


3 


3 


4 


cat 


1 


1 


2 


2 


3 


3 


4 


Cat 


1 


1 


2 


2 


3 


3 


4 



This completes the proof of Theorem 1.1. 
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Remark 2.6. If we disregard the information of L-S categories of CW filtrations of 
G 2 dnd if we want only to deduce the equation w;cat(G 2 ) = cat(G 2 ) = Cat(G 2 ) = 4^ 
we have an alternative short proof of it rather than the above elementary homotopy- 
theoretical argument: Since the manifold G 2 is 2-connected and of dimension lA, we 



14 

know that cat(G 2 ) ^ — by James [10]. On the other hand, the cohomology algebra 

o 

of G 2 with coefficients in ¥2 is well known by Borel as in Fact 2.3, and hence its 
cup-length is 4 and we get immediately that wcai{G 2 ) = cat(G 2 ) 4. Concerning 
on the strong L-S category Cat(G 2 ) of a manifold G 2 , we are in the range of the 
validity of Corollary 5.9 of Clapp and Puppe [3] which implies immediately that 
cat(G2) -Cat(G2). 



3. The ring structure of h*{Sp{3)) 

To show Theorem 1.2, we introduce a cohomology theory h*{—) such that h*{X, A) 
= {X/A, 5[0, 2]}, where 5[0, 2] is the spectrum obtained from the sphere spectrum 
S by killing all homotopy groups of dimensions bigger than 2 . Then 5 [0,2] is a 
ring spectrum with 7 rf(<S[ 0 , 2 ]) = Z [ 77 ]/ ( 77 ^, 277 ), where 77 is the Hopf element in 
Trf (5) = Trf (5[0, 2]). Thus h* is an additive and multiplicative cohomology theory 
with h* = h*{pt) = Ij[e\/ ,2e), degs — —1, where 6 G h~^ = ttq (E“^<S[ 0 , 2 ]) = 
7 rf (5) corresponds to 77 . 

The characteristic map of the principal 5p(l)-bundle 

5p(l) Sp{2) S^ 

is given by a; = ( 73 , ^ 3 ) : 5^ — > Sp{l) ^ S^ the Samelson product of two copies of 
the identity : S^ ^ 5^, which is a generator of 7Tq{S^) = Z/12Z. We state the 
following well-known fact (see Whitehead [23]). 

Fact 3.1. Let /a : S^xS^ S^ be the multiplication of Sp{l) ^ S^ . Then we have 

Sp{ 2 ) ~ 53 U^o(ix^) U„ C(S^) U^o[, 3 .x.]^ 

where fi : S^xS^ {*}xG(S'^) ^ S^ C{S^) is given by jdls^xs^ = T 
AIs 3 u^c( 56 ) = 1 the identity and [ls.XujY • S^xS^ U*xa; {*}xG(5®) is the 

relative Whitehead product of the identity : S^ S^ and the characteristic map 
Xoj : {C{S^),S^) {S^ U e^,5^) of the 7-cell. Thus we have 1 > Cat(5p(2)^^^), 

2 > Cat(S'p(2)^^^) and 3 > Cat(5p(2)). 

Let i' : S^ ^ S"^ he the Hopf element whose suspension {n > 4) 

gives a generator of 77 ^+ 3 (5'’^) = Z/24Z for 71 > 5. Then we remark that cUn = 
{n > 3) satisfies the formula ^ ^n-\- 3 {S^) for > 5. By Zabrodsky 

[24], there is a natural splitting 

U {*}x(5^ U,, e^)) - V E(5^ e^) V 

Then by the definition of a relative Whitehead product, the composition of [ 13 , (wY 
with the projections to S^ and S^ Uuj are trivial and the composition with the 
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projection to S^AS^ is given by lsAuj, Thus we have 

= H{/^)oT>{l3A(jJ) = ±UoUJ7 — 2voV'j ^ 0 
in 7 Tio( 5''^) = Z/24Z(z^oi/7)0Z/2Z(o;4oz/7), and hence we have 

S2(A°[i3,X^]") - = 2vl = 0 e 7rii(5®) ^ Z/2Z 

by Proposition 5.11 of Toda [22]. Thus we have the following well-known facts. 
Fact 3.2. We have the following homotopy equivalences: 

Sp{2)/S^ ~ {S^xC{S^))/(S^xS^) = 5^ AE(5®) = 5^ V 5^°, 

T.‘^Sp{2) - S2(53 C(5®)) V C(S^) V 5^^ 

Fact 3.3. The 11-skeleton of X 3 ^2 = Sp{3)/Sp{l) has the homotopy type of 

Restricting the principal 5p(l)-bundle Sp{l) ^ Sp{3) Xs ^2 to the sub- 
space ^3^2^^ = 5^ e^^ of we obtain the subspace q~^{X ^^2 ) = 

of Sp{3) as the total space of the principal *S'p(l)-bundle 5p(l) ^ 

Xl(5'^ Ui/g with a characteristic map (f) : — > Sp{l) « 5^, which is an 

extension oi lu : . 

Proposition 3.4. We have the following homotopy equivalences: 

~ 53 U^o(ix^) S^xC{S^ U,, ei°) 

= 53 C(5® U,, U C(5® U,, e^^), 

5p(3)(i‘^V5'^ ^ (S'3 xC( 5® e^°))/(5^x(5® e^°)) 

= 53 aS( 5® U,, eiO) = (5" U,, e“) V e'^), 

Sp{n) ~ 5p(n — 1) U 5p(n — l)xC(5‘*"“^), 

where Sp{n — 1) C for n > 3, and hence 

5p(n)/5p(n)((2"+i)"-ii) 

~ (5p(n - l)xC(5^"-2))/(5p(n - l)xS^^~^ 

U Sp{n - l)((2n-l)(n-l)-ll)^g,(^4n-2^^ 

= {Sp{n - 1)/Sp{n - l)((2n-l)(n-l)-ll)^/v^J^54n-2 
= • • • = (Sp(2)/0)ASS'^°A ■ ■ • AS5‘*”“2 = (5p(2)+)A5(^”+^)”“^° 

_ ^(2n+l)n-10 y 

= 5(2«+1)"-10 V ( 5 ( 2 n+l)n -7 g(2n+l)n-3) ^ ^(2n+l)n^ ^ > 3 ^ 



This yields the following result. 
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Proposition 3.5. Letfi: 53x5'3u,x0{*}x(53u^C(5®U^,ei°)) ^ 5^00(7(5^^, 
e^**) be the map given by pls^xs^ = M A|s3u^c'(S6u^ ei°) = 1 the identity. Then 
we have the following cone decomposition of Sp{3): 

Sp{3) ^ 53 C(5^ U., e'O) U,, U C{S^^) U C{S^^). 

Corollary 3.6. 1 > Cat(5p(3)^^)), 2 > Cat(5p(3)^^)), 3 > Cat(S'p(3)^^^)) > 

Cat(5p(3)^ii)) > Cat(5p(3)(io)), 4 > Cat(5p(3)^i^)) and 3 > Cat(5p(3)). 

To determine the ring structures of h*{Sp{2)) and h*(*S'p(3)), we show the 
following lemma. 

Lemma 3.7. Let h* be any multiplicative generalised cohomology theory and let 
Q = VJf e^ for a given map f : 5'^“^ — > with h*{Q) = h*{l^x^y), where x 
andy correspond to the generators ofh"'{S^) = h*{xo) and h*(5^) = h*{yo). Then 

x‘^ = ±H^{f)^y in h*((5), 

where Hi is the composition p^o \2 of the Boardman- Steer Hopf invariant A 2 : 
7Tg_i(5^) ^ 7 Tq{S^'^) (see Boardman and Steer [2]) with the Hurewicz homomor- 
phism : 7Tg(5^^) = h?^~^ given by p^{g) — Ti^^g*{xo<^xo). 

Remark 3.8. By [2], X 2 {f) is equal to Tihfif) the suspension of the 2nd James 
Hopf invariant h^if)- Hence by Remarks 2.5 and 4.3 of [8], \ 2 {f) = '^h^if) gives 
the Berstein- Hilton crude Hopf invariant Hi{f) (see Berstein- Hilton [ 1 ] or [ 8 ]^. 

Proof. By [2], A : Q = 5^U/e^ QaQ equals the composition (igAiQ)oA 2 (/)ogQ, 
where qq : Q Q / S^ — S^ is the collapsing map and iq : S'^ ^ Q is the bottom- 
cell inclusion. Then we have iq{x) = xq and qq(yo) = and hence we obtain 

x‘^ = A* (x^x) = {{iqAiq)o\2{f)oqqy{x^x) 

= qQ{Hfr{iQ{x)&*Q{x))) = <7q(A2(/)*(:To®Xo)) = g^(S^;9'^(A2 (/))). 

Since E*op^(A 2 (/)) is Hi{f)'yo e h?'^{S^) up to sign, we proceed as 

(/)-yo) = (/)-9^(2/o) = ±H^{f)-y- 

This completes the proof of the lemma. □ 

Using cohomology long exact sequences derived from the cell structure of 
Sp{3) and a direct calculation using Proposition 3.4 and Lemma 3.7 with the fact 
that A 2 (u;) = rye 7 we deduce the following result for the cohomology theory h* 
considered at the beginning of this section. 

Theorem 3.9. The ring structures of h*{Sp{2)) and h*{Sp{3)) are as follows: 
h*{Sp{2)) = h*{l,X3,xj,yio}, 
h*{Sp{3)) = h*{l,X3,xr,xn,yio,yi4,yi8,Z2i} , 

where the suffix of each additive generator indicates its degree in the graded algebras 
/r*(S'p(2)) and h*(*S'p(3)). Moreover we have x\ = S'Xj, x^ = 0, = 0, X 3 X 7 = 

yiQ, X 3 X 11 = yi 4 , X 7 X 11 ^ yis and X 3 X 7 X 11 = Z 21 . 
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Remark 3.10. The two possible attaching maps : e^ of e^^ found by 

Lucia Fernandez- Suarez, Antonio Gomez-Tato and Daniel Tanre [4] are homotopic 
in Sp{2). So, we can not make any effective difference in the ring structure of 
h*{Sp{3)) by altering, as is performed in [5], the attaching map of e^^ . 

Corollary 3.11. wcdit{Sp{2)^^^) > 1, wcai{Sp{2)^^^) > 2 and w edit {Sp{2)) > 3, and 
also i(;cat(S'p(3)^^^) > I, wcdit{Sp{3)^^^) > 2, wcaX>{Sp{3)^^^^) > wcat{Sp{3Y^^^) 
> wcdit{Sp{3)^^^^) > i/;cat(5p(3)^^^^) > 3 and wca.t{Sp{3)) > 4. 

Corollary 3.12. 



Skeleta 


5p(2)(3) 


5p(2)("> 


Sp{2) 


wcat 


1 


2 


3 


cat 


1 


2 


3 


Cat 


1 


2 


3 



4. Proof of Theorem 1.2 

By Facts 3.1 and 3.2, the smash products A^Sp{3) and A^Sp{3) satisfy 

{A^Sp{3))^^^^ - S^^ V (5^^ V S^^ V S^^) V (5^^ V S^^ V S^^ V S^^), 

{A^Sp{3)Y^^^ - S^^ Uc.,3 V (5^^ V V S^^) V (5^^ V 5^^ V S^^ V 5^^). 

Then we have the following two propositions. 

Proposition 4.1. The bottom-cell inclusions i : ^ and i' : 5'^^ ^ 

A^Sp{3) induce injective homomorphisms 

i* : 7 Ti 8(5^^) ^ 7Ti8(A^5p(3)*^®)) and i', : 7T2 i( 5^®) ^ 7T2i(A®5p(3)), 

respectively. 

Proof. We have the following two exact sequences 

7Ti8(5i^) ^ 7ri8(5i2) 7ri8(A^5p(3)(i®)) -> 7ri8(5i®v5i«v5i6v5i®), 

7T2l(5l®) ^ 7T2i(5l®) ^ 7r2l(A5^p(3)) S^\ S^^), 

where 7Ti8(*S'^^) = 7T2i(5^^) = %l2%v\^ and ip and ip' are induced from uji 2 = 2 i/i 2 
and cji 5 = 2i/i 5. Thus ip and ip' are trivial, and hence i^ and i'^ are injective. □ 

Proposition 4.2. The collapsing maps q : Sp{3)^^^^ Sp{3)^^^y Sp{3Y^'^^ = S^^ 

and q' : Sp{3) Sp{3) / Sp{3)^^^^ = induce injective homomorphisms 

q* : 7Ti8(A^5p(3)^^^^) [S'p(3)^^^\ A^5p(3)^^^^] and 

g'* : 7T2i(A^5p(3)) -> [5^(3), A^5p(3)], 
respectively. 

Proof. Firstly, we show that g'* is injective: Since we have [S'p(3), A^5p(3)] = 
[(514 eiV52i,A^5p(3)] = [514 gis, A"5p(3)]07T2i(A^5p(3)) by Propo- 

sition 3.4, g'* is clearly injective. 
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Secondly, we show that g* is injective: Using a similar argument, we have 

by Proposition 3.4. Thus it 
is sufficient to show that g* : 7Ti8(A^5p(3)^^^^) ^ [5^^ A^S'p(3)^^^^] is 

injective, where g : is the collapsing map. In the exact sequence 

7Ti5(A^5p(3)(i«)) 7Ti8(A^5p(3)(i«)) ^ [5^4 U.,, e^«, A^Spi^n 

we know that 7 Ti 5 (A^S'p( 3)^^^^) = 7 Ti 5(5^^ ^uji 2 — ^/2Z is generated by the 
composition of v \2 and the bottom-cell inclusion. Since z^i2°^i5 = 0 G 7 Ti 8(5^^), 
the homomorphism o;i5* is trivial, and hence g* is injective. □ 

Then the following lemma implies that A4 and A5 are non-trivial by Propo- 
sitions 4.1 and 4.2. 

Lemma 4.3. ITe obtain that A4 = iojyf 2 ^q : S'p(3)^^^^ — > A^5p(3)^^^^ and that A5 
= i'oiyf^oq' : 5p(3) ^ A^5p(3). 

Proof. Firstly, we show that A4 = ioiyf^^q implies A5 = i' ov\^oqf . For dimen- 
sional reasons, the image of A : Sp{3) Sp{3)ASp{3) is in 5p(3)^^^^ A6'p(3)^^^^ U 

S^ASp{3)^^^\ Since Sp{3)^^"^^ is of cone-length 3 by Corollary 3.6, the restriction of 
the map IAA4 to 5p(3)^^^^ AS'p(3)^^^^ is trivial. Thus A5 is given as a composition 

Sp{3) ^ S^A{Sp{3)^^^ySp{3Y^^^) A^5p(3)(i®) C A'^5p(3), 

since A4 = ioUi 2 °q. Thus we observe that A5 = i'o[i^Aui 2 )^Q' = ^^0^15 

So, we are left to show A4 = For dimensional reasons, the image 

of A : 5p(3)^^^^ ^ S'p(3)^^^^A5p(3)^^^^ is in 5^(3) U 5p(3)^^^^AS'p(3)^'^^ U 
5p(3)^'^^AS'p(3)^^^^ US'^AS'p( 3)^^^\ Since S^UcpC{S^UiyQ is of cone-length 2 by 
Corollary 3.6, the restriction of A3 : Sp{3)^^^^ A^S'p(3)^^^^ to 5^U0(7(5^Uiyge^^) 

is trivial. Hence IAA3 : 5p(3)^^^^A5^ U A5p(3)*^^^ U Sp{3)^^^ ASp{3)^^^^ U 

5^AS'p( 3)^^'^^ A^S'p(3)^^^^ is given as a composition 

(5p(3)A5p(3))(i®) A (S^ e'^)A5i° U S^A(S^° A^S^ e^). 

The map aoA : *S'p(3)^^^^ ^ {S^ Uuj e^)AS^^ U S^A{S^^ is given as 

ooA : Sp{3Y^^^ ^ -> (5^ U,, e^)A5^° U S^A{S^^ U,,, e^^). 

Collapsing the subspace S^A{S^^ of {S^ U^; e^)AS^^ U S^A{S^^ U^y^o e^^), 

we obtain a map 

g'oaoA : Sp {3)^^^^ ^ 5 ^A 5 ^°, 

where g' : {S^ U^; e^)A5^° U S^A{S^^ U^y^o S'^AS'^^ is the collapsing map. 

For dimensional reasons, q'oaoA is as follows: 

g'oaoA : 5p(3)('^) 5p(3)^'^)/5p(3)('^) = i 5^A5'«. 

If 7 were non-trivial, then 7 would be pu : 5^^, and hence we should have 

xjyiQ = S'l/is ^ 0. However, from the ring structure of h*{Sp{3)) given in Theorem 
3.9, we know Xjyio = x^Xj = 0, and hence we obtain 7 = 0. Then the image of 
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aoA is in the subspace S^A{S^^ of {S^ e^)A 5 ^^ U S^A{S^^ e^^), 

since they are 12 -connected. Hence A4 = (1AA3 )oA is given as 

A4 ; 5 p( 3 )(i®) S^A{S^^ S^A{A^{S^ C A^Sp{ 3 A^\ 

where (A^( 5 ^ U„ is 

( 5 ^ e^)A 5 V 5 ^ U S^A{S^ U„ e^)A 5 ^ U S^AS^A{S^ e^). 

Collapsing the subspace A^ 5 ^ of (A^( 5 ^ U^j we obtain a map 

q"o [3 : 510 S^AS^AS^ V S^AS'^AS^ V S^AS^AS'^, 

where 

q" : {A^{S^ ^ S'^AS^AS^ V S^AS'^AS^ V S^AS^AS'^ 

is the collapsing map. For dimensional reasons, q"ol 3 is given as 

q"of 3 : X S'^AS^AS^ V S^AS^AS^ V S^AS^AS'^. 

If 7' were non-trivial, then its projection to would be 7713 : 5 ^^, and 

hence we should have x^xj — 6-7/14 7^ 0 . However, from the ring structure of 
h*{Sp{ 3 )) given in Theorem 3 . 9 , we know x^xy = C'Xj = 0 , and hence we obtain 
7' = 0 . Hence the image of (5 lies in the subspace A^S^ of 

On the other hand, for dimensional reasons, a© A is given as 

ooA : ^ 5V(5^° e^^), 

where the restriction o' 1 514 is given as 

a'lsi 4 : A 513 S^A{S^° e^^). 

If it were non-trivial, then 7" would be 7/13 : 5 ^"* ^ and hence we should 
have X37/10 = 6-^14 7^ 0 . However, from the ring structure of h*{Sp{ 3 )) given in 
Theorem 3 . 9 , we know xsyio = 3:3X7 = e-Xj = 0 , and hence 7" = 0 . Hence ooA is 
given as 

ooA : Sp{3)^^^^ ^ ^ S^A{S^^ 

and hence A4 is given as 

A 4 : 5p(3)(i®^ ^ 51 ® A 5A(5^° A A*Sp{zA^\ 

Now, we are ready to determine A4: By Theorem 3 . 9 , we know x^xu — e-zis and 
X3 = 6-X7, hence a" : is a co-extension of r/ie : -> on 

Uiyi3 IaP : Uiyi3 ^ * 5 '^^ is an extension of r/12 : -> S^‘^. Thus 

the composition (lA/ 3 )oa" is an element of the Toda bracket {r/12, '^le} which 

contains a single element z/^2 by Lemma 5.12 of [ 22 ], and hence A4 = ioUi2^q. □ 
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Corollary 4.4. wcai{Sp{3Y^^^) > 4 and wc8it{Sp{3)) > 5. 



This yields the following result. 

Theorem 4.5. 



Skeleta 


5p(3)^^) 


~SpW^ 


5p(3)<“> 


Sp{3)^^^^ 


Sp{3)^^^^ 


Sp{3f^^^ 


5p(3) 


wcai 


1 


2 


3 


3 


3 


4 


5 


cat 


1 


2 


3 


3 


3 


4 


5 


Cat 


1 


2 


3 


3 


3 


4 


5 



This completes the proof of Theorem 1.2. 



5. Proof of Theorem 1.4 



We know that for n > 4, 



Sp{n 



)(..) = I 



_ / U Ve^®) 



5p(4)(^®) U (e^® V U e 



19 



5p(n)(2i) =5p(n)(i9)u. 



,21 



n = 4, 
n > 5, 



and that ii;cat(S'p(3)^^^^) = cat(5p(3)*^^^^) = Cat(S'p(3)^^^^) = 3. Firstly, we show 
the following. 



Proposition 5.1. i/;cat(S'p(4)^^^^) = 3. 

Proof. Since the pair (5p(4)^^^\ S'p(3)^^^^) is 13-connected, wcdit{Sp{3Y^^^) = 3 
implies that A3 : 5p(4)^^^^ A^S'p(4)^^^^ is non- trivial, and hence we have 

ii;cat(S'p(4)^^^^) > 3. Thus we are left to show ii;cat(5p(4)^^^^) < 3: For dimen- 
sional reasons, A4 = (AaA)oA : 5p(4)^^^^ ^ A^5p(4)^^^^ is given as 



A 4 : 5p(4)(i^) 23 5p(4)(“)A5p(4)<“) A^5p(4)(“) A^Sp{4)^^^\ 

for some oq. By Fact 3.2, A : 5p(4)^^^^ — > A^5p(4)(^^) is given as 

A : 5p(4)(“) ^ (S^ V U e“ ^ A^{S^ U. e^) ^ A25p(4)(“), 

for some (5q and 70. Then for dimensional reasons, {(3qA(3q)oocq : 5p(4)(^®^ — » 
((5^ V 51°) U e“)A((5^ V 5^°) U e“) and (7 oA7o)|s7asi : S'^ AS'^ e^) 

are respectively equal to the compositions 



(/?oA/?o)°ao : 5p(4)(^®) ^ S^AS^ ^ ((5^ V 5^°) U e“)A((5^ V U e“), 

(7oA7o)l5^A5^ : 5 "a5" ^ A^^^ a\S^ e"), 
for some a'^ and 70. Hence A4 : 5p(4)^^®) ^ A^5p(4)^^^^ is given as 

A4 : 5 p( 4 )(is) ^ 57/^57 20 A ^ Sp {4 i ^^\ 
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where Ue^^. By Theorem 3.9, Xy = 0 in h*(5p(3)), and hence 

Qq annihilates *5'p(3)‘^^^^. Thus A 4 : ^ is given as 

A 4 : 5p(4)d^) U ^ Si-* ^ A A'*5p(4)(i") 

for some (3'^, where q" : 5p(4)^^^^ ^ is the projec- 

tion and i" : 5^^ = S^AS^AS^AS^ ^ A^S'p(4)^^^^ is the inclusion. Hence the 
non-triviality of A 4 implies the non-triviality of /?q and 70 . Therefore A 4 should 
be i"opi 2 ^q"^ if it were non-trivial. However, we also know from (5.5) of [22] 
that t]i 2 is 12i/i2 — 6 cji 2 and that i"oa;i 2 is trivial by Fact 3.1. Therefore, A 4 : 
5 p( 4 )(i 5 ) A^5p(4)*^^^^ is trivial, and hence w edit < 3. This implies that 

repeat 5p(4)^^^^ =3. □ 

Secondly, we show the following. 

Proposition 5.2. iL'cat(S'p(n)^^^^) < 4 for n > 4. 

Proof. Let n > 4. Since A 5 = ((l 5 p(^))AA 4 )oA : Sp{n)^^^^ A^ Sp{nY^^\ it is 
given as 

A 5 : Sp{n)^^^^ A Sp{n)^^^^ ASp{nY^^^ = 5p(4)^^^^ A5p(4)^^^) 

(1s.(4,^s,)AA4 ^55p(4)(15) ^ ;,^Sp{ny^^\ 

which is trivial, since A 4 : *S'p(4)^^^) — > A^5p(4)^^^^ is trivial by Proposition 5.1. 
Thus wcdit{Sp{n)^^^^) < 4 when n > 4. □ 

Let pj : Sp{n) Xnj = Sp{n) / Sp{n — j) be the projection for j > 1. Then 
we have the following. 

Proposition 5.3. Let q'" : Sp{n) Sp{n) / = 5 ( 2 ^+!)^ col- 

lapsing map and i'" : 5 '( 2 ^+i )^-6 ^ (A^*Sp(n))AXn,n- 3 A • • • AXn,i the inclusion. 
Then 

q'”*oi'\ : 7r(2„+i)„(5(2"+D"-6) ^ [Sp{n), (A^5p(n))AX„,„_3A ■ • ■ AX„,i] 
is injective. 

Proof. Firstly, we have the following exact sequence 

_ /c( 2 n+l)n — 3\ _ /Q( 2 n+l)n— 6 \ 

'^(2n+l)n(*5 ) ^ '7T(^2n+l)n (*5 ) 

'A 7r(2„+D„((A55p(n))AA„,„_3A ■ • ■ AX„,i) ^ 7r(2„+i)„(V55(2«+D«-2), 

where 7T(2 „+i)„(5'(^"+^)"“®) = Z/ 2 Z 72 „+i)„_e and xp"' is induced from W( 2 „+i )„_6 
= 2z/(2n+i)n-6- Thus i/^'" is trivial, and hence i"C is injective. 

Secondly, since (A^ Sp(n))AXn,n- 3 ^ • • • AXn,i) is {n{2n + 1) — ll)-connected 

and 5 p(n)/ 5 p(n)^^( 2 n+l)-ll) ^ ^(2n+l)n-10 ( 5 ( 2 n+l)n -7 g(2n+l)n-3) 
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V by Proposition 3.4, we have 

[5p(n), {A^Sp{n))AXn,n-3/\ • * • AXn,l] 

= {A^Sp{u))AXn,n-3A • • • AX^,i] 

®^(2n+i)n— 10 (( A Sp(ri^^ AX ji ji—^ A • • • AX^i I^ 

®^(2n+i)n ((a Sp{n))AXfi^n—^A ’ • • 

and hence g'"* is injective. Thus q"'*oi"'^ is injective. □ 

Then the following lemma implies that {{1^5Sp(n))Apn-3A - • Api)oAn -^2 is 
non-trivial by Proposition 5.3, and hence we obtain Theorem 1.4. 

Lemma 5.4. ((1^55p(^))Apn-3Apn-4A • • • Api)oAn +2 = ^'"°^f 2 n+l)n- 6 °^"'* 

Proof. We have 

((f A^S'p(n) ) Apn— 3 A * * • APi)oAt 24-2 — (^sApri— 3 A • • ■ ApijoA^q,— 2 

( A 5 A(l/\n-3^p^^^ j AP tt,_ 3 A ■ ■ ‘ Api)oA^_ 2 . 

For dimensional reasons, the image of ((l 5 p(^))Apn- 3 A • • • Api)oAn _2 lies in 
Sp{n)^^^^AS^^A • • • AS^^-^ U AX^,^_3A • • • AX^,i. 

From Proposition 5.2, A 5 annihilates Sp{n)^^^\ and hence A 5 is given as 

As : 5p(n)(2i) ^ 5^^ 4 A^5p(n)(2D 

for some S G 7T2i (A^5p(3)). Using Lemma 4.3, we obtain that the following diagram 
except for the dotted arrow is commutative up to homotopy: 




Since the pair {A^Sp{n),A^Sp{3)) is 26-connected for n > 4, we can compress S 
into A^Sp{3) as 5 ~ J^Sq. Thus we have a homotopy relation 

jo 5 ()oq' ~ Soq' ^ J0A5 ~ 

Now we know that dim5p(3) = 21 < 26 — 1, and hence we can drop j from the 
above homotopy relation and obtain 

S()oq' ^ i'oi'l^oq' . 
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By Proposition 4 . 2 , q'* : 7T2i(A^5p(3)) [ 5 p( 3 ), A^S'p( 3 )] is injective, and hence 

do ~ ^ °^15* 



Thus A 5 is given as 

As : 5p(n)(2i) ^ ''-k ^ A^Sp{n)^^^\ 

and hence ((1^5Sp(„))Ap„_3A • ■ • Api)oA„+2 is given as 

((lA^Sp(n))Ap„-3A ■ • • Api)oA„+2 : Spin) 5^1 a5<2”+7)("-3) 

gl5^g(2n+7){n-S) ^ (A^ Sp[n))AXn,n-3A • • • AX„,i. 

This completes the proof of the lemma. □ 
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The McCord Model for the Tensor Product 
of a Space and a Commutative Ring Spectrum 

Nicholas J. Kuhn 



Abstract. We begin this paper by noting that, in a 1969 paper in the Trans- 
actions, M.C. McCord introduced a construction that can be interpreted as 
a model for the categorical tensor product of a based space and a topolog- 
ical abelian group. This can be adapted to Segal’s very special T-spaces - 
indeed this is roughly what Segal did - and then to a more modern situation: 
K ® R where AT is a based space and is a unital, augmented, commutative, 
associative S'-algebra. 

The model comes with an easy-to-describe filtration. If one lets K = , 

and then stabilizes with respect to n, one gets a filtered model for the Topo- 
logical Andre-Quillen Homology of R. When R = + , one arrives at 

a filtered model for the connective cover of a spectrum X, constructed from 
its 0^^ space. 

Another example comes by letting K be a finite complex, and R the S'-dual 
of a finite complex Z. Dualizing again, one arrives at G. Arone’s model for 
the Goodwillie tower of the functor sending Z to Mapr(A", Z). 

Applying cohomology with field coefficients, one gets various spectral se- 
quences for deloopings with known -terms. A few nontrivial examples are 
given. 

In an appendix, we describe the construction for unital, commutative, as- 
sociative S'-algebras not necessarily augmented. 



1. Introduction 

The point of this paper is to tell a story that begins with a 1969 paper of 
M.C. McCord [McC], and ends with various disparate objects of current inter- 
est, e.g., Goodwillie towers, Topological Hochschild Homology, and Topological 
Andre-Quillen Homology. Line by line, I think most of this story is known. How- 
ever, taken as a whole, I think the older work sheds some light on the newer. 
Moreover, in this era of tremendous activity in homotopical algebra of various 
sorts, it seems important to remind ourselves that the genesis of many of the most 
useful ideas lies way back in the literature. 



2000 Mathematics Subject Classification. Primary 55P43; Secondary 18G55. 
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Conceptually, we feature the following categorical notion. Let T be the cat- 
egory of based topological spaces. If C is a category enriched over T, there is the 
notion of the tensor product of a space K G T with an object X G C: this is an 
object K 0 X e C satisfying 

Mapc(K 0 X, F) = Map^(X, Mapc(X, Y)) 

for all X,FgC. 

We give an overview of the paper. 

We consider various topological categories of structured objects. Let Ab be 
the category of abelian topological monoids. Let be G. Segal’s category of L- 
spaces [Se]: functors X : L — > T, where F is the category of finite based sets. Let 
Alg be the category of commutative, associative, augmented 5- algebras, where S 
is the sphere spectrum. 

These categories are closely related. First of all, an abelian topological monoid 
A defines in a natural way G T^. In Segal’s terminology, A^ is an example of 
a ‘special’ object, and the abelian topological groups define ‘very special objects’. 
A very special F-space is roughly the same thing as an infinite loopspace, and, in 
this introduction, we will tempt fate and often identify these two notions. Now 
we note that if X is either an abelian topological monoid or an infinite loopspace, 
then E^^X-^ is in the category Alg. 

With C equal to any of these three categories, McCord’s construction yields 
a functor^ 

SP^ :TxC^C. 

His construction generalizes the infinite symmetric product construction studied by 
Bold and Thom in the 1950’s: with N denoting the natural numbers, SP'^(X, N) 
SP^(X). 

If C is either Ab or Alg, there is an isomorphism 

(1.1) SP""(X,X) -X0X. 

See Proposition 2.2(1), and Proposition 4.8. The latter proposition (or at least its 
proof) seems to be new. 

Equation (1.1) is almost true if C — . S. Schwede [S], following Bousfield 

and Friedlander [BF], defines a model category structure on T^, having the very 
special F-spaces as the fibrant objects, and such that ho{T^) is equivalent to 
the homotopy category of connective spectra. With this structure, SP'^(X, ) 

preserves fibrant objects and the natural map K ^ X ^ SP^(X, X) is a weak 
equivalence. 

McCord’s interest stemmed from the following fundamental property: 

(1.2) for X G Ab, SP'^(5\X) is a classifying space for X. 

Suitably interpreted, the same result is true if X is a special object of T^. For 
R G Alg, SF^ {S^,R) is also of interest: SF"^ {S^,R) = S^^R equals THH{R] S), 

^McCord uses the notation B{A,K) where we use SP°°(K, A); I have borrowed my notation 
from [FF, Chapter 9]. 
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the Topological Hochschild Homology of R with coefficients in the bimodule S. 
See Proposition 7.1; this is deduced from a similar result due to J. McClure, 
R. Schwanzl, and R. Vogt [MSV]. 

The construction has two other basic properties, both discussed by McCord 
when C = Ab. 

Firstly, there are natural isomorphisms 

(1.3) SF^{K A L, X) = SP^(X, SP^(L, X)). 

From this and (1.2) one quickly deduces that SP'^(*S'^,X) is an n-fold delooping 
of X for X G Ab, or for very special X G T^. For R G Alg, {S^,R) can be 
interpreted as ‘higher’ Topological Hochschild Homology of R. 

Secondly, SP"^(X, X) comes with a nice increasing filtration. When C = Ab, 
one easily sees that there is an equivalence 

(1.4) FdSF^{K,X)/Fd-iSF^{K,X) ^ X^^ 

and little variants of this hold when C = or Alg. Here denotes the T>d- 
space obtained from the d-fold smash product by collapsing the fat diagonal 
to a point. ^ 

This much of the story will be fleshed out in Sections 2, 3, and 4, with the 
statement about THH appearing in §7. 

In [B], it is observed that Alg is Quillen equivalent to the category Alg', of 
commutative, nonunital 5-algebras. In §5, we discuss the corresponding filtered 
SP"^ construction, which again agrees with the tensor product. This reduced con- 
struction is ‘smaller’ than what is done in Alg, and the category £ of finite sets 
and epimorphisms replaces F. 

The quotients of the filtration, and the use of £, may look vaguely familiar to 
readers of [Ar], and this is what we explain in §6. There is a contravariant functor 
from T to Alg' sending a based space Z to the ring spectrum R = D{Z), where 
D denotes the 5-dual, and the multiplication on R is induced by the diagonal on 
Z. We note that there is a natural map in Alg' 

K (g) D{Z) D(Mapr(X, Z)) 

and reinterprete the main convergence theorem of [Ar] as saying that the adjoint 
of this, 

Mapr(X, Z) D{K (g D{Z)), 

is an equivalence if both Z and K are finite-dimensional complexes, and the di- 
mension of K is less than the connectivity of Z. See Theorem 6.6. Since K Z)D{Z) 
has a nice increasing filtration, the 5-dual is a tower of fibrations. This tower is 
visibly equivalent to the tower found by Arone, and is thus the Goodwillie tower 
associated to the functor sending a space X to the spectrum E®^ Mapr(X, Z). 



^This notation, which the author likes, comes from [Ar]. 
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In §7, we discuss the following construction. Given R G Alg^ nice properties 
of SP^(K, R) as a functor of K allow us to define a filtered spectrum TAQ{R) by 

TAQ{R) = hocolimQ^SF^ {S^,R). 

n— >oo 

This is one of various equivalent definitions of the Topological Andre-Quillen spec- 
trum of R. When R = with X an infinite loopspace, TAQ{R) is the 

connective delooping of X. When R = the filtered spectrum TAQ{R) is 

related to constructions studied by the author in [K3]. 

Using (1.4), one can identify the quotients of the filtration of TAQ{R): 

(1.5) FdTAQ{R)/Fd-,TAQ{R) ~ ^Kd Ahs, 

where Kd is the partition complex which arose in the work of Arone and 
Mahowald on the Goodwillie tower of the identity [AM]. 

In §8 we note that applying ordinary cohomology with field coefficients F to 
the filtered spectra SF^ {S^,R) and TAQ{R) yield spectral sequences converging 
to (S> R;¥) and H*{T AQ{R)]¥)^ and having Ei terms isomorphic to known 

functors of H*{R;¥): see Theorem 8.1. These spectral sequences appear to be un- 
explored, even in the case when R = with X an infinite loop space, so that, 

e.g., the TAQ{R) spectral sequence is calculating the cohomology of a connective 
spectrum from knowledge of the cohomology of its 0*^-space. As examples, we use 
results from [K3] and related papers to explain how the spectral sequence works 
in the cases R = E"^(Z/2+), and, most interestingly, D{S\_). 

In the appendix, we note how our models need to be slightly tweaked when 
one considers commutative unital 5-algebras not necessarily augmented. 

Very infiuential to me in my understanding of the older work surveyed in this 
paper was Chapter of 9 of the unpublished book The actions of the classical small 
categories of topology by Bill and Ed Floyd [FF]. Writing this book was Ed’s project 
in the late 1980’s, after returning to ordinary academic life after finishing a term 
as provost of the University of Virginia. I have also benefited from conversations 
with Mike Mandell, Bill Dwyer, and Greg Arone. 

Versions of this work were presented at talks at the Johns Hopkins topology 
conference in the spring of 2000, and at the Union College topology and category 
theory conference of fall 2001. 



2. McCord’s construction 

Let K be a based space with basepoint *, and let A be an abelian topological 
monoid. 

Imagine using (1.1) to guide the construction SP^(K, A). As a first experi- 
ment, suppose A = N. In this case (1.1) tells us that, for all A G A&, we should 
have 



Map^fc(SP°°(K, N), yl) = Map^(K, Map^,(N, ^)). 
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But, since N is the free abelian (topological) monoid on one generator, we can 
identify Map^^(N, A) with A. Thus we are asking that SP"^(i^, N) satisfy 

Map^^(SP^(A',N), A) = Map^(K, A). 

In other words, SP^(K, N) should be the free topological abelian monoid generated 
by K, a.k.a. SP^(K). 

Note that elements in SP'^(K) are words of the form • • • A:^^, with ki e K 
and rii G N. This suggests a definition. 

Definition 2.1. Let SP^(X, A) be the abelian topological monoid with generators 
k^ with k e K and a e A subject to the relations: 

(i) * for all a e A, 

(ii) = * for all k ^ 

(in) A:“^A :®2 = /^oi+a 2 £qj. qH ai^a 2 G A. 

Viewing k^ as an element in AT x A, SP^(AT, A) is topologized as the evident 
quotient space of U^o(^ x A)^. 

Note that the abelian topological monoid satisfying only the relations of type 
(i) and (ii) is SP^{K A A). If B is another abelian topological monoid, a monoid 
map SP^ {K A A) B corresponds to a map of topologial spaces (p : K A A ^ B 
which itself corresponds to a map K Mapr(A, B). This latter map takes values 
in Map^^(A, B) exactly when 0(A:, ai+a 2 ) = (p{k, ai)(p{k, a 2 ). Thus we see that the 
quotient of SP"^ {K A A) having type (iii) relations imposed satisfies the universal 
property of AT 0 A. (Compare with [FF, p.l64].) We have checked the first part of 
the next proposition. 

Proposition 2.2. There are the following natural identifications in Ah. 

(1) SP^{K,A) = ATOA. 

(2) SP^{S^,A) = A. 

(3) SP^{K AL,A) = SP^{K,SP^{L,A)). 

(4) SP^{KW L,A) = SP^{K,A) X SP^{L,A). 

The last three parts of this proposition follow formally from statement (1). 
For example, (3) follows by manipulating adjunctions: 

Map^;,(SP^(X A L, A), B) = Map^(A^ A L, Map^^(A, B)) 

= Map<;^(A', Map^(L, Map^^(A, B))) 

= Map^(K, Map^^(SP""(L, A), B)) 

= Map^,(SP-(A:,SP-(L,A)),B). 

For statement (4), one needs to also note that the coproduct in Ab is the product. 
(In the next section, we will see that there are also reasonable direct proofs of (3) 
and (4).) 

In the introduction to [McC] , McCord comments that SP"^ ( , A) “has a ten- 
dancy to convert cofibrations ... to quasifibrations” , and proves this in various 
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cases [McC, Thm.8.8]. Note that statement (4) of the last proposition nicely illus- 
trates his statement. 

In particular, when applied to the cofibration ^ ^ 5^, his observations 

suggest that SP'^(7, A) ^ SP'^(5\A) is a quasifibration with homotopy fiber 
A = SF^{S^,A). One has 

Proposition 2.3. If A has a nondegenerate base point, then SP^ {S^ , A) is a clas- 
sifying space for A. 

Combined with statement (3) of the previous proposition, this implies 

Corollary 2.4. In this case, SP^ {S^ , A) is an n-fold classifying space of A. 

With such a mild point set hypothesis, this proposition and corollary occur 
as [FF, Cor. 9.16]. 

We end this section by noting that SP^(K, A) is filtered by letting the df^ fil- 
tration, which we denote FdSF"^{K, A), be the evident quotient of Ur=o(^ ^ 

Let i : A{K,d) ^ denote the inclusion of the fat diagonal into the d-fold 
smash product. Under reasonable conditions, e.g., if K is a based C.W. com- 
plex, the inclusion i will be a E^^-equivariant cofibration, and we let = 

K^^/A{K,d). Assuming the basepoint in A is also nondegenerate, the inclusion 
Fd-iSF'^{K, A) ^ FdSF'^{K, A) will be a cofibration, and there is a homeomor- 
phism 

(2.1) FdSP°°{K, A)/Fd-iSP°°{K, A) - Ae, A^‘^. 

Statements similar to this appear in [McC, §6]. 

Remark 2.5. One should note that specializing the filtration on SF^{K,A) to 
SF"^{K,N) = SP'^(K) does not yield the standard filtration on SP'^(K). For 
example, in this paper an element G SF^{K) would be in filtration 1. 

3. F-spaces and Segal’s theorem 

Our first goal in this section is to rewrite our construction SF"^{K,A) in a way 
allowing for generalization. 

We begin by defining more precisely the category F. 

Definition 3.1. Let F be the category with objects the based finite sets 0 = 0+ 
and n = {1, 2, . . . , n}+, n > 1, and with all based functions as morphisms. Note 
that 0 is both an initial and terminal object. 

We remark that, unfortunately, it was the opposite of this category that was 
called F in [Se], and the literature is strewn with inconsistent notation. 

A F-space is then defined to be a covariant functor X :F ^ T that is ‘based’ 
in the sense that it sends 0 to the one point space. These are the objects of a 
category having the natural transformations as morphisms. This is a category 
enriched over T : the set of morphisms between two F-spaces, Mapr(X, A'), has 
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a natural topology. Similarly, a based contravariant functor V : T will be 

called a F^^-space, and these are objects in a topological category . 

Example 3.2. If A is an abelian topological monoid, there is an associated F-space 
defined as follows. Firstly, A^(n) = A'^. Then, given a : n ^ m, the 
component of : A^ ^ A^ sends (ai, . . . , a^) to Y[ with the product running 
over j such that a{j) = i. This product is interpreted to be the unit of A if there 
are no such j. 

Example 3.3. Since, for any K ^ = Mapr(n, K), there is the evident 

F^?^-space with K^{n) = K^. 

Note that the constructions in these last examples embed Ab into T^, and 
T into , as full subcategories. 

We now recall the coend construction. If X is a F-space and T is a F^^-space, 
we let T Ar X G T denote the quotient space 

Vnn)AX(n)/H, 

n 

where a* (?/) A x ~ ^ A a* (x) generates the equivalence relation. 

It is useful to observe that, because X(0) = * = Y'(O), T ArX G T = T XpX, 
where Y x p X is the quotient space 

]Jy(n) xX(n)/H, 

n 

where x x ^ y x a^{x) generates the equivalence relation. 

By inspection, one observes 

Lemma 3.4. SP^{K,A) - Ap 

This suggests a generalization of our construction. 

Definition 3.5. Given X G T and X G let SP^(X,X) = Ap X. 

A couple of remarks are now in order. 

Firstly, a Yoneda’s lemma type argument shows that 

SP^(n,X) = X(n). 

Thus, as a functor of X, SP"^(X, X) extends X to T; more precisely, this is the 
left Kan extension [MacL, Chap.X]. 

Secondly, we can extend our construction to 

SP“ : T X ^ 

by first letting X„(m) — X(nm), and then by defining 

SP“(K,X)(n) = SP°°(AT,X„). 
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It is natural to wonder if SP°^(K, X) can then be interpreted as a tensor 
product in . Alas, this is not the case: the simple minded construction K AX 
defined by {K AX) (n) = K A X(n) is easily seen to play this role^. 

Since SF'^{K,X) is not the tensor product in T^, formal arguments used to 
prove the last three statements in Proposition 2.2 do not apply. However, we still 
can prove suitable versions of these. 

First of all, the two remarks above (along with the observation that 1 = 5^) 
combine to show that SP^(5^,X) = X. 

Less obvious are the other two. Statement (3) of Proposition 2.2 is unchanged 
in our greater generality. 

Proposition 3.6. SP^{K A L,X) = SP^ {K, SP^ {L, X)). 

To generalize statement (4), let a : P x P ^ P be the functor sending (m, n) 
to m + n. Pulling back by a defines a* : ^ 

Proposition 3.7. SP^{Ky L,X) = {K^ x L^) Xrxra*(X). 

Proposition 2.2(4) follows from this, once one observes that 

a*(A^)- X A^ 



so that 



SP'^(K VL,A"^) = {K^ X L^) xrxr (A^ x A^) 

= {K^ xr A^) X (L^ xr A^) 

= SP^(iP,A^) xSP^(L,A^). 

Let m : P X P P be the functor sending (m, n) to mn"^. We let : 
^ respectively denote the left adjoints 

to pulling back by a and m. We have two fundamental lemmas. 

Lemma 3.8. m^{K^ x L^) = (iP A L)^ . 

Lemma 3.9. a^{K^ x L^) = {K \/ L)^ . 



^One can then formally deduce that, given A, B ^ Ab, the natural map K AA^ SF°°{K, A^) 
induces a homeomorphism 

Mapr(SP°°(K, A^),B^) = Mapr(/^ AA^,B^). 



^More precisely, m is the smash product followed by the lexicographic identification of m A n 
with mn. 
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Assuming these for the moment, Proposition 3.6 and Proposition 3.7 follow. 
For example, using Lemma 3.8, we have identifications 

SP^(X,SP^(L,A)) = xr{L^ Xr X,) 

xL^) xrxrm*(A) 

X L^) xrX 

= {K AL)^ xrX 
= SP^(XAL,X), 

and Proposition 3.6 follows. The proof of Proposition 3.7 is similar. 

Proof of Lemma 3.8. Given a P^^ x P^^-space F, m^{Y) is explicitly given by 

m^{Y){c) = colimF 

c|m 

where c | m is the category with objects all triples (a, b, 7) with 7:0-^ ab, and 
morphisms given by pairs (a : a ^ a', /3 : b b') making an appropriate diagram 
commute. 

One such triple is (c, c. A), where A : c — > cc is the diagonal, and there is a 
canonical morphism from this triple to any other triple (a, b, 7) given by the two 
components of 7 : c ab. It follows that the canonical map Y (c, c) ^ colirncjm ^ 
is a quotient map. 

Now we specialize toF = x . Both colirncjm x and {K A L)^ 
are quotients of x L^, thus we just need to verify that each maps to the other, 
as quotient spaces of x L^. 

To construct a map from the former to the latter, we observe that the smash 
product construction, 

Mapr(A, K) x Mapr(B, L) Mapr(A A B^K A L), 
specializes to give natural maps 

A:K^ AL^ ALy\ 

Thus, associated to a triple (a, b,7), there is a canonical map 

A ^{K A ^{KA Lf, 

and these induce the needed map colimc^m x {K A Ly. 

To construct a map in the other direction, we observe that {K A LY is the 
quotient of x obtained by collapsing to a point the subspace 

{{ki, . . . , /Cc, /i, . . . , /c) I for all i, either k{ = ^ or k = *}. 

One checks easily that this subspace is precisely the union of the images of maps 

a* X /3* : X -> X L" 

such that the composite c ^ cc ab is the constant map 0. Thus the subspace 
maps to the basepoint in colimdmA'^ x L^, i.e., the projection x ^ 
colimcirn X factors through {K A LY- D 
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Sketch of proof of Lemma 3.9. This follows easily from the observation that there 
are canonical decompositions 

{K yLf = \jK‘^y 

with the wedge running over bijections 7 : c ^ (a + b) which are order preserving 
when restricted to 7 “^((a + b) — a) and 7 “^((a + b) — b). □ 

Remarks 3.10. The two lemmas include the statements that wedge and smash 
are the left Kan extensions to T x T of the composites F x T A- F ^ T and 
F X F ^ F T. 

We suspect that Lemma 3.9 has been observed by others. Lemma 3.8 seems 
less familiar. (Compare our proof of Proposition 3.6 to the proof of [Se, Lemma 
3.7].) We note that x is the smash product of [L]. 

The category of F-spaces admits products in the obvious way: if X and Y 
are F-spaces, one lets {X x T)(n) = ^(n) x T(n). We have 

Proposition 3.11. SP^{K,X xY) = SP^{K,X) x SP^{K,Y). 

To prove this, we first note that X xY = A*(X x T), where A* : 
is induced by the diagonal A : F ^ F x F. Thus we have identifications 

SP^(K,X xY)^K^ xr A*(X x Y) 

= A4K^)xr^r{XxY) 

= {K^ xK^)xr^r{XxY) 

= {K^ xrX) X {K^ XrT) 

= SP^(K,X) X SP^(K,K), 
where we have used the next lemma. 

Lemma 3.12. A,{K^) = x , 

Proof. This can be proved in various ways. Perhaps the slickest proof is to first 
note that A is right adjoint to a. That A* = a* formally follows. Finally, it is 
evident that a*{K^) = x . □ 

It remains, in this section, to discuss how the SP^ construction interacts 
with the homotopy theory of F-spaces. 

Define ttI{X) = colim^^oo 7r*+n(SP'^(5’^, X)). The colimit here arises from 
maps ASF°^ {S^~^ , X) SP^(5’^, X) which themselves are special cases {K = 
and Y = SP^(5^“\X)) of the natural transformation 

K AY ^SF^{K, Y). 

If we define weak equivalences to be maps f : X Y with 7 t^(/) an isomorphism, 
then Bousfield and Friedlander [BF] , following Segal [Se] , showed that the localized 
category T^[weq~^] is equivalent to the homotopy category of connective spectra. 
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Even more, this equivalence is induced by a Quillen equivalence between appropri- 
ate model categories. Schwede [S] modifies the cofibration and fibrations slightly. 
All these authors work with simplicial sets rather than topological spaces, but [S, 
Appendix B] allows for some translation into our setting. 

The upshot is roughly the following. Cofibrations are maps f : X ^ Y where 
Y is obtained from X by successively attaching appropriate sorts of free F-spaces. 
Fibrant objects agree with Segal’s notion of a very special F-space, where X is 
very special means that each map 

(3.1) X(a + b)-^X(a) x X(b) 
is a weak equivalence of spaces, and also 

(3.2) the monoid 7To(A(1)) is a group. 

Proposition 3.13. If K is a C.W. complex, then SP^{K, ) preserves cofibrations 
and acyclic cofibrations. 

Proposition 3.14. If K is a C. W. complex, and X is cofibrant, then the natural 
map 

K AX SP^{K,X) 

is a weak equivalence. 

Proposition 3.15. If K is a C. W. complex, and X is cofibrant and very special, 
then SP^{K,X) is again very special. 

Theorem 3.16. If X is cofibrant and very special, then SP^{ ,X) takes cofibration 
sequences of C. W. complexes to a homotopy fibration sequence. In particular, there 
are weak equivalences of spaces 

x(i) ^nsp^{s\x){i) ^ 

We briefly indicate why the propositions hold. Firstly, under the cofibrancy 
hypotheses, SF^{K, X) will be nicely filtered, and satisfy 

(3.3) FdSP°°{K,X)/Fd-iSP°°{K,X) = As, (X(d)/X,i„g(d)) 

where Xsing{<^) denotes the union of all the images of maps X{c) AT(d) with 
c < d. 

It follows then that K A X{1) SF^{K,X) is a weak equivalence through 
a stable range, and the first two of the propositions easily can be deduced. 

For the next proposition, we note that, if (3.1) holds, then 

is a strict equivalence of F-spaces, where a map is a strict equivalence if evaluating 
on any n yields a weak equivalence of spaces. Then we have equivalences 

SP""(A,X)(a + b) - SF^ {K,Xa^b) ^ SP""(A,X, x X^) 

= SF^{K,Xa)xSF^{K,X,) 

= SP^(A, A)(a) X SP^(A, A)(b), 
showing that SP^(A, X) again satisfies (3.1). 
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For the theorem, see [Se, Prop. 3. 2] and [BF, Lemma 4.3]. It follows that if 
X is cofibrant and very special, then X(l) is canonically weakly equivalent to 
an infinite loop space. Furthermore, for any C.W. complex K, there are weak 
equivalences 

(3.4) F^SP^(K, X)/Fd-iSP°°(K, X) ~ Ae, 

4. Commutative ring spectra 

We now show that the results of the previous sections extend nicely to the world 
of structured ring spectra. 

We work within the category S, the category of iS-modules studied in the 
book [EKMMj. Given K e T and X e S, K A X, and Map(K,X) will 

denote the usual ^-modules^. 

Let Alg be the category of unital, commutative, associative, augmented S- 
algebras. Thus an object in Alg is an 5-module J?, together with multiplication 
fi : RaR ^ unit g : S ^ R and counit e : R ^ S satisfying the usual identities. 
Morphisms preserve all structure. 

This category is enriched over T: given R^Q e Alg, the morphism space 
Map^ig(i?, Q) is based with basepoint R ^ S ^ Q. We also note that the coprod- 
uct in Alg of R and Q is RaQ. 

As observed in [B, §1], results in [EKMM] show that Alg has a topological 
model category structure in which weak equivalences are morphisms that are weak 
equivalences as maps of 5-modules^. 

We have two important sources of examples. 

Example 4.1. If A G Ab, then G Alg. More generally, if X is an Eoo-space 

(e.g., an infinite loop space), then is naturally an object in Alg. (See [M, 

Ex. IV. 1.10] and [EKMM, §11.4].) 

Example 4.2. Given a based space Z, let D{Z^) denote Map(Z4_,5). This is an 
object in Alg: the unit and the counit are respectively induced by > 5^ and 
5^ ^ and the diagonal X : Z Z x Z induces the multiplication 

D{Z+) A D{Z+) D{Z+ A Z+) ^ D{Z+). 

Given R G Alg, we let R^ : T S denote the functor with R^{n) = R^^ 
analogous to Example 3.2. 

Definition 4.3. Given K eT and Re Alg, let SP^(K, R) = Ar R^. 

We will momentarily see that SP'^(A", i^) is again an object in Alg. 

Proofs from §3 extend immediately to prove the next proposition. 



^What we are calling Map(K,X) is Fs{T.^K,X) in [EKMM]. 
®In Basterra’s notation, Alg is denoted Cs/s- 
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Proposition 4.4. There are the following natural identifications. 

( 1 ) SP^{S^,R) = R. 

(2) SP^iKW L,R) ^ SP^{K,R) aSP^{L,R). 

(3) SP^{K,RaQ) = SP^{K,R) ASP^{K,Q). 

A consequence of this proposition is that SF^{K,R) takes values in Alg^ 
with multiplication given by the composite 

SP°^{K, R) A SP°°(K, R) = SP°°{K, RAR) SP°°(ir, R). 

We note that this multiplication agrees with the composite 

SP°°(AT, R) A SP“(/sT, R) = SP°°{K V K, R) SP°°{K, R), 

where V : K \/ K ^ K is the fold map. 

With this structure, all the identifications in the last proposition are as ob- 
jects in Alg^ and we also have the next proposition, whose proof follows from the 
arguments of the last section. 

Proposition 4.5. SP^{K A L, R) = SP^{K, SP^{L, R)). 

Now we check that SF^{K, R) is the categorical tensor product in Alg. The 
following lemmas are easily verified, where we use the following notation: with C 
either T or <S, and X and Y functors from T to C, Map^(A, Y) denotes the space 
of natural transformations from X to Y. 

lemma 4.6. For all K,LeT, Map5^(K>< , ) = MapriK, L). 

Lemma 4.7. For all R,Q £ Alg, Map 5 (iZ^, = Map^ig(i?, Q). 

Proposition 4.8. For all K and R G Alg, SP^{K,R) is naturally isomorphic 
to K ^ R. 

Proof We check that SF^ (K,R) satisfies the universal property of the tensor. 
Given K e T, and R,Q ^ Alg, we have 

Map^ig(SP~(/^, R), Q) = Map^(SP~(i^, R)\Q^) 

= Map5(SP°°(i^,i?^),Q^) 

= Map5(iC' Ar m*{R^), Q^) 

= M&pI { m*{R^), Q'^)) 

= Map^(K^MnpAig(R^,Q)) 

= Map5:(i^^Map^lg(i^,Q)^) 

= Map^(/T, Map^ig(i?, Q)). 

Here m : T x T ^ T is multiplication as in the last section. □ 
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As before, SP^(A, i?) is naturally filtered. Let R/ S denote the cofiber of 
rj : S ^ R. K is di C.W. complex, and ry is a cofibration, then the inclusion 
Fd-iSF'^{K,R) ^ FdSF"^{K,R) will be a cofibration, and there is an isomor- 
phism of 5-modules 

(4.1) FdSP°°{K, R)/Fd-iSP°°{K, R) ~ As, {R/S)^'^. 

5. The reduced model 

It is sometimes useful to replace Alg by a slightly different category. Let Alg 
be the category of nonunital, commutative, associative 5-algebras (the category 
denoted Ms in [B]). Basterra observes that the functor 5V ; Alg' — > Alg^ that 
wedges a unit 5 onto a nonunital algebra, has as right adjoint the augmentation 
ideal functor J : Alg — > Alg , defined by letting J{R) be the fiber oi R M S. 
She then notes that, with a natural topological model category on Alg , these 
adjoint functors form a Quillen pair, and thus induce adjoint equivalences on the 
associated homotopy categories. 

Example 5.1. If Z is a based space, J(D(Z+)) = D{Z). The multiplication on 
D{Z) is induced by the reduced diagonal A : Z Z A Z. 

Our SP^(A, ) construction has a ‘reduced’ analogue in Alg' . 

Definition 5.2. Let S be the category with objects n, forn > 1, and with morphisms 
from n to m equal to all epimorphisms from {1, . . . , n} to {!,..., m}. 

As observed in [Ar] (see also [AK]), a baised space K defines a functor : 
gop q- with K^{n) = Also, J ^ Alg' defines : 5 ^ 5 in the obvious 
way. 

Definition 5.3. Given K G T and J G Alg', let J) = As 

The analogues of all the properties of SP^^ {K, R) proved in the last section 
hold in our setting, with virtually identical proofs. In particular, SP‘^(A, J) is 
again an object in Alg' , and it agrees with the categorical tensor product K J. 

From the above comments, one can formally deduce the following isomor- 
phism in Alg. 

Proposition 5.4. SP^{K, J) V 5 = SP^{K, J V 5). 

Though we will not show this here, this proposition can also be given a direct 
proof, and there are analogues in other contexts. Readers may wish to compare 
this result with observations in [P]. 

As usual, SP‘^(A", J) is filtered: if £d denote the full subcategory of £ with 
objects n forn < d, then we let FdSF"^{K, J) — K^As^J^. If A" is a C.W. complex, 
then the inclusion Fd-iSF^{K, J) ^ FdSF"^{K,J) will be a cofibration, and 
there is an isomorphism of 5-modules 

(5.1) FdSP°°{K, J)/Fd-iSP^iK, J) ~ As, 

We note that the isomorphism of the last proposition is filtration preserving. 
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6. Reinterpretation of Arone’s tower for Mapr(A", X) 

In this section, we let be a finite C.W. complex. 

In [Ar], G. Arone described a model for the Goodwillie tower of the functor 
sending a based space Z to the 5-module Map 7 -(A", Z). Here we show that, if 
Z is a finite complex, his tower arises as the 5-dual of the filtered object K^D{Z) 
of the last section. 

We recall Arone’s construction and some of its properties [Ar]. For more 
detail, see also [AKj. 

Definitions 6.1. Let Z be a based space. 

(i) Let P^{Z) = Map|(K^, Z^), the spectrum of natural transformations from 
E^X^ to E«^Z^. 

(ii) LetP/(Z) = Map|‘‘(i^^Z^). 

(hi) Let Z) : E"^ Mapr(A^, Z) (Z) be the natural transformation that 

sends f : K Z to the natural transformation with component equal to 

^oo • Y^oo j^An ^ ^oo^An 

The spectrum P^ {Z) is the inverse limit of the tower of fibrations 
• . • Pj^,(Z) ^ P/(Z) ^ P/_,(Z) , 

and the fiber is isomorphic to 

the spectrum of E^^-equivariant maps from to E"^Z^^. Because is 

finite, and the Y^d action on this is free away from the basepoint, this fiber is 
naturally homotopy equivalent to the homotopy orbit spectrum 

From this last description one sees that the tower has the form of a Goodwillie 
tower, and also that the connectivity of the fibers goes up if the connectivity of Z 
is greater than the dimension of K. Arone then proves that this is the Goodwillie 
tower of E®^ Mapr(A^, Z) by proving 

Theorem 6.2. [Ar] If the connectivity of Z is greater than the dimension of K , 
then Z) is a homotopy equivalence. 

Now we connect these constructions to KZ>D{Z). In the following defini- 
tions, and the subsequent discussion, we use D{X) to denote the 5-dual of an 
5-module XE 



"^Thus D{X) = Fs{X, S) in the notation of [EKMM], and, if Z is a space, D{12°°Z) is isomorphic 
to D{Z) as 5-modules. 
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Definitions 6.3. Let Z be a based space. 

(i) Let Q{K,Z) : K<^D{Z) L>(Mapr(i^, Z)) be the map in Alg adjoint to 
the composite 

K ^ Ma.pr{M&pT{K,Z),Z) ^ Map^;g,(£»(Z), D(Mapr(/ir, Z)). 

(ii) Let e{K,Z) : Mapr{K, Z) D{K®D{Z)) be the 5-module map ad- 

joint to 0(K, Z). 

(hi) Let a{K,Z) : P^{Z) — > D{K^D{Z)) be the map of cofiltered 5-modules 
defined as follows. Let i : Z^ — > D{D{Z)^) be the natural transformation 
adjoint to D{Z)^ D(Z^). Now let a{K, Z) be the composite induced by i\ 

Map^s{K^,Z^) 4 Ma.p%{K^,D{D{Z)'^)) = Map5(/C^ As L»(Z)^,5). 

A check of the definitions verifies the next lemma. 

Lemma 6.4. There is a commutative diagram 

Mapr(A:, Z) 

P^(Z) ^ D{K®D{Z)) 

Lemma 6.5. a{K^ Z) is a homotopy equivalence if Z is a finite complex. 

Proof. If Z is finite, then i : Z^^ D{D{Z)^^) is an equivalence for all n. Now 

the lemma follows by observing that is a cofibrant 5^^-space, or more simply, 
note that the fibers of the towers will be equivalences, as is a free E^^-complex 
for all d. (This has been noted before; see, e.g., [AK, McC].) □ 

Summarizing, we conclude 

Theorem 6.6. If both K and Z are finite complexes, and the dimension of K is 
less than the connectivity of Z , then 

e{K, Z) : Mapr(K, Z) ^ D{K^D{Z)) 

is a weak equivalence, and thus the algebra map 

e{K, Z) : K^D{Z) D(Mapr(K, Z)) 

can be identified as the map from a spectrum to its double dual. 

We end this section by noting how the homological version of this discussion 
would go. 

Let F be a field, H¥ the associated commutative 5-algebra, and Alg^ the 
category of commutative, nonunital H¥ algebras. Let K J ^ Alg^ denote the 
tensor product of a based space K and an J G As before, one learns that 

K^^J = K^As 

where smash products are taken over H¥. 




A Model for a Space Tensored with a Ring Spectrum 



229 



Now let D^{Z) = Map(Z, ifF), the ifF-module whose homotopy groups are 
the cohomology groups of Z with F-coefficients. In this case, the natural map 
i : iJF A is an equivalence for any space Z with H^{Z; F) of 

finite type. Reasoning as before, from Arone’s theorem one deduces 

Theorem 6.7. If K is a finite complex of dimension less than the connectivity of 
Z, and iJ*(Z;F) is of finite type, then the natural map in Alg^, 

0 : X (g)F Dy{Z) DF(Map7'(A', Z)), 

is an equivalence. 

Remark 6.8. It seems likely that this theorem can be deduced from older conver- 
gence results for the Anderson spectral sequence [An], and then one can run our 
arguments backwords, and deduce Arone’s theorem. The novelty would then be to 
identify the filtration as Arone did. 

7. Topological Hochschild homology and Topological 
Andre-Quillen homology 

Let THH{R; M) denote the Topological Hochschild homology spectrum associated 
to an iS-algebra R and an R-bimodule M (see, e.g., [EKMM, Chap.9j). If R is 
commutative and augmented, then e : R ^ S makes S into an R-bimodule. We 
have 

Proposition 7.1. 0 R = THH{R; S). 

Proof This is a variant of a theorem of J. McClure, R. Schwanzl, and R. Vogt 
[MSVj. They show that if R is a commutative 5-algebra, then THH{R; R) is the 
tensor product of R with with the tensor product in the category of commu- 
tative 5-algebras. In the appendix, we note that if R is also augmented, then this 
would agree with S]_ ^ R e Alg. Thus 

THH{R; R) = Sl^ R. 

Applying ^R to the pushout square in T 

50 



-51, 

yields a pushout square in Alg 



R ^5 



Sl^R 



^ 51 ^ i?. 
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and we conclude that 

S^(S)R^{SI<S)R)ArS = THH{R, R)ArS = THH{R] S). 

□ 



Given K eT and R e Alg, there is a natural map 



K A R-^ K 

and thus 

K A {L0 R) K ^ R) = {K A L) ^ R. 

This map is easily seen to be filtration preserving. 

Specializing to the case when K — and L — yield filtration preserving 

maps 

^ R) ^ R, 

or, equivalently, 



Definition 7.2. Let TAQ{R) = hocolimfi'^^"^ (8) R. 

n— >•00 

M. Mandell has shown the author that this definition agrees with other defi- 
nitions of Topological Andre Quillen Homology in the literature, e.g., [B]. In par- 
ticular TAQ{R) is homotopy equivalent to the cofiber of J{R) A J{R) J{R)^. 

As the next example makes clear, TAQ{R) can be viewed as an ‘infinite 
delooping’ of R. 



Example 7.3. If X is a connective 5-module, TAQ(E'^(fi‘^X)+) X. To see this, 
just recall that 5^8) yields the (n — l)-connected n-fold delooping of an infinite 
loopspace. 

Note that TAQ{R) is filtered with 

FdTAQ{R)/Fd+iTAQ{R) ~ hocolimS-"5"('^) Ae, {R/S)^‘^. 

n—^oo 

As in [AM], let Kd be the unreduced suspension of the classifying space of 
the poset of nontrivial partitions of a set with d elements. 

Lemma 7.4. [AD] There is a T^d-equivariant map 

hocolimE“”5"(^^ ^ SKd 

n— >00 

that is a nonequivariant equivalence. 



The original short proof of this, due to Arone and Mahowald, appears in [K3, 
Appendix] . 

Corollary 7.5. There is a homotopy equivalence 

FdTAQ{R)/Fd+iTAQ(R) ~ {EKd A {R/Sr^)H^,. 



® Strictly speaking, R should be replaced by a fibrant object in Alg and then J{R) replaced by 
a cofibrant object in Alg' . 
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8. Spectral sequences and examples 

Applying homology or cohomology with F-coefficients to our filtered models for 
^ R and TAQ{R) yields highly structured convergent spectral sequences with 
El terms equal to known functors of H^{R;¥). To see why this is true, we note 
that there is an explicit equivariant duality map [AK] 

F(R”,d)+ ^ 5"“^, 

where F{W^,d) is the usual configuration space of d distinct points in Thus 
the homology calculations of [CLM] apply. 

To be more precise, let F)} and AQ{R); F)} respectively 

denote the spectral sequences for computing H*{S^ R; F) and H*{T AQ{R);¥). 
Let ^*(i?;F) denote the reduced cohomology of R, i.e., if*(J(R);F). 

Theorem 8.1. For R G Alg with H^{R;¥) of finite type and bounded either above 
or below, there are natural isomorphisms as follows. 

1. If¥ has characteristic 0, then 

and El’*{TAQ{R); F) = H* {R\ F))). 

2. If¥ has characteristic p, then 

® F; F) = F)))), 

and El’*{TAQ{R)-,¥) = F(EL^(S-iF*(i?;F)))). 

In this theorem, T,^V denotes the d-fold shift of a graded vector space V, 
L is the free Lie algebra functor, Lr is the free restricted Lie algebra functor, 
S* is the free commutative algebra functor^, and IZ and IZn are appropriate free 
Dyer-Lashof operation functors. 

To deduce such calculations from [CLM], note that under the hypotheses on 
R, we have natural weak equivalences of iJF-modules 

As, {R/Sr^^) ~ F(E",d)+ As, (Ff(S"(F/5)))^‘^. 

The homology of the left side for all d yields El'*{S^ ^ R;¥), while computing 
the homology of constructions like the right side is the topic of [CLM, Part III]. 
Taking inverse limits over n then yields El'* {T AQ{R);¥) . 

The author plans to write more about this elsewhere, including a discus- 
sion of how Steenrod operations act if F has finite characteristic, a discussion of 
the first diflFerential, and applications to topological nonrealization results. When 
R = D{S]_), the relevant mod 2 calculations have already been studied by the 
author in [K3]. 

We end with three nontrivial examples. A more detailed discussion of the last 
example, which we find most interesting, will appear in [K4]. 

^One has sign conventions of the usual sort. 
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Example 8.2. If i? = then TAQ{R) ~ 'EHZ; this is a special case of 

Example 7.3. The filtration of TAQ{R) will correspond to the symmetric product 
of spheres filtration of HZ. One way to see this is to first note that [AD, Thm.1.14] 
says that the filtration quotients are correct. For a proof of this result localized 
at 2, one can alternatively cite [K3, Cor. A. 2(2)]. The main theorems of [Kl] and 
[KP], p- local theorems, then combine to say that having correct filtration quotients 
characterizes the filtration integrally. 

In particular, localized at p, the associated graded spectrum is con- 
tractible unless d is a power of p, 

Fpk = T.SP^\S), and F^k/F^k-i = 

Here L{k) is as in [MPj. The boundary maps of the filtration yield the complex of 
spectra 

> EL(2) ^ EL(1) ^ EL(0) idZ(p) 

occurring in the Whitehead conjecture [Kl, KPj. The sequence is exact in homo- 
topy, but zero in mod p homology: indeed, the spectral sequence for computing 
H^{ZHZ\¥jy) = T^A/Af3 collapses at Ei. 

Example 8.3. If = E"^Z/2+, then TAQ{R) iJZ/2. Localized at 2, the as- 
sociated graded spectra are identified in [K3, Cor. A.8.(l)j. In particular, the 
associated graded spectrum is contractible unless d is a power of 2, 

F^k = (5°), and F 2 ./E 2.-1 = E^M(A:). 

Here we recall [MP] that SP^{S^) is defined to be the cofiber of the ‘diagonal’ 
A : ^ and M{k) = L{k) V L{K — 1). As in the previous 

example, the boundary maps of the filtration yield the complex of spectra 

> M(2) -> M(l) M(0) ^ HZ/2 

occurring in the mod 2 Whitehead conjecture [K2j. The sequence is exact in ho- 
motopy, but the spectral sequence for computing H^{HZ/2;¥2) = A collapses at 
El. 

Example 8.4. If P = D{S\), then TAQ{R) ~ E“^idQ. There are various ways 
to see this; in [K4], we will prove that C) P — EPQ V S^. Localized at 2, [K3, 
Thm. 1.6] identifies the associated graded spectra. In particular, the d^^ associated 
graded spectrum is contractible unless d is a power of 2, and 

F2'=/-F2^-i (5°). 

Thus H*{F 2 k /F 2 k-i]¥ 2 ) — E“^A/L/e+i, where Lk is the span of all admissible 
sequences in the Steenrod algebra of length at least k. As will be proved in [K4], 
the boundary maps of the filtration yields a complex of spectra 

. . . ^ E-^SPi{S^) E-^5Pl(5°) ^ 

that is exact in cohomology, and has the following behavior: each map sends the 
bottom class of the cyclic A-module to Sq^ applied to the bottom class of the next 
module. 
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Appendix A. Augmented versus nonaugmented ring spectra 

Let Alg^ be the category of unital commutative 5-algebras, but not necessarily 
augmented. Thus we have forgetful maps 

Alg Alg^ Alg . 

Alg^ is enriched over Tu, the category of unbased topological spaces, so one 
can look for a convenient model ior K ^ R with K E and R G Alg^. In this 
appendix we describe such a model, and compare this to the construction in §4. 

A.l. X (g) R for unital commutative algebras 

Let Su be the category of 5-modules under 5, so an object is an 5-module map 

Definition A.l. Given K and X e Su, let K7\X e Su be the pushout: 

AS ^ S AS = S 



AX ^ KAX. 



It is easy to check 

Lemma A. 2. There is an adjunction 

Map^^ (KAX, Y) = Map^^ (X, Map^^ (X, X)). 

Let Set be the category of finite sets. Given K ^ there is an apparent 
functor — > 7^. Now note that, as it was in Alg, A is the coproduct in 

Alg^^ Then R G Alg^ defines R^ : Set Su- 

Lemma A.3. For all K,L eTu, Mapf^^^(X^ , ) = Map^^(X, L). 

Lemma A.4. For all R,Q E Alg^, Mapf^^(R^, = Map^/^^ (R, Q). 

Definition A.5. Given K e Tu and R G Alg^, let 

SF^{K,R) = K^7\setR^- 

As in §4, the lemmas combine to prove the analogue of Proposition 4.8. 

Proposition A.6. For all K G Tu and R G Alg^, SP^{K^ R) is again in Alg^ and 
is naturally isomorphic to the categorical tensor product K ^ R. 

SF°^{K,R) is filtered in the usual way, and one gets an isomorphism of 5- 
modules 

(A.l) FdSP^iK, R)/Fd-iSP^{K, R) ~ {K+A'^ As, {R/SA- 

We note that is just 5 if d = 0 and X^^/(fat diagonal) if d > 0. 
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A.2. The unbased versus the based construction 

In this subsection, we denote the tensor in Alg by and the tensor in Alg^ by (^u- 
Given R e Alg the product Rx S will be in Alg, with augmentation given 

by projection, and unit S^SxS^RxS. This construction is right adjoint 
to the forgetful functor: 

Lemma A.7. Given Q ^ Alg and R e Alg there is an adjunction 

(<5, i?) = X S). 

Note that, if Q G Alg and R G Alg^, then Map^^^ {Q^R) is based with 
basepoint Q S R. 

Proposition A.8. Given K ^ T , Q ^ Alg, and R G Alg^, there is an adjunction 
isomorphism 

®Q,R) = Ma,-pT-{K,Mnp^ig^{Q, R)). 

Proof. We have natural isomorphisms 

Map^^^^(K 0Q,R) = Msip j^ig{K 0Q,Rx S) = Mdip^{K, Map^^^((5, R x 5)) 

= Mapj-(K, Map^^^^((5, i^)). □ 

Corollary A.9. If Q ^ Alg and L G Ty, then G) Q = L (8)^^ Q. 

Proof. Let K = L+ in the proposition, and note that 

Ma.p-r{L+,M&pj^igJQ,R)) = Ma,py{L,Ma.p^ig^{Q,R)) = Map_4(g JL Q, i?). 

□ 
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Spaces of Multiplicative Maps between 
Highly Structured Ring Spectra 

A. Lazarev 



Abstract. We uncover a somewhat surprising connection between spaces of 
multiplicative maps between Aoo-ring spectra and topological Hochschild co- 
homology. As a consequence we show that such spaces become infinite loop 
spaces after looping only once. We also prove that any multiplicative coho- 
mology operation in complex cobordisms theory MU canonically lifts to an 
Aoo-map MU — > MU. This implies, in particular, that the Brown-Peterson 
spectrum BP splits off MU as an Aoo-ring spectrum. 



1. Introduction 

The main purpose of the present work is to provide a workable method for com- 
puting the homotopy type of spaces of Aoo-maps between ^oo-ring spectra (or 
5-algebras in the terminology of [7]). We make substantial use of the previous 
results by the author in [9] and for the reader’s convenience a brief summary of 
these is given in Section 2. In Section 3 we collect miscellaneous technical re- 
sults concerning function spectra and topological Hochschild cohomology. Some 
of these results are surely known to experts but never have been written down. 
The formula (3) (base change) deserves special mention. While easy to prove it is 
extremely convenient when computing with various spectral sequences. 

Our first main result (Theorem 4.3) essentially states that the mapping space 
between two 5-algebras A and B is determined after taking based loops by the 
spectrum of topological derivations T>er{A, B). Therefore the problem of com- 
puting higher homotopy groups of this mapping space is a problem of stable ho- 
motopy which turns out to be quite amenable, particularly because in many cases 
Der(A, B) can be reduced to THH(A, B), the topological Hochschild cohomology 
of A with values in B. 

The computation of the zeroth homotopy group of the mapping space is, of 
course, a completely different story. We give a simple answer in the special case 
when A is a connective 5-algebra while B is coconnective (that is, with vanishing 
homotopy in positive dimensions). This is Theorem 4.8. 

Even though the problem of computing homotopy classes of 5-algebra maps 
A ^ B is essentially unstable it does lend itself to analysis by methods of obstruc- 
tion theory developed in [9]. Our second main result (Theorem 5.4) demonstrates 
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that any multiplicative cohomology operation in complex cobordism theory MU 
canonically (even uniquely in an appropriate sense) lifts to an 5-algebra self-map 
oi MU. This is used to show that for an 5-algebra E belonging to a fairly large 
class of complex-oriented theories any multiplicative operation MU E lifts to 
an 5-algebra map. Another corollary is that the Brown-Peterson spectrum BP 
splits oS MU localized at p as an 5-algebra. 

The paper is written in the language of 5-modules of [7] and we routinely 
use the results and terminology of the cited reference. 

Notations. In Sections 2 and 3 we work in the category of modules or al- 
gebras over a fixed g-cofibrant commutative 5-algebra R, the smash product A 
and the function spectrum F(— , — ) are always understood as Ar and Fr{—, —). 
In Section 4 we specialize to R — S. The free /^-algebra on an module M is 
denoted by T{M). The space of maps between two i?- algebras A and B is denoted 
by FR-aig{A, B). If A and B are commutative i^-algebras then [A^B]c denotes 
the set of homotopy classes of commutative algebra maps from A to B. If A and 
B are associative algebras then [A^B]a stands for homotopy classes of associa- 
tive algebra maps. For an associative i^-algebra A and two A-modules M and N 
we denote by [M, N]A-mod homotopy classes of A- module maps from M to N. 
Similarly [M, N]A-bimod stands for homotopy classes of bimodule maps. Finally 
we denote by Mult{E,F) the set of multiplicative (up to homotopy) maps be- 
tween ring spectra E and F. To distinguish between strict isomorphisms and weak 
equivalences we will use, as a rule, the symbol for the former and for the 
latter. 

2. Topological derivations and topological singular extension of 
5-algebras 

In this short section we give an overview of some of the author’s results from [9] 
which will be needed later on. 

Let A be a g-cofibrant i?-algebra and M a g-cofibrant A-bimodule. Then the 
i?-module A\J M has the obvious structure of an i^-algebra (‘square- zero extension’ 
of A). Consider the set [A, AV of homotopy classes of i?-algebra maps from 

A to A V M in the category of i?- algebras over A, that is the algebras supplied 
with an algebra map into A. 

Theorem 2.1. There exists an A-himodule Q,a a natural in M isomorphism 
[A, A V M]a/A — ^]A-bimod 

where the right-hand side denotes the homotopy classes of maps in the category of 
A-bimodules. 

Remark 2.2. Sometimes we will need a refinement of the above theorem which 
is formulated as follows. Let B be an R-algebra over A, i.e., there exists a fixed 
R- algebra map B ^ A. Then there is a natural isomorphism 

[A, B V M]ajB — Aj 5 Qb Ab a, M]A-bimod- 
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Furthermore an A-himodule M can be considered as a B-himodule and we have 

[B, B V M]a/B — J^]B-bimod — ^B ^B Ab A, M]A-bimod — [B^AW M]a/A- 

The isomorphism [B,B V = [B,A V M]a/A used without explicit 

mention later on in this paper. 

Definition 2.3. The topological derivations R-module of A with values in M is 
the function R-module Faaa°p{^At denote it by Der/^(^,M) and its ith 

homotopy group by Derff{A,M). 

The A-bimodule Qa is constructed as the g^-cofibrant approximation of the 
homotopy fibre of the multiplication map A A A A. There exists the following 
homotopy fibre sequence of modules: 

THHi?(A, M)^M ^ F>evR{A, M). (1) 

Here THH/^(A, M) is the topological Hochschild cohomology spectrum of A with 
values in M: 

TUIIr{A,M) :^Faaaop{A,M) 
where A is the ^-cofibrant replacement of A as an yl-bimodule. 

We will also have a chance to use topological Hochschild homology spectrum 
M) := AAaaa^p If the R- algebra A is commutative and the left and 
right A-module structures on M agree then both THH^(t4, M) and M) 

are ^4-modules and there is a weak equivalence of ^4-modules 

TnUR{A,M) ^ FA{Tim^{A,M),A). 

Furthermore in this case the sequence (1) splits giving a canonical weak equivalence 
THHh(A, M) - E-iDeri^(A, M) V M. 

Suppose we are given a topological derivation d : A AW M. Consider the 
following homotopy pullback diagram of R- algebras 

X ^ A 

A ^AWM 

Here the rightmost downward arrow is the canonical inclusion of a retract. Then 
we have the following homotopy fibre sequence of R- modules: 

S-iM (2) 

Definition 2.4. The homotopy fibre sequence (2) is called the topological singular 
extension associated with the derivation d : A ^ A\/ M . 

Theorem 2.5. Let ^ X A be a singular extension of R- algebras associ- 

ated with a derivation d : A ^ A\/ M and f : B ^ A a map of R-algebras. Then 
f lifts to an R-algebra map B ^ X iff a certain element in Der^(H,M) is zero. 
Assuming that a lifting exists the homotopy fibre of the map 

FR.alg{B,X)^FR.alg{B,A) 
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over the point f G Fji-aig{B^ A) is weakly equivalent to E ^M), the 

0th space of the spectrum Der r{B^ 

Theorem 2.6. Assume that R is connective and A is a connective R- algebra. Then 
the Postnikov tower of A 

Aq = HtTqA ■< Ai ■< • • • An ■< ’ 

is a tower of R-algebras. Moreover the homotopy fibre sequences 
An ^ ^ 

are topological singular extensions. 



3. Base change and topological derivations of supplemented 
i?-algebras 

In this section we discuss topological Hochschild cohomology and topological 
derivations of supplemented i?-algebras and the behavior of the forgetful map 
I in the hypercohomology spectral sequence. This material is largely parallel to 
[9], Section 9 and so most of the proofs will be omitted. 

We’ll start with some general lemmas. 

Lemma 3.1. Let A, B, C be R-algebras and M , N , L be an AAB-module, an C A 
A^^ -module and a C AB-module respectively. Then there is a natural isomorphism 
of R-modules: 

Faab{M, Fc{N, L)) ^ Fcab{N Aa M, L). 

Proof. Let us first check the above equivalences ^oT M = A A B A M and N = 
C A A^P A N. We have: 

Faab{M, Fc{N, L)) ^ Faab{A ABaM, Fc{C A A^p A TV, L)) 

^ F{M,F{A^P AN,L)) 

^F{M A A^P AN, L). 

Likewise, 

Fcab{N Aa M, L) ^ Fcab{C A A^p A N Aa A A B A M ,L) 

^ F{A^P AN AM,L). 

Observe that the above isomorphisms are natural in M and N that is, with respect 
to arbitrary maps of A A B modules A A B A M\ A A B A M 2 and of C A A^P- 
modules C A A^p A Ni C A A^p A N 2 (not only those coming from Mi — ^ M 2 
and Ni ^ N 2 ). To obtain the general case it suffices to notice that for any M and 
N there exist standard split coequalizers of i?-modules 

{A A ^ AaBaM 
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and 

{C A A N C A A^P AN ^ N . 

With this Lemma 3.1 is proved. □ 

Now let C = N' be an A-bimodule via an R-algebra map f : A ^ C. Then 
the C A H-module L acquires a structure of an A A ^-module via the map 

fAid 

AaB AB . 

Furthermore simple diagram chase shows that the isomorphism Fc{C,L) = L is 
in fact an isomorphism of A A H-modules. This gives the following 

Corollary 3.2. There exists the following natural isomorphism of R-modules: 

Fcab{C Aa M, L) ^ Faab{M, Fc{C, L)) ^ Faab{M, L). (3) 

We will refer to the isomorphism (3) as base change. Related formulae are 
found in [7], III. 6. 

Corollary 3.3. If an R-algehra B is an A-bimodule via a q-cofibration of R- algebras 
A ^ B, then TH.'Hr{A, B) ^ Fbaa°p{B, B) where B is the q-cofibrant approx- 
imation of the B A A'^P -module B. In particular, T1 tIH.r{A, B) is an R-algebra 
under the composition product. 

Proof. Denoting by A the g-cofibrant approximation of the A-bimodule A we have 
the following isomorphisms of R-modules: 

TmiR{A,B)^FAAAop{A,B) 

— Fraa^p {F Aa a, B). 

The B A A^^^-module B Aa A = B A A^p Aaaa°p A is a g-cofibrant B A A^^^-module 
because the functor ? ^ B A A°p A aaa^p^- preserves g-cofibrant modules. Therefore 
Fbaa^p{B a a a, B) represents derived function B A A^^-module and is equivalent 
Fbaa°p{b, B). n 

We now discuss topological Hochschild cohomology and derivations of sup- 
plemented R-algebras. Let A be a g-cofibrant R-algebra. We say that A is sup- 
plemented if it is supplied with an R-algebra morphism e : A — > R which we will 
assume to be a g-cofibration of R-algebras. Denote by the homotopy fibre of 
the map R A A — > R that determines the structure of a right A- module on R. 
We will assume without loss of generality that is a g-cofibrant right A-module. 
Recall that the module of differentials Qa for A is defined from the homotopy fibre 
sequence 

Qa ^ A A A ^ A 

where the second arrow is the multiplication map. Smashing this fibre sequence 
on the left with R over A we get the fibre sequence 

B Aa^a^ B AA-^ B. 
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That shows that is weakly equivalent to B Aa as a 5 A A-module. Further, 
base change gives a weak equivalence 

FbaA°p (QlB) — FbaA°p {B Aa ^A^ B) FaaA°p B) — DeFi^(A, B). 

Recall from [9] that there is a ‘universal derivation’ d : A CIa which is 
defined as the composite map 

AwQa^^a 

where the first map is the map of algebras over A adjoint to the identity map 
Qa ^A and the second map is the projection. The universal derivation allows 
one to define the forgetful map I : Der/^(A, B) F{A, B) as the composite map 

Der^(A, B) ^ Faaaop B) ^ F{^a.B) F(A, B) 

where the last map is induced by d. In terms of the forgetful map I admits 
the following description. The fibre sequence B A A B splits via the map 

B = Bar BaAso there is a weak equivalence of modules ^A A ~ BwQ,^. 
Denote by d : A ^ the following composite map 

A B A ^ ~ S V Of ^ Of 

the last arrow being the projection onto the wedge summand. Then I coincides 
with the following composition: 

Dern(A,B) = fsAA-(Of,B) ^F{Q^,B) ^F{A,B) 

the first arrow being the forgetful map and the second one is induced by d. 

Next we discuss the behavior of the forgetful map I in the hypercohomology 
spectral sequence. To do this we need to review algebraic Hochschild cohomology 
for supplemented algebras. The exposition will be somewhat sketchy since it is 
parallel to [9], Section 9. 

Definition 3.4. Let A^ be a graded algebra over a graded commutative algebra 
supplied with an R^- algebra map e : A^ B^ (supplementation) . Then algebraic 
Hochschild cohomology of A* with coefficients in B^ is defined as 

where (g)^ denotes the derived tensor product 

Remark 3.5. If A^ is flat as an R^-module, then this definition is equivalent to the 
standard one found in, e.g., [5] 

We also have a generalization of the standard complex which computes 
Hochschild cohomology. Let A* be a differential graded supplemented R^c-algebra 
which is quasiisomorphic to A* and R* -projective. Denote by e : A^< ^ its 
supplementation. Consider the bar-resolution of the right A^^-module B^ ] here and 
later on (g) stands for 



B. 



B^ (g A 



R* (g A,, (g A: 



(4) 
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with the usual bar differential 

d{b (g) a~i 0 . . . 0 CLn) = =t6c(ai) (g a2 . . . 0 Un 

+ E±6(gaig)...(g aihi-^i g) . . . g) dn- 

We do not specify the signs in this well-known formula, see, e.g., [11], Chapter 
X. This is actually a bicomplex since A is a differential graded algebra. Applying 
the functor B^) to (4) we get the standard Hochschild cohomology 

(bi)complex 

Now define the module of differentials from the following short exact sequence 

0 ^ ^ S* ® i* ^ B, ^ 0 . 

Clearly is quasiisomorphic as a complex of right ^*-modules to the truncated 
bar-resolution: 

B, g) if 2 ^ ^ ^ (5) 

The universal derivation d : is induced by the map i* B^ ^ 

d — > 1 g) d — e(d) g) 1. If we take the complex (5) as a model for then the 
universal derivation d is a map of complexes 

d : A {B. ^ if 2 ^ 0 if 3 ^ } 

where i is considered to be a complex concentrated in degree 0 and d(d) = — 1 g 
d g 1. 

Further define algebraic derivations of with coefficients in B^ as 
Der},^{A,,B^) = B^). 

Then the (truncated) standard resolution (5) provides a (bi)complex for computing 
Der}^^{A^, R^.): 

C*{A„B,) : Hom{A,,B,) ^Hom{Af^,B,) • 

(This is indeed a bicomplex, the additional differential being induced from the 
internal differential in A^.) As in the topological case the universal derivation 
determines the forgetful map 

laig • Ber (A* , B^) — Ext , BA ^ Horn* [A ^ , BA- 



Then we have the obvious 
Proposition 3.6. The forgetful map 

Der]^^ (A* , ) -^ Hom^ (A* , ) - Ext}^^ (A, , B , ) 

is induced by the projection C*{A^^BA Horn* {A^, BA times (— 1 ). 
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Returning to our topological situation we have the following result which is 
analogous to Proposition 9.3 in [9]: 

Proposition 3.7. Let A, B be R- algebras, A ^ B is an R- algebra map. Suppose 
that the Kunneth spectral sequence for 7 t^{B A A^^) collapses and there is a ring 
isomorphism 

TT.iB A A'^P) ^ B, A°P. 

Then there are the following spectral sequences 

= Der*j,^{A.,B,) = ^ Der*{A,B)- 

^Ext*ji^{A^,B^) ^ [A,B]*. 

Furthermore, the forgetful map I : Der*{A, B) [A,B]* induces a map of spectral 
sequences which on the level of E 2 - terms gives the forgetful map 

laig := Der*j^^{A^,B^) ^ Ext*j^^{A^,B^). 

4. Mappings spaces via derivations 

In this section we show that for two i^-algebras A and B the higher homotopy 
groups of the space Fji-aig{A, B) can be reduced to the computation of certain 
topological derivations. This is important because in many cases topological deriva- 
tions can be further reduced to topological Hochschild cohomology which is an 
essentially stable object, so that one could apply standard methods of homological 
algebra for computation. As usual, we assume that A is a g-cofibrant i?-algebra. 

Now consider the module AvE~^A, d>0. It can be supplied canonically 
with the structure of an iJ-algebra over A so that Ti~^A is a ‘square-zero ideal’. 
Denote this i?- algebra by Ad- 

Let us also introduce the algebra A{d) := A^ , the cotensor of A and the 
d-sphere 5^. Then A{d) = FiTlT,"^ Sf, A) as an R-module (here R stands for the 
free i?- module functor. The structure of an i^- algebra on A{d) is induced by the R- 
algebra structure on A and the topological diagonal ^ x S^. The coefficient 
rings of A{d) and Ad are both isomorphic to the exterior algebra A^* {y) where y 
has degree —d. There is also a weak equivalence of i?- modules: 

A{d)-Av^-^A^Ad. 

Notice that both A{d) and Ad are i?-algebras over A, that is there exist maps of 
i?-algebras A(d) A and Ad A. (The first map is induced by choosing a base 
point in the second map is the canonical projection.) 

Theorem 4.1. The R- algebras A{d) and Ad are weakly equivalent in the category 
of R- algebras. 

Proof. First consider the case A — R. Since R is an i?(d)-module it makes sense 
to consider self-maps of R in the category of i?(d)-modules. Notice that R{d) is 
actually a commutative i^-algebra so we need not distinguish between left and 
right i^(d)-modules. 
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Lemma 4.2. 

T^*FR(d){R,R) = R*[[^]] 

where the element x has degree d — 1. 

Proof. Assume first that R = S, the sphere spectrum. We need this special case 
because the connectiveness of S will be used. If R is connective this step could be 
skipped. Consider the spectral sequence 

e;* = 

= R*[[^]] T^*Fs{d){S,S). 

Here the element x has degree d — 1. This spectral sequence collapses for dimen- 
sional reasons. By Boardman’s criterion [3] it converges strongly to its target which 
is complete with respect to the (cobar) filtration. Since this filtration coincides with 
the x-adic filtration on the associated graded 5:^ -module we conclude that 

7T,Esid){S,S) = SM- 

Notice that the fact that S is connective was used to show the collapse of our 
spectral sequence. For instance if d = 1 the elements x^ are located along the line 
of slope 1 and the whole spectral sequence E 2 * lies above it. 

Now let R be an arbitrary commutative 5-algebra. Consider the spectral 
sequence 

= ^ T^*FR(d){R,R) 

and notice that the unit map S ^ R determines the map of spectral sequences 
E 2 * 'E 2 * taking x to x. It follows that 'E'l* collapses proving our claim. □ 

Let us now return to the proof of the theorem; recall that we are still handling 
the special case A = R. Consider the set of maps R{d) Rd in the homotopy 
category of R- algebras over R. By Theorem 2.1 this set is an abelian group of 
topological derivations of R{d) with values in Ti~^R. Since R{d) is a commutative 
R-algebra there is a canonical splitting 

THH*ji{R{d),R) RV Der*-\R{d),R). 

So the computation of Derf^{R{d)^ R) reduces to the computation of topological 
Hochschild cohomology i?). Further Corollary 3.3 provides an iso- 

morphism 

THH*R{Rid),R)^FR^a){R,R). 

It follows from Lemma 4.2 that the spectral sequence 

El^ =DerR,{R{d),,Rd 

— ^ Derji{R{d), R) 
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collapses and 

Der*,^\R{d),R) = R,[[x]]/R^. 

Further, 

[R{d), R]* = R,® = Ar,{z) 

where the symbol z has degree d (of course, we do not claim the existence of 
any multiplicative structure). The element 2 maps the wedge summand 'E~^R of 
the i?-module R{d) isomorphically to and the other wedge summand maps 

to zero. It follows from Proposition 3.7 that the image of x G Der* (R{d)^ R) in 
[R{d)^R]* under the forgetful map is 2 : (up to an invertible factor). 

In other words we proved that there exists a topological derivation of R{d) 
with values in R, that is a map in the homotopy category of i^-algebras over R 

R{d) ^ Rd (6) 

such that the wedge summand 'L~'^R of R{d) maps isomorphically onto the cor- 
responding wedge summand of Rd. Therefore the map (6) is a weak equivalence 
of i?- algebras and our theorem is proved (in the special case A = R). To get the 
general case consider the canonical map 

R{d) AA = i?) A A ^ A) = A{d). (7) 

Since A is a g-cofibrant i?-algebra the point-set level smash product 
F(RE®^5^,i^) A A represents the derived smash product. Further (7) is a weak 
equivalence since is a finite cell /^-module and diagram chase shows that 

this is an i?-algebra map. So we have the following equivalences of i^-algebras; 

Ad = Rd^A:^ R{d) A A ~ A{d). 

With this Theorem 4.1 is proved. □ 

Now suppose that we have another i?-algebra B and a map f : A ^ B of R- 
algebras. Then the pair {FR-aig{^, B), f) is a pointed topological space. This space 
turns out to be closely related to DevR{A, B). We have the following theorem: 

Theorem 4.3. For a q-cofibrant algebra A and a map of R-algebras f : A B 
the space of d-fold loops Q"^{FR-aig{A, B), f) is weakly equivalent to the space 
fI^Deri^(A,E"^R). 

Proof For two topological spaces X and Y we will denote the space of maps be- 
tween them by T (A, T) {% (A, Y) in the pointed case). Then we have the following 
commutative diagram of spaces where both rows are homotopy fibre sequences: 

%{S^,FR_alg{A,B)) ^T{S^,FR.alg{A,B)) ^ FR-alg{A, B) . 



? ^ FR-alg{A, B^") ^ FR-alg{A, B) 

Here the horizontal rightmost arrows are both induced by the inclusion of the base 
point into S^. Since the right and the middle vertical arrows are weak equivalences 
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(even isomorphisms) it follows that the map %{S^ , Map{A, B)) is a weak 
equivalence. But Theorem 4.1 tells us that the R-algebra is weakly equivalent 
as an R-algebra to H V In other words the term ? is weakly equivalent to 

the topological space of maps A ^ B V J]~^B which specialize to the given map 
/ when composed with the projection B V Tj~^B B . Therefore ? is weakly 
equivalent to ^^Y>er B) and our theorem is proved. □ 

Corollary 4.4. For a q-cofibrant algebra A and a map of R-algebras f : A B 
there is a bijection between sets 7Td{FR-aig{A, B), f) and Derff^{A^B) for d>l. 
If d > 2 then this bijection is an isomorphism of abelian groups. 

Remark 4.5. One might wonder whether Theorem 4.3 remains true in the context 
of commutative S -algebras. The answer is no. The crucial point is the weak equiv- 
alence of S- algebras S V S~^ and . It is clear that ttqS A^vs-i S is the divided 
power ring. However N. Kuhn and M. Mandell proved that ttqS' S is the ring 
of numeric polynomials. Therefore S V S~^ and cannot be weakly equivalent 
as commutative S -algebras. 

We see, that the space Fji-aig{A, B) when looped only once becomes an 
infinite loop space. This is somewhat surprising since FR^aig{A, B) is hardly ever 
an infinite loop space itself. In particular the set of connected components of 
FR-aig{A,B) does not have to be a group, let alone an abelian group. Therefore 
the connection between 7ToFR-aig{A, B) and Der^{A,B) (provided the latter is 
defined) may be rather weak. For instance the set of homotopy classes of Aoo self- 
maps of the p-completed R"-theory spectrum is the multiplicative group of p-adic 
integers whereas the corresponding topological derivations spectrum can be proved 
to be contractible. A generalization of this example is discussed in author’s work 
[10]. However there is some evidence for the following 

Conjecture 4.6. For an R-algebra map f : A B the connected component of f in 
FR-aig{A^ B) is weakly equivalent to the connected component of r[A^ B) . 

In particular it is an infinite loop space. 

To see why this conjecture has a chance of being true notice that the White- 
head products in the homotopy groups of FR-aig{A, B) determine via Theorem 
4.3 various brackets in Der"^{A,B) and, for commutative A and B - also in 
THH"^{A,B). No such brackets have been recorded so far and it seems likely 
that they should all vanish. This suggests that the connected component of / in 
FR-aig{A^ B) is an iiT-space. 

There is another interesting question raised by Theorem 4.3. In a recent 
work [12] J. McClure and J. Smith introduced the Gerstenhaber bracket on 
THHi^(A,A). Their work probably implies the existence of the bracket on 
Deri^(A, A). This is surely the case if A is commutative since then Der r{A, A) 
splits off THHi^(A, A) as a wedge summand. Then via Theorem 4.3 a Poisson 
bracket is defined on 7r^FR-aig{A, A) for * > 0. 
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Conjecture 4.7. The bracket described above agrees with the Whitehead product on 
BFR-aig{A^ A), the classifying space of the monoid FR-aig{A, A). 

We see that the problem of computing 7ToFR-aig{A, B) differs sharply from 
computing higher homotopy groups. This problem is usually much harder, being 
essentially nonabelian. However there is one case when it is possible to give a 
complete general answer. 

Theorem 4.8. Assuming that R is connective let A be a connective q-cofibrant 
R-algebra, and B a coconnective R-algebra (i.e., ttiB = 0 for i > 0). Then any 
ttqR- algebra map ttqA — > ttqB lifts to a unique R-algebra map A ^ B so that 
the forgetful map [A^B]a Homj^QR-aig{7roA,7ToB) is bijective. Moreover the 
topological space FR^aig{A^B) is homotopically discrete, i.e., 7TiFR^aig{A, B) = 0 
for i > 0. 

Similarly if A and B are both commutative R- algebras, where B is cocon- 
nective and A is q-cofibrant and connective then the forgetful map [A,B]c — > 
Hoi7ijrQR-aig{'^oA,7roB) is bijcctivc and the space of commutative R-algebra maps 
from A to B is homotopically discrete. 

Proof. We will deal only with the associative case, the commutative one being 
completely analogous. Picking a system of generators and relations for the ttqR- 
algebra ttqA we construct the following pushout diagram in the category of R- 
algebras: 

nUjR) — ^R- (8) 

nUiR ) — -^0 

Here the sets I and J run respectively through the systems of generators and 
relations in ttq A. There is a canonical i?-algebra map from A^ to A that induces an 
isomorphism on zeroth homotopy group. The /^-algebra A^ is the zeroth skeleton 
of A in the category of i?- algebras and (the CW-approximation of) A is obtained 
from A^ by attaching i?-algebra cells in higher dimensions. Then induction up 
the CW-filtration of A shows that the map A^ — > A induces a weak equivalence 

FR.alg{A,B)c^FR.alg{A^.B). 

Further applying the functor FR-aig{^^ B) to the diagram (8) we get the 
following homotopy pullback of topological spaces: 

Yij^oB ^pt 

Y 

n.TToH ^FR.alg{A^.B) 



It follows that the space FR-aig{A^ , B) is homotopically discrete with the set of 
connected components being equal to HomT^QR-aig{'^oA,7ToB). □ 
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Now let k be an associative ring. Recall that according to [7], Proposition 
IV. 3.1 the Eilenberg-MacLane spectrum Hk admits a structure of an 5-algebra 
or a commutative 5-algebra if k is commutative. Theorem 4.8 shows that this 
structure is unique up to a weak equivalence of 5-algebras or commutative 5- 
algebras. We also have the following evident corollary which will be used in the 
next section. 

Corollary 4.9. Let A be either a connective q-cofibrant S-algebra or a connective 
commutative S-algebra. Then the topological space of S-algebra maps (or commu- 
tative S-algebra maps) from A to HttqA is homotopically discrete and 

'^0^S — alg(^A^ HtTqA^ — End^ingsi'^oA^ . 



5. Spaces of multiplicative self-maps of MU 

In this section we study the homotopy groups of >loo-niaps from the complex 
cobordism spectrum MU into itself. Our main result here is that any homotopy 
multiplicative operation MU MU lifts canonically to an 5-algebra map. We 
also calculate completely higher homotopy groups of 5- algebra maps out oi MU 
into an arbitrary Mf/-algebra E. In this section we work with various homotopy 
categories and so smash products and function spectra are understood in the 
derived sense. 

Before we state our main theorem we need to introduce the notion of Q- 
commutative 5-algebras and Q-preferred 5-algebra maps. 

Definition 5.1. Let A be an S-algebra and denote by Aq its rationalization. We 
say that A is commutative if the Aq is weakly equivalent as an S-algebra to a 
commutative S-algebra. 

Remark 5.2. Later on all Q-commutative S -algebras which we encounter will in 
fact be commutative. Notice, however, that it is not always the case. Denote by 
S[xi] the free S-algebra on the S -module 5|% the cell approximation of the 2i- 
dimensional sphere. Then clearly 5Q[xi] is weakly equivalent to the free commuta- 
tive S-algebra on Sq . Therefore S[xi] is a Q-commutative S-algebra which is not 
commutative unless i = 0. 

Consider two Q-commutative 5-algebras and Bq. We have the following 
maps: 

k : [Aq, Bq]c ^ [Aq, Bq]a ^ [A, B]a : q . 

Here k is the forgetful map and q is induced by rationalization. 

Definition 5.3. A map f G [A,B]a is called Q-preferred if q{f) G [AQ,HQ]a is 
in the image of k. Similarly for an A-bimodule M which is Q-symmetric (that 
is, the square- zero extension AwMis Q-commutative) an S-algebra derivation 
d : A ^ Ay M is called Q-preferred if d is Q-preferred as an S-algebra map. 
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In other words a map of S'-algebras (or a topological derivation) is Q-preferred 
if it lifts to a map (to a derivation) of commutative S'-algebras after rationalization. 

Theorem 5.4. The forgetful map of monoids 

[MU, MU]a ^ Mult{MU, MU) 

admits a unique section whose image consists of Q-preferred S -algebra maps. 

The proof will be given below after a succession of lemmas. 

Remark 5.5. The set Mult{MU, MU) is relatively well understood. One can de- 
scribe it for example as the set of all MU^-algebra maps 

MU. MU = MU.[tiM . . . .] ^ MU. . 

Our next result is the computation of topological Hochschild cohomology of 
MU with coefficients in an Mf/-algebra E. Since there is a canonical splitting of 
spectra 

TUUs{MU, E)-EV ^-^Bers{MU, E) 
the combination of this result with Corollary 4.4 gives a complete calculation of 
higher homotopy groups of the based space Es-aig{MU, E). 

Proposition 5.6. For an MU -algebra E considered as an MU -bimodule the follow- 
ing isomorphism holds 

THH*s(MU,E)^AEAyuy2.^^^) 

where the hat denotes the completed exterior algebra and the exterior generator yi 
has cohomological degree 2i ~ 1. 

Proof. Consider the topological Hochschild homology iS-module of MU with co- 
efficients in E, 

THH^ {MU, E) := MU Amuamu E = MU Amuamu MU Amu E. 

We have the spectral sequence of M/7 >k- algebras 

= MU, ® A(yi, ya, .■■)=> {MU, MU). 

Since the differentials applied to the exterior generators yi are trivial for dimen- 
sional reasons we conclude that it collapses. It follows that 

{MU, E) = {MU, MU) ®mu. E, 

= E, ®A{yi,y 2 ,...). 

Now the result for topological Hochschild cohomology follows by virtue of the 
universal coefficients formula and the isomorphism 

Tmis{MU,E) ^ EE{Tim^{MU,E),E). 

Proposition (5.6) is proved. □ 
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Recall that we are using the notation 5 q[x^] for the free commutative S- 
algebra on the 5-module Sq, the rationalized 2i-sphere 5-module. The coefficient 
ring of Sqlxi] is isomorphic to Q[x^] where the polynomial generator Xi has degree 
2i. Further denote the infinite smash power 5 q[xi]^"^ by 5 q[xi,X2, . . •]. 

Lemma 5.7. There is a weak equivalence of commutative S-algebras 

5q[xi,X2, . . .] ^ MUq . 

Proof. The polynomial generators Xi of the ring MUq^ = Q[xi, X 2 , . . .] determine 
a collection of maps 5 q — > MUq and therefore a map of commutative algebras 
5 q[xi]^^ MUq which is clearly a weak equivalence. □ 

Definition 5.8. Let E be a ring spectrum (in the traditional up to homotopy sense) 
with multiplication m : E A E ^ E and M an E -bimodule spectrum with the left 
action mi : E A M M and the right action mr : M A E ^ M . We say that a 
map f : E ^ M is a primitive operation if f om and mr o (/ A id) + m/ o [id A f) 
are homotopic as maps from E A E to M . The set of all primitive operation from 
E to M is denoted by Prim{E, M) 

Remark 5.9. Perhaps it is more natural to use the term ^derivation’ instead of 
‘primitive operation’ but this term is already overworked in this paper. 

The next lemma provides a description of topological derivations oi MU with 
coefficients in idZ, the integral Eilenberg-MacLane spectrum. 

Lemma 5.10. There is the following isomorphism of graded abelian groups: 
Der*s{MU, HZ) ^ A*~\yi,y2 ■ ■ .)/Z. 

Under the forgetful map 

I : Derl{MU,HZ) ^ [MU,HZY = Hom{Z[tiU2 . . . .],Z) 

the elements yi G Der‘^g~‘^{MU, HZ) correspond to the derivations dt^ evaluated 
at 0. Moreover the elements yi are Q-preferred topological derivations. 

Proof. We have the spectral sequence 

Der*{HZ,MU,Z) = A*-\yi,y 2 . ■ .)/Z 

^ Der*fj 2 {HZ A MU, HZ) = Der*s{MU, HZ). 

This spectral sequence clearly collapses. Next using Proposition 3.7 we see that 
the image of the element yi under the forgetful map I in the group 

[HZ A MU, HZ^HZ-mod = HZy = Hom\Z[hM , . . .], Z) 

is precisely the algebraic derivation . evaluated at 0 (up to elements of higher 
filtration). Since this image is contained in the subgroup of primitive operations 
MU HZ none of these elements of higher filtration are present. 

To see that pi are Q-preferred derivations let us introduce the notation 
CDer*{MUq, HQ) to denote topological derivations of MUq with values in HQ ~ 
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Sq in the category of commutative 5-algebras. (These commutative derivations are 
also known as topological Andre- Quillen cohomology, cf. [2].) Then since MUq is 
a free commutative 5-algebra we see immediately that 

CDer* {MUq, HQ) = Der* {MUq , , Q) = Q . . . ) 

the right-hand side being the set of derivations (in the usual algebraic sense) of the 
algebra MUq^ with values in the rational numbers. Here we denoted by the 
standard derivation dxi of the ring MUq = X 2 , . • .] composed with evaluation 

at zero. 

On the other hand Derg{MUq, HQ) = Aq“^(2/i, ?/2 • • -)/Q- We need to prove 
therefore that the forgetful map 

CDeU{MUq,HQ) ^ Der* (M^/q, LTQ) 



sends the elements Bx^ to yi. 

Since the commutative 5-algebra HQ[xi] Sq[xi] is free as a commutative 
5-algebra as well as an (associative) 5-algebra it follows that 

CDeU{Hq[x^],HQ) = Der*(Q[x,], Q) =Q{Bx,) . 

There is a unique map of commutative 5-algebras MUq HQ[xi] which corre- 
sponds to quotienting out the ideal (xi , X 2 , . . . , , . . .) in the coefHcient 

ring of MUq. We have the following commutative diagram: 



CDeU{HQ[x^lHQ)-^ 



Der* 



CDer* {MUq, HQ) ^ Der*s(MUq, HQ) 



from which it is clear that the image of dx^ in Der* {MUq, HQ) is and the 
lemma is proved. □ 



Corollary 5.11. The set of Q-pref erred derivations of MU with values in HZ maps 
bijectively onto the set of primitive cohomology operations MU ^ HZ under the 
forgetful map Der*g{MU,HZ) [MU, HZ]*. 

Lemma 5.12. Let A be an S -algebra and B a commutative S -algebra. Suppose 
that B has a structure of an A-bimodule via a map of S -algebras A B. Then 
THH 5 (A, B) has a structure of a B -bimodule and there is a canonical splitting of 
B-bimodules THH 5 '(A, B) B W E“^Der 5 (A, B). 

Proof. Consider the following sequence of 5-algebra maps: 

B—^Tims{B,B) — Fbab^p{B, B) — > Fbaa^p {B,B)^THUs{A,B). 

The first map exists because B is commutative, the middle map is induced by the 
5-algebra map A B and the last equivalence is Corollary 3.3. The composite 
map B THH.s{A,B) supplies TllH.s{A,B) with a structure of a D-bimodule 
and splits the canonical map THH 5 (A, B) B. □ 
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Let us introduce the notation MUn for the nth Postnikov stage of MU. Then 
MUn is an S'-algebra (even a commutative 5-algebra). 

Lemma 5.13. There is the following weak equivalence of MUn^ -modules: 

THH*s{MU, MUn) = (yi , 2/2, - ■ ■) 

where MUn 'Is considered as an MU -bimodule via any (not necessarily central) 
map of S- algebras f : MU MUn- 

Proof. Since MUn is a commutative 5-algebra the multiplication map 

MUn A MUn MUn 
is an 5-algebra map. Therefore the composition 

MU A MUn MUn A MUn MUn 
is also an 5-algebra map. This gives the following weak equivalence of 5-modules: 

THH5(M/7, MUn) = FmUAMU^ {MUn, MUn) 

— FMUy^{MUn ^MUAMUrr MUn, MUn)- 
Therefore it is enough to show that 

TT^MUn ^MUAMUrt MUn = (^1 5 ^2 • • •)• 

(The exterior generators yi G THHg{MU, MUn) will be dual to yi.) 

Consider the spectral sequence 

Tar^v-^Un{MUn.,MUn.) = P^MU^.{yuV2, ■ ■ ■) ^ AMC/AMf/„ MUn (9) 

This spectral sequence is not multiplicative since the map f : MU ^ MUn may 
not be central. However it is a spectral sequence of M (7 ^ hc - modules. 

Let us introduce another spectral sequence 

Tor^^^-^^{MU,,MU,) = AMU,iyum,---)^T^*MUAMUAMuMU. (10) 

Then the map f : MU MUn induces a map of spectral sequences (10) ^(9). 
Further the spectral sequence (10) is multiplicative and collapses for that reason. 
Therefore in (9) all elements of the form A y'l^ A .. . y~i^ are permanent cycles 
and it follows that (9) collapses. Lemma 5.13 is proved. □ 

Suppose as before that we have an Mf/-bimodule structure on MUn+i via 
some 5-algebra map / : MU M/7n+i- Composing / with the canonical map in 
the Postnikov tower pn - MUn we get an M[/-bimodule structure on 

MUn also. Then we have the following 

Corollary 5.14. The induced map Derg{MU, MUn-\-i) — ^ Derg{MU, MUn) 'Is 
onto. 
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Proof. Indeed, the map 

THH*s{MU, MUn+i) = ( 2 / 1 , J/2, • • •) 

^ Amc/„. ( 2 / 1 , 2 / 2 , . . .) = THH*s{MU, MUn) 

is clearly onto and our claim follows from Lemma 5.12. □ 

Proof of Theorem S.f. We start by outlining the strategy of the proof. Take a 
multiplicative operation / G Mult{MU, MU). Define fn : MU MUn as the 
composition 

MU — ^ MU MUn ■ 

(Recall that we denoted by Pn the canonical projection onto the nth Postnikov 
stage.) Then by Corollary 4.9 the map /o : MU MUo = HTa is homotopic to a 
unique S'-algebra map which we will denote by /q. Proceeding by induction assume 
that there exists a unique Q-preferred S'-algebra map fn ' MU MUn which is 
homotopic to fn when considered as a map of 5-modules. We will see that 

• fn admits a Q-preferred lifting to an 5-algebra map MU ^ and 

• there is a one-to-one correspondence between such liftings and the set of 
liftings of fn to a homotopy multiplicative map MU MUn+i- 

In particular being one of such liftings can be realized as a Q-preferred 5- 
algebra lifting in a unique fashion. 

We now proceed to realize the above program in detail. The first thing is to 
show that there exists a lifting of fn in the category of 5-algebras. The homotopy 
fibre sequence 



E^+liL7T^+lM/7 ^ MUn+l ^ MUn (11) 

is a topological singular extension by Theorem 2.6. Then Theorem 2.5 tells us 
that the obstruction to an 5-algebra lifting fn to MUn-\-i is a certain element 
a G Derg{MU,TiH7Tn-\-iMU). More precisely, the extension (11) is associated 
with a derivation 



d : MUn ^ MUn V 

and a : MU MUn V is the composition of d with Pn : MU 

MUn. 

Furthermore, notice that the set of 5-algebra maps MUq — > MUqn-\-i is in bi- 
jective correspondence with the set of ring maps MUq^ MUqn-\-i*. Since MUq^ 
is a polynomial algebra we see that a lift of fn does exist after rationalization. 
Therefore the image of a in Derg{MU,'E'^~^‘^H7Tn-\-iMUq) is zero. But the spec- 
trum H7Tn-\-iMU is a wedge of suspensions of HZ and according to Lemma 5.10 
the abelian group Derg{MU, HiTn-^iMU) has no torsion. It follows that a = 0 as 
an element in the group Derg{MU, ELfTr^+iMt/) and a lift of fn exists integrally 
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(though not necessarily Q-preferred) . By Theorem 2.5 the homotopy fibre of the 
map 

Fs-alg{MU, MUn+l) Fs-alg{MU, MUn) 

taken over the point fn G Fs-aig{MU, MUn) is weakly equivalent to the zeroth 
space of the spectrum T>ers{MU, 

Therefore denoting by [M/7, ^ [MU, MUn-\-i]a the set of homo- 
topy classes of S'-algebra maps MU M/7n+i lifting fn we have the following 

long exact sequence: 

. . . Der-\MU,^'^+^HTVn+lMU) ^ TTiFs-algiMU,MUn+l) 

1TiFs-alg{MU,MUn) ^ De4{MU,^^+^ HlVn+lMU) 

^[MU,MUn+l]T ^pt 

which is the same (by Theorem 4.3) as the long exact sequence 

^ Ders\MU,T,^+^Hnn+iMU) Derg^MU, MUn+i) 

— > Derg\MU,MUn) — ^ Derg(MC/, E”+iff7r„+iMC/) 
~^[MU,MUn+if:f* ~^pt. 

By Corollary 5.14 the map 

Derg\MU,MUn+i) ^ Derg\MU, MUn) 

is onto and we conclude that the map 

Der^{MU,^^^^H7Tn^iMU) ^ [MU, MUn^iYf^^ 

is bijective. So the set of all possible lifts of fk is in one-to-one correspondence 
with elements in the group Derg{MU, E^“^^i77Tn+iM/7). Clearly the set of all Q- 
preferred lifts corresponds under this isomorphism to the set of Q-preferred topo- 
logical derivations of MU with values in E^“*“^i77Tn+iM/7. By Corollary 5.11 these 
Q-preferred derivations are identified with the set of primitive operations from 
MU to E^+^T/TTn+iMf/. So we established a one-to-one correspondence between 
the set of Q-preferred lifts of fn and Prim{MU,T,'^~^^H7Tn-\-iMU). 

Now we examine the question of lifting the map fn up to homotopy to a 
homotopy multiplicative map MU M/7n+i. Clearly the homotopy class of any 
map of S'- modules MU MUk is determined by its rationalization, i.e., the 
rationalization map [MU, MUk] [MUq, MUqk] is injective. It follows that the 
map 

Mult{MU, MUk) ^ Mult{MUq, MUqk) 



is also injective. 
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Further we have the following bijection (for any k) 

Mult{MUq,MUkq) = Homrings{MUq^,MUqk^). 

Therefore there is a short exact sequence 

0 — ^ Prim{MUq,Ti^^^ HiTri^iMUq) = Der{MUq^,7Tn^iMUq) 

— > Mult{MUq, MUqn-\-i) — ^ Mult{MUq, MUqn) — > pt. ( 12 ) 

Of course the last three terms are only sets. The exactness here means that 
Mult{MUq, MUqn-\-i) has a faithful action of Prim{MUq,T>'^~^^ H7Tn-\-iMUq) so 
that the quotient is isomorphic to Mult{MUq, MUqn)^ 

Consider the diagram of fibre sequences 

^^^^HlTn+lMU ^MUn+1 ^MUn • 



HTXn-^iMUqn+i ^ MUqn^i ^ MUqn 

Taking into account the fact that MU^_^^MU surjects onto MU^MU for any k 
we obtain a map of short exact sequences 

0 [MU, ^^^^HiTn+iMU] ^ [MU, MUn^i] ^ [MU, MUn] ^ 0 . 

0 ^ [MUq, E^-^^HiTn^iMUq] ^ [MUq, MUqn+i] ^ [MUq, MUqn] ^ 0 

Notice that all downward maps are injections. Combining this with (12) we find 
that there is a short exact sequence 

0 — ^ Prim{MU, E^+^^tt^+iMC/) 

— ^ Mult{MU,MUn+i) — ^ Mult{MU,MUn) — > 0. 

That is the indeterminacy in lifting the map fn • MU MUn is precisely the 
set of primitive cohomology operations Prim{MU, E^+^iLTr^+iMf/). We see that 
the set of lifts of the map fn to a homotopy multiplicative map is in one-to-one 
correspondence with Q-preferred 5-algebra lifts. This completes the inductive step 
and shows that the original homotopy multiplicative map f : MU MU can be 
improved in a unique way to a Q-preferred 5-algebra map. 

So we succeeded in finding a section i : Mult{MU, MU) [MU, MU]a of the 
forgetful map j : [MU, MU]a Mult{MU, MU) so that the image of i consists of 
Q-preferred 5-algebra self-maps of MU. To see that i respects composition notice 
that for f,g^ Mult{MU, MU) the 5-algebra map i{f) o i[g) is Q-preferred and 
j{i{f) oi{g)) = fog. Since there is a unique Q-preferred 5-algebra self-map whose 
image under j is / o ^ we conclude that i{f) oi[g) — %(^f o g). With this the proof 
of Theorem 5.4 is completed. 
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Remark 5.15. Using the Bousfield-Kan mapping space spectral sequence (cf. [A]) 
it is possible to calculate the set of all S-algebra self-maps of MU . However this 
approach leads to the identification of [MU^ MU]a only as a set, not as a monoid. 
It seems that the monoid structure on [MU, MU]a should be related to the Ger- 
stenhaber bracket on THHg{MU, MU) 

Now consider an 5-algebra E with a fixed map of 5-algebras / : MU E 
Suppose that E satisfies the following condition: 

(5) The unit map f : MU^ ^ E^ is surjective. 

Remark 5.16. In [6] it was proved that a rather broad class of C -oriented spectra 
(namely those which are obtained by killing any regular ideal in the ring MU ) can 
be supplied with MU -algebra structures. For this class of spectra the condition (5) 
is obviously satisfied. 

Corollary 5.17. For an S-algebra E satisfying the condition (5) any multiplicative 
operation MU E can be lifted (perhaps in a non-unique way) to an S-algebra 
map. 

Proof. The condition (5) guarantees that the map 

Mult{MU, MU) -> Mult{MU, E) 

induced by the given map f : MU ^ E is surjective. In other words any multi- 
plicative operation g : MU E can be represented as a composition ho f where 
h G Mult{MU, MU). Since h can be lifted to an 5-algebra self-map of MU our 
claim follows. □ 

As another consequence of Theorem 5.4 we will show that the p- local Brown- 
Peterson spectrum BP is an Aoo-retract of MU(^p^, the spectrum MU localized 
at p. Recall from e.g., [13], 4.1 that there exists a multiplicative cohomology op- 
eration g : MU(^p'j MU(^p'j which is idempotent and whose image is the p- local 
spectrum BP. 

Theorem 5.18. There exists an S-algebra map f : MU(^p^ BP which has a right 
inverse S-algebra map h : BP MU(^py 

Proof. According to Theorem 5.4 the multiplicative operation g : MU(^p^ Af/7(p) 
determines a map of 5-algebras which we will denote by the same letter. Without 
loss of generality we can assume p to be a g-cofibration of 5-algebras. Consider 
the diagram in the category of 5-algebras: 

M[/(p) .... 

9 9 

MU^p) MU(p) . . . 

Each square in this diagram is commutative since the operation g is idempotent. 
The colimit of the upper row taken in the category of 5-algebras coincides with 
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the colimit taken in the category of spectra by Cofibration Hypothesis ([7], VII. 4) 
and both are equivalent to BP. (That shows that BP is an S'-algebra.) Now the 
map / : MU(^p^ — » BP is just the canonical map to the colimit. Next the colimit 
of the lower row is obviously and therefore there exists an S'- algebra map 

h : BP It follows that /oh: BP BP is homotopic to the identity 

and Theorem 5.18 is proved. □ 

Remark 5.19. It can he shown (cf. [9]^ [1]^ [6]J that BP actually supports a structure 
of an MU -algebra. 

Remark 5.20. It seems natural to conjecture that any Q-preferred S-algebra self- 
map of MU lifts to a commutative S-algebra self-map. This conjecture, if true, 
would imply the existence of a canonical ring structure on BP, a long-standing 
problem posed by P. May. The first (to author’s knowledge) serious attack on this 
problem was undertaken by I. Kriz in his 1993 preprint [8]. This paper inspired 
much activity in the area, however it is still regarded as a program for further 
work rather than a definitive solution. 

Even though we do not know whether BP is a commutative S-algebra we 
can use Theorem 5.18 to compute homotopy classes of Aoo-maps out of BP. 

Corollary 5.21. For an S-algebra E satisfying the condition (S) every multiplicative 
operation BP E lifts to an Aoo ring map BP — > E (perhaps in a non-unique 
way). 

Proof. The composition of the multiplicative operation BP E with the canon- 
ical projection MU ^ BP determines a multiplicative operation MU E. This 
operation lifts to an S-algebra map. Composing this S-algebra map with the split- 
ting map BP MU (which we know is an S-algebra map by Theorem 5.18) we 
find the desired S-algebra map BP E. □ 

Acknowledgement 

The author would like to thank P. Goerss and N. Kuhn for many stimulating 
discussions. 



References 

[1] A. Baker A. Jeanneret, Brave new Hopf algebroids and extensions of MU-algebras, 
Homology, Homotopy and Applications, to appear. 

[2] M. Basterra, Andre-Quillen cohomology of commutative S-algebras. J. Pure Appl. 
Algebra 144 (1999), no. 2, 111-143. 

[3] M. Boardman, Conditionally convergent spectral sequences. Contemp. Math. 239. 

[4] A.K. Bousfield, Homotopy spectral sequences and obstructions. Israel J. Math. 66 
(1989), no. 1-3, 54-104. 

[5] H. Cartan, S. Eilenberg, Homological algebra. Princeton University Press, Princeton, 
N. J., 195. 




Multiplicative Maps between Highly Structured Ring Spectra 



259 



[6] P. Goerss, Associative MU -algebras, preprint 2001. 

[7] A.D. Elmendorf, I. Kriz, M.A. Mandell, J.P. May, Rings, Modules and Algebras in 
Stable Homotopy Theory. Mathematical Surveys and Monographs. Vol. 47. AMS, 
1996. 

[8] I. Kriz, Towers of Eoo -ring spectra with applications to BP, preprint, 1993. 

[9] A. Lazarev, Homotopy theory of Aoo ring spectra and applications to M\J-modules. 
K-Theory 24 (2001), no. 3, 243-281. 

[10] A. Lazarev, Towers of MU -algebras and a generalized Hopkins- Miller theorem, to 
appear in the Proc. of the London Math. Soc. 

[11] S. MacLane, Homology. Berlin, Gottingen-Heidelberg: Springer 1963. 

[12] J. McClure, J. Smith, A solution of Deligne’s conjecture. Recent progress in homo- 
topy theory (Baltimore, MD, 2000), 153-193, Contemp. Math., 293, Amer. Math. 
Soc., Providence, RI, 2002. 

[13] D. Ravenel, Complex cobordism and stable homotopy groups of spheres. Academic 
Press, 1986. 

A. Lazarev 

Mathematics Department 
Bristol University 
Bristol, BS8 ITW, England 
e-mail: a. lazarevObristol . ac .uk 




Progress in Mathematics, Vol. 215 

Algebraic Topology: Categorical Decomposition Techniques, 261-291 
© 2003 Birkhauser Verlag Basel/Switzerland 



Colimits, Stanley-Reisner Algebras, 
and Loop Spaces 

Taras Panov, Nigel Ray, and Rainer Vogt 



Abstract. We study diagrams associated with a finite simplicial complex iC, 
in various algebraic and topological categories. We relate their colimits to 
familiar structures in algebra, combinatorics, geometry and topology. These 
include: right-angled Artin and Coxeter groups (and their complex analogues, 
which we call circulation groups)^ Stanley-Reisner algebras and coalgebras; 
Davis and Januszkiewicz’s spaces DJ{K) associated with toric manifolds and 
their generalisations; and coordinate subspace arrangements. When K is a 
flag complex, we extend well-known results on Artin and Coxeter groups by 
confirming that the relevant circulation group is homotopy equivalent to the 
space of loops f2DJ{K). We define homotopy colimits for diagrams of topo- 
logical monoids and topological groups, and show they commute with the 
formation of classifying spaces in a suitably generalised sense. We deduce 
that the homotopy colimit of the appropriate diagram of topological groups 
is a model for QDJ{K) for an arbitrary complex K, and that the natural 
projection onto the original colimit is a homotopy equivalence when K is flag. 
In this case, the two models are compatible. 



1. Introduction 

In this work we study diagrams associated with a finite simplicial complex 
in various algebraic and topological categories. We are particularly interested in 
colimits and homotopy colimits of such diagrams. 

We are motivated by Davis and Januszkiewicz’s investigation [12] of toric 
manifolds, in which K arises from the boundary of the quotient polytope. In the 
course of their cohomological computations, Davis and Januszkiewicz construct 
real and complex versions of a space whose cohomology ring is isomorphic to the 
Stanley-Reisner algebra (otherwise known as the face ring [33]) of RT, over Z/2 
and Z respectively. We denote spaces of this homotopy type by DJ(RT), and follow 
Buchstaber and Panov [7] by describing them as colimits of diagrams of classifying 



Key words and phrases. Colimit, flag complex, homotopy colimit, loop space, right-angled Artin 
group, right-angled Coxeter group, Stanley-Reisner algebra, topological monoid. 
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spaces. In this context, an exterior version arises naturally as an alternative. Sug- 
gestively, the cohomology algebras and homology coalgebras of the DJ (K) may be 
expressed as the limits and colimits of analogous diagrams in the corresponding 
algebraic category. 

When colimits of similar diagrams are taken in a category of discrete groups, 
they yield right-angled Coxeter and Artin groups. These are more usually described 
by a complementary construction involving only the 1-skeleton of K. When- 
ever K is determined entirely by it is known as a flag complex, and results 
such as those of [12] and [22] may be interpreted as showing that the associated 
Coxeter and Artin groups are homotopy equivalent to the loop spaces f2DJ{K), 
in the real and exterior cases respectively. In other words, the groups are discrete 
models for the loop spaces. These observations raise the possibility of modelling 
QDJ{K) in the complex case, and for arbitrary A, by colimits of diagrams in a 
suitably defined category of topological monoids. Our primary aim is to carry out 
this programme. 

Before we begin, we must therefore confirm that our categories are sufficiently 
cocomplete for the proposed colimits to exist. We show that this is indeed the case 
(as predicted by folklore), and explain how the complex version of f2DJ{K) is 
modelled by the colimit of a diagram of tori whenever K is flag. We refer to 
the colimit as a circulation group ^ and consider it as the complex analogue of 
the corresponding right-angled Coxeter and Artin groups. Of course, it is also 
determined by On the other hand, there are simple examples of non-flag 

complexes for which the colimit groups cannot possibly model QDJ{K) in any of 
the real, exterior, or complex cases. More subtle constructions are required. 

Since we are engaged with homotopy theoretic properties of colimits, it is no 
great surprise that the appropriate model for arbitrary complexes A is a homotopy 
colimit. Considerable care has to be taken in formulating the construction for 
topological monoids, but the outcome clarifies the status of the original colimits 
when A is flag; flag complexes are precisely those for which the colimit and the 
homotopy colimit coincide. Our main result is therefore that QDJ{K) is modelled 
by the homotopy colimit of the relevant diagram of topological groups, in all three 
cases and for arbitrary A. When A is flag, the natural projection onto the original 
colimit is a homotopy equivalence, and is compatible with the two model maps. 
Our proof revolves around the fact that homotopy colimits commute with the 
classifying space functor, in a context which is considerably more general than is 
needed here. 

For particular complexes A, our constructions have interesting implications 
for traditional homotopy theoretic invariants such as Whitehead products. Samel- 
son products, and their higher analogues and iterates. We hope to deal with these 
issues in subsequent work [27]. 

We now summarise the contents of each section. 

It is particularly convenient to use the language of enriched category theory, 
so we devote Section 2 to establishing the notation, conventions and results that we 
need. These include a brief discussion of simplicial objects and their realisations. 
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and verification of the cocompleteness of our category of topological monoids in 
the enriched setting. Readers who are familiar with this material, or willing to 
refer back to Section 2 as necessary, may proceed directly to Section 3, where 
we introduce the relevant categories and diagrams associated with a simplicial 
complex K. They include algebraic and topological examples, amongst which are 
the exponential diagrams here G denotes one of the cyclic groups G 2 or C, 
or the circle group T, in the real, exterior, and complex cases respectively. 

We devote Section 4 to describing the limits and colimits of these diagrams. 
Some are identified with standard constructions such as the Stanley-Reisner alge- 
bra of K and the Davis- Januszkiewicz spaces DJ{K), whereas the G^ yield right- 
angled Coxeter and Art in groups, or circulation groups respectively. In Section 5 
we study aspects of the diagrams involving associated fibrations and homotopy 
colimits. We note connections with coordinate subspace arrangements. 

We introduce the model map fx- colim™^ ^ f2DJ{K) in Section 6, 
and determine the connectivity of its homotopy fibre in terms of combinatorial 
properties of K. The results confirm that /k is a homotopy equivalence whenever 
K is flag, and quantify its failure for general K. In our final Section 7 we con- 
sider suitably well-behaved diagrams D of topological monoids, and prove that 
the homotopy colimit of the induced diagram of classifying spaces is homotopy 
equivalent to the classifying space of the homotopy colimit of D, taken in the 
category of topological monoids. By application to the exponential diagrams G^, 
we deduce that our generalised model map Hk' hocolim™^ G^ — > QDJ{K) is 
a homotopy equivalence for all complexes K. We note that the two models are 
compatible, and homotopy equivalent, when K is flag. 

We take the category TOP of /c-spaces X and continuous functions f:X—^Y 
as our underlying topological framework, following [35]. Every function space 
is endowed with the corresponding /c-topology. Many of the spaces we consider have 
a distinguished basepoint *, and we write TOP+ for the category of pairs (A,*) 
and basepoint preserving maps; the forgetful functor TOP+ ^ TOP is faithful. For 
any object X of TOP, we may add a disjoint basepoint to obtain a based space A+. 
The /c- function space (F, has the trivial map X ^ * as basepoint. In some 

circumstances we need (A, *) to be well pointed, in the sense that the inclusion 
of the basepoint is a closed cofibration, and we emphasise this requirement as it 
arises. 

Several other useful categories are related to TOP+. These include tmonh, 
consisting of topological monoids and homotopy homomorphisms [5] (essentially 
equivalent to Sugawara’s strongly homotopy multiplicative maps [34]), and its sub- 
category TMON, in which the homorphisms are strict. Again, the forgetful functor 
TMON ^ TOP+ is faithful. Limiting the objects to topological groups defines a 
further subcategory TGRP, which is full in TMON. In all three cases the identity 
element e is the basepoint, and we may sometimes have to insist that objects are 
well pointed. The Moore loop space i?A is a typical object in tmonh for any pair 
(A, *), and the canonical inclusion M QBM is a homotopy homomorphism for 
any well-pointed topological monoid M. 
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For each m > 0 we consider the small categories iD(m), which consist of m ob- 
jects and their identity morphisms; in particular, we use the based versions 100 ( 771 ), 
which result from adjoining an initial object 0. Given a topological monoid M, the 
associated topological category c(M) consists of one object, and one morphism 
for each element of M. Segal’s [32] classifying space Bc{M) then coincides with 
the standard classifying space BM, 

Given objects Xq and Xn of any category C, we denote the set of ?7-composable 
morphisms 

^ /l ^ /2 V 

by Cn{Xo,Xn), for all ?7 > 0. Thus Ci(X, V) is the morphism set c{X,Y) for all 
objects X and V, and Co(V, X) consists solely of the identity morphism on X. 

In order to distinguish between them, we write T for the multiplicative topo- 
logical group of unimodular complex numbers, and for the circle. Similarly, 
we discriminate between the cyclic group C 2 and the ring of residue classes Z/2, 
and between the infinite cyclic group C and the ring of integers Z. We reserve the 
symbol G exclusively for one of the groups C 2 , C, or T, in contrast to an arbitrary 
topological group F. 

The first and second authors benefitted greatly from illuminating discussions 
with Bill Dwyer at the International Conference on Algebraic Topology held on the 
Island of Skye during June 2001. They are particularly grateful to the organisers 
for providing the opportunity to work in such magnificent surroundings. 

2. Categorical prerequisites 

We refer to the books of Kelly [21] and Borceux [3] for notation and terminology 
associated with the theory of enriched categories, and to Barr and Wells [1] for 
background on the theory of monads (otherwise known as triples) . For more specific 
results, we cite [14] and [18]. Unless otherwise stated, we assume that all our 
categories are enriched in one of the topological senses described below, and that 
functors are continuous. In many cases the morphism sets are finite, and therefore 
invested with the discrete topology. 

Given an arbitrary category R, we refer to a covariant functor D : A ^ R as 
an A- diagram in R, for any small category A. Such diagrams are the objects of a 
category [A,R] , whose morphisms are natural transformations of functors. We may 
interpret any object X of R as a constant diagram, which maps each object of A 
to X and every morphism to the identity. 

Examples 2.1. Let A he the category whose objects are the sets {n) — {0, 1, . . . , 77 }, 
where 77 > 0, and whose morphisms are the nondecreasing functions; then and 
A- diagrams are simplicial and cosimplicial objects of R respectively. In particular, 
A: A TOP is the cosimplicial space which assigns the standard n-simplex A{n) 
to each object ( 77 ). Its pointed analogue Z\+ is given by Aj^{n) = Z\(t7)+. 

If M is a topological monoid, then c(M)- and c{My^ -diagrams in TOP are 
left and right M -spaces respectively. 
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We recall that (s,D,^) is a symmetric monoidal category if the bifunctor 
□ : S X s ^ S is coherently associative and commutative, and ^ is a coherent 
unit object. Such an s is closed if there is a bifunctor s x S, denoted by 

(Z, F) [F, Z], which satisfies the adjunction 

s(XDF,Z)^s(X, [F,Z]) 

for all objects X, F, and Z of S. A category R is S- enriched when its morphism 
sets are identified with objects of S, and composition factors naturally through □. 
A closed symmetric monoidal category is canonically self-enriched, by identifying 
s(X, F) with [X, F]. Henceforth, S denotes such a category. 

Example 2.2. A small S-enriched category A determines a diagram A : AX ^ S, 
whose value at (a, 6) is the morphism object a( 6, a). 

An s -functor Q ^ R of s-enriched categories acts on morphism sets as a 
morphism of S. The category [Q,R] of such functors has morphisms consisting of 
natural transformations, and is also s-enriched. The s-functors F: Q ^ R and 
U: R ^ Q are s- adjoint if there is a natural isomorphism 

R(F(X),F)^Q(X,f/(F)) 
in s, for all objects X of Q and F of R. 

Examples 2.3. The categories TOP and TOP+ are symmetric monoidal under carte- 
sian product X and smash product A respectively, with unit objects the one-point 
space * and the zero-sphere *+. Both are closed, and therefore self- enriched, by 
identifying [X, F] withY^ and (F, respectively. 

Since (F, inherits the subspace topology from F^, the induced TOP- 

enrichment of TOP+ is compatible with its self-enrichment. Both TMON and TGRP 
are TOP+-enriched by restriction. 

In certain situations it is helpful to reserve the notation T for either or both 
of the self-enriched categories TOP and TOP+. Similarly, we reserve TMG for either 
or both of the TOP+-enriched categories TMON and TGRP. 

It is well known that TOP and TOP+ are complete and cocomplete, in the 
standard sense that every small diagram has a limit and colimit. Completeness 
is equivalent to the existence of products and equalizers, and cocompleteness to 
the existence of coproducts and coequalizers. Both top and TOP+ actually admit 
indexed limits and indexed colimits [21], involving topologically parametrized dia- 
grams in the enriched setting; in other words, T is T- complete and T- cocomplete. 
A summary of the details for TOP can be found in [26]. 

Amongst indexed limits and colimits, the enriched analogues of products and 
coproducts are particularly important. 

Definitions 2.4. An s-enriched category R is tensored and cotensored over S if there 
exist bifunctors R x s R and R x — > R respectively, denoted by 

{X,Y)^ X(g)Y and {X,Y)^X^, 
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together with natural isomorphisms 

(2.5) r(X 0Y,Z)^ s(Y, r(X, Z)) S r(X, Z^) 

in s, for all objects X, Z of R and V of s. □ 

For any such R, there are therefore natural isomorphisms 

(2.6) and X O (Y □ W") ^ (X ® 7) ® W". 

Every s is tensored over itself by □, and cotensored by [ , ]. 

Examples 2.7. The categories T are tensored and cotensored over themselves; so 
X (g) y and are given by X xY and X^ in TOP, and by X AY and (V, 
in TOP+. 

The role of tensors and cotensors is clarified by the following results of Kelly 
[21, (3.69)-(3.73)]. 

Theorem 2.8. An S-enriched category is s-complete if and only if it is complete, and 
cotensored over S; it is s- cocomplete if and only if it is cocomplete, and tensored 
over s. 

Theorem 2.8 asserts that standard limits and colimits may themselves be 
enriched in the presence of tensors and cotensors, since they are special cases of 
indexed limits and colimits. Given an A-diagram D in R, where A is also s-enriched, 
we deduce that the natural bijections 

(2.9) r(X, limD) ^ [A,R](X, Z>) and R(colimZ),y) ^ ^ [a,r]{D,Y) 

are isomorphisms in S, for any objects X and Y of R. Henceforth, we assume that 
S is complete and cocomplete in the standard sense. 

It is convenient to formulate several properties of TMON and TGRP by ob- 
serving that both categories are TOP+-complete and -cocomplete. We appeal to 
the monad associated with the forgetful functor U : TMG TOP+; in both cases 
it has a left TOP+-adjoint, given by the free monoid or free group functor F. The 
composition U F defines a TOP+-monad L: TOP-f TOP+, whose category TOP;^ 
of algebras is precisely TMG. 

Proposition 2.10. The categories TMON and TGRP are TOP -^-complete and TOP+- 
cocomplete. 

Proof. We consider the forgetful functor TOP^ ^ TOP+, noting that TOP+ is 
TOP+-complete by Theorem 2.8. 

Part (i) of [14, VII, Proposition 2.10] asserts that the forgetful functor creates 
all indexed limits, confirming that TMG is TOP+-complete. Part (ii) (whose origins 
lie in work of Hopkins) asserts that top^ is TOP+-cocomplete if L preserves refiex- 
ive coequalizers, which need only be verified for U because F preserves colimits. 
The result follows for an arbitrary refiexive pair (/, g) in TMG by using the right 
inverse to show that the coequalizer of {U{f), U{g)) in TOP+ is itself in the image 
of U, and lifts to the coequalizer of (f^g). □ 
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Pioneering results on the completeness and cocompleteness of categories of 
topological monoids and topological groups may be found in [6] . Our main deduc- 
tion from Proposition 2.10 is that TMON and TGRP are tensored over TOP+. By 
studying the isomorphisms (2.5), we may construct the tensors explicitly; they are 
described as pushouts in [30, 2.2]. 

Construction 2.11. For any objects M of TMON and Y of TOP+, the tensored 
monoid M ®Y is the quotient of the free topological monoid on U (M) A F by the 
relations 

{m^y){m\y) — {mm'^y) for all m' E M and y eY. 

For any object F of TGRP, the tensored group F ® Y is the topological group 
V{F) ® y, where V denotes the forgetful functor TGRP ^ TMON. 

The cotensored monoid and cotensored group F^ are the function spaces 
TOP+(y, M) and top+(T, T) respectively, under pointwise multiplication. □ 

Lemma 2.12. The forgetful functor V : TGRP TMON preserves indexed limits and 
colimits. 

Proof Since V is right TOP+-adjoint to the universal group functor, it preserves 
indexed limits. Construction 2.11 confirms that V preserves tensors, so we need 
only show that it preserves coequalizers, by the results of [21]. But the coequalizer 
of topological groups F\ ZZ^ F 2 in TMON is also a group; and inversion is continuous, 
being induced by the continuous isomorphism 7 i-> 7 “^ on / 2 - D 

The constructions of Section 7 involve indexed colimits in TMG, and Lemma 
2.12 ensures that these may be formed in TMON, even when working exclusively 
with topological groups. 

Given a category R which is tensored and cotensored over S, we may now 
describe several categorical constructions. They are straightforward variations on 
[18, 2.3], and initially involve three diagrams. The first is D : ^ R, the second 

E: B — > S, and the third F: B ^ R. 

Definitions 2.13. The tensor product D E is the coequalizer of 

]J D{h) E{bo) =1^ l[D{b)(g>E{b) 

g:bo^bi b 

in R, where g ranges over the morphisms of B, and a\g = D{g) ® 1 and f3\g = 
1 C) E{g). The homset HomB(F^, E) is the equalizer of 

b g-bo^bi 

in R, where a = fig 'E{g) and /3 = Hg 

We may interpret the elements of Home (£^, E) as mappings from the diagram 
E to the diagram F, using the cotensor pairing. 
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Examples 2.14. Consider the case R = S = TOP or TOP+, with B = A. Given 
simplicial spaces V* : ^ TOP and Y* : ^ TOP+ , the tensor products 

\X.\ = X. xa ^ and |V*| = Y. A a 

represent their topological realisation [24] in top and TOP-j_ respectively. If we 
choose R = TMG and S = TOP 4 . , a simplicial object M. : A^^ TMG has internal 
and topological realisations 

|M.|tmg = Af* ®A and |M.| = ^7(M). Aa 

in TMG and TOP+ respectively. Since \ \ preserves products, |M*| actually lies in 
TMG. 

If R = S, then D ^ is colimJD, where ^ is the trivial B- diagram. Also, 
H.omB{E,F) is the morphism set [B,R]{E, F), consisting of the natural transfor- 
mations E ^ F. 

For y. in Examples 2.14, its TOP- and TOP+-realisations are homeomorphic 
because basepoints of the Vi represent degenerate simplices for n > 0. We identify 
|M*|tmg with |M*| in Section 7. 

We need certain generalisations of Definitions 2.13, in which analogies with 
homological algebra become apparent. We extend the first and second diagrams 
to A X ^ R and B x S, and replace the third by F: C x ^ 

S or G: A X R. Then D 0b E becomes an (a x c^^)-diagram in R, and 

Homcop(F, G) becomes an (a x B^^)-diagram in R. The extended diagrams reduce 
to the originals by judicious substitution, such as A — C = ID in D and E. 

Example 2.15. Consider the case R = S = TOP+, with A = C = ID and B = 
A. Given E = Aj^ as before, and G a constant diagram Z: ID TOP 4 -, then 
Horricop {E , G) coincides with the total singular complex Sin{Z) as an object of 
[A°^,TOP+] . 7/r = TMG and N: ID TMG is a constant diagram, then Sin{N) is 
an object of [A^^,TMG] . 

Important properties of tensor products are described by the natural equiv- 
alences 

(2.16) D 0B B = D and {D 0b E) 0c F = D 0 b {E 0c F) 

of (a X B"^^)- and (a x D°^)-diagrams respectively, in R. The first equivalence applies 
Example 2.2 with A = B, and the second uses the isomorphism of (2.6). The adjoint 
relationship between (g) and Horn is expressed by the equivalences 

[axc^p,r]{D 0B E,G) ^ [bxc^p,s](F, [a,r](D,G)) 

S [AXB'’P,Rl(D,Homcop(E,G)), 

which extend the tensor-cotensor relations (2.5), and are a consequence of the 
constructions. 
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Examples 2.18. Consider the data of Example 2.15, and suppose that D is a sim- 
plicial pointed space Y . : TOP+. Then the adjoint relation (2.17) provides a 

homeomorphism 

TOP+(|m,Z) ^ [A^P, TOP ^]{Y.,Stn{Z)). 

If R = TMG and S = TOP+, and M* is a simplicial object in TMG, we obtain a 
homeomorphism 

tmg(|M.|tmg, A') = [A^P , TMG] {M., Sin{N)) 
for any object N of TMG. 

If R = S and E = T>, the relations (2.17) reduce to the second isomorphism 

(2.9). 

The first two examples extend the classic adjoint relationship between | | and 

Sin. 

We now assume R = S = TOP. We let D be an (a x B^^)-diagram as above, 
and define 5*(*, A,D) to be a degenerate form of the 2-sided bar construction. It 
is a B^^-diagram of simplicial spaces, given as a B^^ x A^^-diagram in TOP by 

(2.19) U D{ao,b) X An{ao,an) 

aQ ,a^ 

for each object 5 of B; the face and degeneracy maps are described as in [18] 
by composition (or evaluation) of morphisms and by the insertion of identities 
respectively. The topological realisation 5(*, A, D) is a B^^-diagram in top. These 
definitions ensure the existence of natural equivalences 
-R* (*5 A, Z)) X B (*, A, X B Z/) 

and B(*,a,Z))XbZ; = B{^,A,Dx^E) 



of C^^-diagrams in [A^^,TOP] and TOP respectively. 

Examples 2.21. If B — ID, the homotopy colimit [4] of a diagram Z) : A — > TOP is 
given by 

hocolimD = 5(*,A,D), 

as explained in [18]; using (2.16) and (2.20), it is homeomorphic to both of 
5(*, A, A) Xj, D = D Xjs^op .B(*, A, A). 



In particular, J5,(*, A, *) is the nerve [32] B.A of A, whose realisation is the classi- 
fying space Ba of a. The natural projection hocolimZ) — > colimZ) is given by the 
map 

D Xp^op ^(*, A, A) — > D Xp^op 

induced by collapsing B(*,A, A) onto *. 

If A — g{M), where M is an arbitrary topological monoid, then D is a left M- 
space and B{^,g{M),C{M)) is a universal contractible right M-space EM [13]. 



hocolimZ) = B{^,c{M),C{M)) Xc(m) D 



is a model for the Borel construction EM Xm D- 
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3. Basic constructions 

We choose a universal set V of vertices ui,. . . ,Vm, and let K denote a simplicial 
complex with faces a C V. The integer |cr| — 1 is the dimension of cr, and the 
greatest such integer is the dimension of K. For each 1 < j < m, the faces of 
dimension less than or equal to j form a subcomplex known as the j -skeleton 
o^ K; in particular, the 1-skeleton is a graph. We abuse notation by writing 
V for the zero-skeleton of K, more properly described as {{uj} : I < j < m}. At 
the other extreme we have the (m — l)-simplex, which is the complex containing 
all subsets of V; it is denoted by 2^ in the abstract setting and by A{V) when 
emphasising its geometrical realisation. Any simplicial complex K therefore lies in 
a chain 

(3.1) V — >K — ^2^ 

of subcomplexes. Every face a may also be interpreted as a subcomplex of X, and 
so masquerades as a (|al — l)-simplex. 

A subset W C V is a missing face of K if every proper subset lies in X, yet 
W itself does not; its dimension is \W\ — 1. We refer to X as a flag complex^ or 
write that K is flag^ when every missing face has two vertices. The boundary of a 
planar m-gon is therefore flag whenever m > 4, as is the barycentric subdivision 
K' of an arbitrary complex K. The flagification Fl{K) of K is the minimal flag 
complex containing A" as a subcomplex, and is obtained from K by adjoining every 
missing face containing three or more vertices. 

Example 3.2. For any n > 2, the simplest non- flag complex on n vertices is the 
boundary of an (n — 1) -simplex, denoted by d{n); then Fl{d{n)) is A{n — 1) itself 

Given a subcomplex K C L on vertices V, it is useful to define W C V as 
a missing face of the pair (L, K) whenever W fails to lie in K, yet every proper 
subset lies in L. 

Every finite simplicial complex K gives rise to a finite category CAt(AT), 
whose objects are the faces a and morphisms the inclusions a C t. The empty 
face 0 is an initial object. For any subcomplex K C L, the category cat(A") is a 
full subcategory of CAt(L); in particular, (3.1) determines a chain of subcategories 

(3.3) iD0(m) — > cat(A^) — > cat(2^). 

For each face rr, we define the undercategory a | CAt{K) by restricting attention 
to those objects r for which cr C r; thus a is an initial object. Insisting that the 
inclusion cr C r be strict yields the subcategory crjJ.CAT(K), obtained by deleting 
a. The overcategories cat{K) [a and CAT{K)]^a are defined likewise, and may 
be rewritten as CAt(ct) and CAT(5(cr)) respectively. 

A complex K also determines a simplicial set S{K), whose nondegenerate 
simplices are exactly the faces of K [24]. So the nerve B.CAt{K) coincides with 
the simplicial set S{Con{K')), where Con{K') denotes the cone on the barycentric 
subdivision of K, and the cone point corresponds to 0. More generally, B{(t I 
CAt{K)) is the cone on B{a i}. C AT {K)). 
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Examples 3.4. If K = V, then Bid 0 ( 171 ) is the cone on m disjoint points. If 
K = 2^ , then 5cat(2^) is homeomorphic to the unit cube I^ C MX , and defines 
its canonical simplicial subdivision; the homeomorphism maps each vertex a C V 
to its characteristic function Xa, and extends by linearity. If K is the subcomplex 
d{m), then BcAT{d{m)) is obtained from the boundary dl"^ by deleting all faces 
which contain the maximal vertex (1, . . . , 1). 

The undercategories define a CAT diagram [cat{K) in the category of 
small categories. It takes the value <j|CAt(K) on each face cr, and the inclusion 
functor T Icat{K) C a Icat{K) on each reverse inclusion r D a. The formation 
of classifying spaces yields a CAT(A")°^-diagram B{ ], CAT(iC)) in TOP+, which 
consists of cones and their inclusions. It takes the value B{a Icat{K)) on a and 
B{t i CAt(K)) C B{a I CAt{K) on r ^ cr, and its colimit is the final space 
Bcat{K). Following [18], we note the isomorphism 

(3.5) B{ icAT(X)) ^ 5(*,cat(K), CAT{K)) 

of CAT(K)^^-diagrams in TOP+ (using the notation of Example 2.2). 

We refer to the cones B{a Icat{K)) as faces of Bcat{K), amongst which 
we distinguish the facets B{v I cat(A')), defined by the vertices v. The facets 
determine the faces, according to the expression 

B{alCAT{K)) = f) B(?;iCAT(K)) 

v£a 

for each a e K, and form a panel structure on ^CAt(A') as described by Davis 
[11]. This terminology is motivated by our next example, which lies at the heart 
of recent developments in the theory of toric manifolds. 

Example 3.6. The boundary of a simplicial polytope P is a simplicial complex Kp, 
with faces a. The polar P* of P is a simple polytope of the same dimension, whose 
faces Fa are dual to those of P (it is convenient to consider F 0 as P* itself). 
There is a homeomorphism B C AT (Kp) — > P* , which maps each vertex a to the 
barycentre of Fa, and transforms each face B(a Icat(K)) P L-homeomorphically 
onto Fa. 

Classifying the categories and functors of (3.3) yields the chain of subspaces 
(3.7) Con{V) — > Bcat{K) — ^ n. 

So Bcat{K) contains the unit intervals along the coordinate axes, and is a sub- 
complex of I^. It is therefore endowed with the induced cubical structure, as are 
all subspaces B{a [ CAt{K)). In particular, the simple polytope P* of Example 
3.6 admits a natural cubical decomposition. 

In our algebraic context, we utilise the category GRP of discrete groups and 
homomorphisms. Many constructions in GRP may be obtained by restriction from 
those we describe in TMON, and we leave readers to provide the details. In partic- 
ular, GRP is a full subcategory of TMG, and is complete and cocomplete. 
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Given a commutative ring Q (usually the integers, or their reduction mod 2), 
we consider the category gMOD of left Q-modules and Q-linear maps, which 
is symmetric monoidal with respect to the tensor product G)q and closed un- 
der {Z^Y) qMOd(V, Z). We usually work in the related category GgMOD of 
connected graded modules of finite type, or more particularly in the categories 
GgCALG and Gg COCOA, which are dual; the former consists of augmented com- 
mutative Q- algebras and their homomorphisms, and the latter of supplemented 
cocommutative Q-coalgebras and their coalgebra maps. 

As an object of gMOD, the polynomial algebra Q[V] on V has a basis of 
monomials vw = each multiset W on V. Henceforth, we assign a 

common dimension d{vj) > 0 to the vertices Vj for all 1 < j < m, and interpret 
Q[V] as an object of GgCALG; products are invested with appropriate signs if d{vj) 
is odd and 2Q ^ 0. Then the quotient map 

Q[V] Q[V]/{vx : A C V and A ^ X) 

is a morphism in GgCALG, whose target is known as the graded Stanley- Reisner Q- 
algehra of the simplicial complex K, and written SRq{K). This ring is a fascinating 
invariant of K, and refiects many of its combinatorial and geometrical properties, 
as explained in [33]. Its Q-dual is a graded incidence coalgebra [20], which we 
denote by SR^{K). 

We define a CAT(i^)^^-diagram Dk in TOP+ as follows. The value of Dk on 
each face a is the discrete space cr+, obtained by adjoining + to the vertices, and 
the value on r 3 a is the projection which fixes the vertices of a and 

maps the vertices of r \ cr to +. 

Definition 3.8. Given objects (A, *) of TOP+ and M of tmg, the exponential dia- 
grams and are the cotensor homsets HomiD(T>K, X) and HomiD(T)x, M) 
respectively; they are CAT(A)-diagrams in TOP+ and tmg. Alternatively, they are 
the respective compositions of the exponentiation functors ^ : top^^ ^ TOP+ 
and ^ : TOP^^ ^ TMG with □ 

So the value of X^ on each face a is the product space A^, whose elements 
are functions /: cr ^ X, and the value of X^ on <j C r is the inclusion A^ C X^ 
obtained by extending / over r by the constant map *. The space A^ consists 
only of *. In the case of M^, each is invested with pointwise multiplication, 
so takes values in GRP for a discrete group H. 

In GgCALG, we define a CAT(A)^^-diagram Q[K] by analogy. Its value on a is 
the graded polynomial algebra Q[a], and on r D cr is the projection Q[r] Q[cr]. 
We denote the dual CAT(A)-diagram HomiD(Q[A], Q) by Q{K), and note that 
it lies in GgCOCOA. Its value on a is the free Q-module Q{S{a)) generated by 
simplices z in the simplicial set S{a), and on <j C r is the corresponding inclusion 
of coalgebras. The coproduct is given by 5{z) = ^ ^ 2 , where the sum ranges 

over all partitions of z into subsimplices z\ and Z 2 - 

When Q = Z/2 we let the vertices have dimension 1. Every monomial vu 
therefore has dimension \U\ in the graded algebra Z/2[a], and every j-simplex in 
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S{a) has dimension j + 1 in Z/2{S{a)). We refer to this as the real case. When 
Q = 7a we consider two possibilities. First is the complex case^ in which the vertices 
have dimension 2, so that the additive generators of 7[a] and 7{S{cr)) have twice 
the dimension of their real counterparts. Second is the exterior case, in which 
the dimension of the vertices reverts to 1. Every squarefree monomial vu then 
has dimension \U\ in 7[a\, and anticommutativity ensures that every monomial 
containing a square is zero; every j-face of a has dimension j + 1 in 7{S{a)), and 
every degenerate j-simplex z represents zero. To distinguish between the complex 
and exterior cases, we write Q as Z and A respectively. 

In the real and complex cases, Davis and Januszkiewicz [12] introduce homo- 
topy types DJ]^{K) and DJc{K). The cohomology rings H*{DJ]^{K)',7/2) and 
H*{DJc{K)-,7) are isomorphic to the graded Stanley-Reisner algebras SRz/ 2 {^) 
and SRz{K) respectively. We shall deal with the exterior case below, and discuss 
alternative constructions for all three cases. We write DJ{K) as a generic sym- 
bol for Davis and Januszkiewicz ’s homotopy types, and refer to them as Davis- 
Januszkiewicz spaces for K. They are represented by objects in TOP+. 



4. Colimits 

In this section we introduce the colimits which form our main topic of discussion, 
appealing to the completeness and cocompleteness of T and tmg as described in 
Section 2. We consider colimits of the diagrams , and Q{K) in the 

appropriate categories, and label them colim^A^, colim^'^M^, colim^^^*^ , 
and co\imQ{K) respectively. Similarly, we write the limit of Q[K] as \im Q[K]. 
As we shall see, these limits and colimits coincide with familiar constructions in 
several special cases. 

As an exercise in acclimatisation, we begin with the diagrams associated to 
(3.3). Exponentiating with respect to {X, *) and taking colimits provides the chain 
of subspaces 

m 

(4.1) \J Xj — > colim+ — > X”", 

J = 1 

thereby sandwiching colim+ X^ between the axes and the cartesian power. On 
the other hand, using an object M of tmg yields the chain of epimorphisms 

(4.2) * Mj — ^ colim™'' — > M^, 

j=i 

giving a presentation of colim^^^^ which lies between the m-fold free product 
of M and the cartesian power. 

The following example emphasises the influence of the underlying category 
on the formation of colimits, and is important later. 
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Example 4.3. If K is the non-flag complex d{m) of Example 3.2 (where m> 2), 
then colim^ is the fat wedge subspace {(xi, . . . ,Xm) • some xj — *}; on the 
other hand, colim^^^^ is isomorphic to itself 

By construction, colim^^^^ C 2 in GRP enjoys the presentation 

(ai, . . . ,a^ : = 1, = 1 for all {vi,Vj] in K) 

and is isomorphic to the right-angled Coxeter group Cox{K^^'>) determined by the 
1 -skeleton of K. Readers should not confuse with the more familiar Coxeter 
graph of the group, which is almost its complement! 

Similarly, colim^^*^ has the presentation 

( 61 , [h.bj] = 1 for all {vi,Vj] in K) 

(where \bi,bj] denotes the commutator bibjb~^b~^), and so is isomorphic to the 
right-angled Artin group Art{K^^"^). Such groups are sometimes called graph groups, 
and are special examples of graph products [10]. As explained to us by Dave Benson, 
neither should be confused with the graphs of groups described in [31]. 

In the continuous case, we refer to colim^^*^ as the circulation group 
Cir{K^^^) in TMG. Every element of Cir{K^^'>) may therefore be represented as a 
word 

(4.4) ti^ (1) * ■ ■ tik 

where U.{j) lies in the ijth factor Ti. for each 1 < j < k. Two elements U G Tr 
and ts G Tg commute whenever {r, s} is an edge of K. 

Following (4.2), we abbreviate the generating subgroups < colimG^ 
to Gj, where 1 < j < m, and call them the vertex groups. Since colim^^^^ G^ is 
presented as a quotient of the free product Gj, its elements g may be assigned 
a wordlength l{g). In addition, the arguments of [ 8 ] apply to decompose every g 
from the right as 

n 

( 4 - 5 ) 9 = 

i=i 

for some n < l{g), where each subword Sj{g) contains the maximum possible 
number of mutually commuting letters, and is unique. 

Given any subset IT C V of vertices, we write Kw for the complex obtained 
by restricting K to W. The following Lemma is a simple restatement of the basic 
properties of colim^^^ . 

Lemma 4.6. ITe have that 

(1) the subgroup colim^^^*^ G^^ < colim^^*^ G^ is abelian if and only if is 
a complete graph, in which case it is isomorphic to G^ ; 

(2) when K is flag, each subword Sj{g) of (4.5) lies in a subgroup G^^ for some 
face (7j of K. 
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Other algebraic examples of our colimits relate to the Stanley-Reisner alge- 
bras and coalgebras of A. By construction, there are algebra isomorphisms 

(4.7) \imZ/2[K] ^ SRz/ 2 {K), \imZ[K] ^ SRz{K), and limA[A] ^ SR/,{K), 

where the limits are taken in G^CALG. Dually, there are coalgebra isomorphisms 
colimZ/2(A') ^ colimZ(A') ^ SR^{K), 

^ and colim A (K) = SR^{K) 

in GzCOCOA. The analogues of 4.1 display these limits and colimits as 

m 

0Q[n,]^limQ[X]^Q[K] 

( 4 - 9 ) 

and 0 DP‘^{vj) — ^ colimQ(K) — > DP'^{V) 

respectively; here DP^(W) denotes the divided power Q-coalgebra of multisets on 
W C V, graded by dimension. 

If we let (X,*) be one of the pairs (BC 2 ,*), (5T, *), or (5C, *), then sim- 
ple arguments with cellular chain complexes show that the cohomology rings 
F*(colim+(BC2)^;Z/2), iL*(colim+(RT)^; Z), and Lr*(colim+(BC)^; Z) are iso- 
morphic to the limits (4.7) respectively. Similarly, the homology coalgebras are 
isomorphic to the dual coalgebras (4.8). In cohomology, these observations are due 
to Buchstaber and Panov [7] in the real and complex cases, and to Kim and Roush 
[22] in the exterior case (at least when K is 1-dimensional). In homology, they may 
be made in the context of incidence coalgebras, following [29]. In both cases, the 
maps of (4.1) induce the homomorphisms (4.9). 

Such calculations do not identify colim^(5C2)^ and colim^ ( jBT)^ with 
Davis and Januszkiewicz’s constructions. Nevertheless, Buchstaber and Panov 
provide homotopy equivalences colim~^(BC 2 )^ — DJ]^{K) and colim^(RT)^ ~ 
DJc(K), which also follow from Corollary 5.4 below; the Corollary yields a corre- 
sponding equivalence in the exterior case. Of course, colim^(BC)^ is a subcomplex 
of the m-dimensional torus (5^)"^, and is therefore finite. 

In due course, we shall use these remarks to interpret the following proposi- 
tion in terms of Davis- Januszkiewicz spaces. The proof for G = C 2 is implicit in 
[12], and for G = G is due to Kim and Roush [22]. 

Proposition 4.10. When G — C 2 or C , there is a homotopy equivalence 
colim+(BG)^ ~ ^colim^^'G^ 

for any flag complex K . 

Since both cases are discrete, ^colim^^*^ is, of course, an Eilenberg-Mac 
Lane space; Charney and Davis [9] discuss the identification of good models for 
BA, given any Artin group A. Proposition 4.10 fails for arbitrary complexes K, 
as our next examples show. 
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Examples 4.11. Proposition 4.10 applies when K = V, because the discrete complex 
is flag; then colim^^^ is isomorphic to the free product of m copies of G, 
whose classifying space is the m-fold wedge VjLi (^V [^1? example). On 
the other hand, when K is the non- flag complex d{m), Example 4.3 confirms that 
5colim™^ G^ is BG^, whereas colim^ (BG)^ is the fat wedge subspace. 

These examples apply unchanged to the case G = T, and serve to motivate 
our extension of Proposition 4.10 to the complex case in Proposition 6.1 below. 
So far as C 2 and G are concerned, the proposition asserts that certain homotopy 
homomorphisms 

(4.12) hK : l?colim+(BG)^ — > colim^“° 

are homotopy equivalences when K is flag. We therefore view the hK as modelling 
the loop spaces; in the complex case, they express i?colim^(5T)^ in terms of 
the circulation groups colim^^^*^ . In Section 7 we will use homotopy colimits to 
describe analogues o^ hK for all complexes K. 

Our interest in the loop spaces i?colim“^(^G)^ has been stimulated by sev- 
eral ongoing programmes in combinatorial algebra. For example, Herzog, Reiner, 
and Welker [17] discuss combinatorial issues associated with calculating the k- 
vector spaces Tor‘^^^^^^(A:, A:) over an arbitrary ground field k, and refer to [16] 
for historical background. Such calculations have applications to diagonal sub- 
space arrangements, as explained by Peeva, Reiner and Welker [28]. Since these 
Tor spaces also represent the F^ 2 -term of the Eilenberg- Moore spectral sequence 
for H''{ODJ{K);k), it seems well worth pursuing geometrical connections. We 
consider the algebraic implications elsewhere [27]. 



5. Fibrations and homotopy colimits 

In this section we apply the theory of homotopy colimits to study various relevant 
fibrations and their geometrical interpretations. Some of the results appear in [7], 
but we believe that our approach offers an attractive and efficient alternative, and 
eases generalisation. We refer to [18] and [36] for the notation and fundamental 
properties of homotopy colimits. Several of the results we use are also summarised 
in [37], together with additional information on combinatorial applications. 

We begin with a general construction, based on a well-pointed topological 
group r and a diagram H : A TMG of closed subgroups and their inclusions. 
We assume that the maps of the classifying diagram BH : A ^ TOP+ are cofi- 
brations, and that the Projection Lemma [37] applies to the natural projection 
hocolim"^ BH colim^ BH, which is therefore a homotopy equivalence. The cofi- 
brations BH{a) BP correspond to the canonical map fu : colim"^ BH ^ BP 
under the homeomorphism (2.9). 

By Examples 2.1 the coset spaces P/H{a) define an A x c{P) diagram P/H 
in TOP, and by Examples 2.21 the cofibration BH{a) BP is equivalent to the 
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fibration 

B{*,c{r),c{r) Xc(D r/H{a)) Bc{r) 
for each object a of A. So fn is equivalent to 

hocolim+S(*,c(r),C'(r) Xc(r) P/H) — > BB 

in the homotopy category of spaces over BB, where the homotopy colimit is taken 
over A. 

Proposition 5.1. The homotopy fibre of fn is the homotopy colimit hocolim*^ T/H . 

Proof We wish to identify the homotopy fibre of the projection 

B{*,a,B{*,c{B),C{B) x^^r^B/H)) -^BB 

But we may rewrite the total space as B(*, A, P/ H) Xc(r)°p 

therefore as B(*, c(r), C{r)) Xc(r) A, P/H), using (2.20) and Examples 2.21. 

So the homotopy fibre is B(*, A, E/i7), as required. □ 

Given a pair of simplicial complexes (L, K) on vertices E, we let A = CAt(A), 
and choose P = colim^^^^ and H = we also abbreviate the diagram P/H 
to L/K, Then fn is the induced map 

(5.2) /a,l- colim^(BG)^ — >rBcolim™^G^, 

and the Projection Lemma applies to {BG)^ because the maps colim^(BG)^^^^ 
BG^ are closed cofibrations for each face a. In particular, the canonical projection 

(5.3) hocolim+(RG)^ — > colim+(RG)^ = DJ{K) 

is a homotopy equivalence. We may also deduce the following corollary to Propo- 
sition 5.1. 

Corollary 5.4. The homotopy fibre of fK,L is the homotopy colimit hocolim L/i^, 
and is homeomorphic to the identification space 

(5.5) {Bcat{K) X colim™'' G^) / 

where (p^gh) ~ {p,g) whenever h G G^ and p lies in the face B{cr [cat{K)). 
Proof. By (3.5), the homotopy colimit B(*, CAt(X), L/A) may be expressed as 

B{ iCAT(A:)) Xcat(A) L/K, 

and the inclusions B{a | CAt(A')) C Bcat(jF^) induce a homeomorphism with 

(5.5) . □ 

We write the canonical action of colim™^ G^ on B(*, cat(X), L/K) as g for 
future use. 

We note that /k,l coincides with the right-hand map of (4.1) when L = 2^ 
and X = BG; the cases in which K = L (abbreviated to fK) and L = FI {K) also 
feature below. The space hocolim2^/K plays a significant role in [12], where it 
is described as the identification space of Corollary 5.4 and denoted hy Zp (with 
P the dual of K, in the sense of Example 3.6). To emphasise this connection, we 
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write hocolimL/K as Zg{K,L), which we abbreviate to Zg{K) when K = L. It 
appears repeatedly below, by virtue of Proposition 5.1. Our examples assume that 
L == 2^, and continue the theme of Examples 4.11. 

Examples 5.6. If K = V then Zg{K, 2^) is the homotopy fibre o/ V^i ^ 
BG^ , the inclusion of the axes; it has been of interest to homotopy theorists for 
many years. If K is the non- flag complex d{m), then Zg{K^ 2^) is homotopy 
equivalent to for G = Z/2, and for G = T. 

The second of these examples may be understood by noting that the inclusion 
of the fat wedge in BG^ has the Thom complex of the external product of 
Hopf bundles as its cofibre. 

Davis and Januszkiewicz [12] prove that the mod 2 cohomology ring of 
EG^ Xg^ Zg 2 {K, 2^) and the integral cohomology ring of Xt^ Zt{K, 2^) 
are isomorphic to the Stanley- Reisner algebras SR^i 2 {K) and SR^{K) respectively. 
In view of Corollary 5.4 (in the case L = 2^), we regard the spaces colim^(5G)^ 
and the Davis- Januszkiewicz homotopy types as interchangeable from this point 
on. 

The canonical projection Zg{K,L) Bckt{K) is obtained by factoring 
out the action p of colim™*^ G^ on hocolimL/K. The cubical structure (3.7) of 
the quotient lifts to an associated decomposition of Zg{K,L); when G = T and 
L = 2^, for example, we recover the description of [7] in terms of polydiscs and 
tori. 

The action p has other important properties. 

Proposition 5.7. The isotropy subgroups of the action p are given by the conjugates 
wG^w~^ < colim™^ G^ , as a ranges over the faces of K . 

Proof It suffices to note from Corollary 5.4 that each point [x, wG^] is fixed by 
wG^w~^ < colim™^ G^, for any x G ^(<j|CAT(i^)). □ 

Corollary 5.8. The commutator subgroup of colim™^ G^ acts freely on Zg{K,L) 
under p. 

Proof. The isotropy subgroups are abelian, and so have trivial intersection with 
the commutator subgroup. □ 

When K — L and G — G 2 , Proposition 5.7 strikes a familiar chord. The 
parabolic subgroups of a Coxeter group H are the conjugates wPw~^ of certain 
subgroups T, generated by subsets of the defining Coxeter system; when H is 
right-angled, and therefore takes the form Cox{K^^^), such subgroups are abelian. 
When L = 2^, each subgroup wG^vu~^ reduces to G^ . In this case. Proposition 
5.7 implies that the isotropy subgroups form an exponential CAT^^(i^)-diagram in 
TGRP, which assigns G^ to the face a and the quotient homomorphism G'^ ^ G^ 
to the reverse inclusion r Z a. 

As detailed in [7], the homotopy fibre Zg{K,2^) is closely related to the 
theory of subspace arrangements and their auxiliary spaces. These spaces are de- 
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fined in each of the real, complex, and exterior cases, and will feature below; we 
introduce them here as homotopy colimits. 

Given a pointed space (F, 0), we let Yx denote Y" \ 0. For any subset W CV, 
we write Yw Q Y^ for the coordinate subspace of functions / : F — > Y for which 
f{W) = 0. The set of subspaces 

Ay{K) = {Yw :W ^K} 

is the associated arrangement of X, whose complement Uy{K) is given by the 
equivalent formulae 

(5-9) \ = {/ : /-'(O) G K], 

The CAT(i^)-diagram Y {K) associates the function space Y (a) = {/ : /“^(O) C a} 
to each face cr, and the inclusion Y{a) CY (r) to each morphism a C r. It follows 
that Y(cr) is homeomorphic to Y"^ x and that Uy{K) is colimY(i^). 

The exponential CAx(i^)-diagram Y^^^ associates Y^^"^ to a; when Y is 
contractible, we may therefore follow Proposition 5.1 by combining the Projection 
Lemma and Homotopy Lemma of [37] to obtain a homotopy equivalence 

(5.10) hocolimF^^^-^ ~ Uy{K). 

Now let us write F for one of the fields M or C. The study of the coordinate 
subspace arrangements Aw{K), together with their complements, is a special case 
of a well-developed theory whose history is rich and colourful (see [2], for example). 
In the exterior case, we replace F by the union of a countably infinite collection 
of 1-dimensional cones in which we call a 1-star and write as E. So is an 
m-star; it is homeomorphic to the union of countably many m-dimensional cones 
in (R^)^, obtained by taking products. 

As G ranges over C 2 , T and C, we let F denote R, C and E respectively. In all 
three cases, the natural inclusion of G into Fx is a cofibration, and Fx retracts onto 
its image. So (5.10) applies, and may be replaced by the corresponding equivalence 

(5.11) hocolimG^^^ U^{K). 

Proposition 5.12. The space Zg{K^ 2^) is homotopy equivalent to Uy{K), for any 
complex K. 

Proof. Substitute L = 2^ in Corollary 5.4 and apply (5.11). □ 

By specialising results of [37] and [38], we may also describe {\Jw^k \0 

as a homotopy colimit. This space is dual to Uf{K), and appears to have a more 
manageable homotopy type in many relevant cases. For G = C 2 and T, a version 
of Proposition 5.12 features prominently in [7]. 

The following examples illustrate Proposition 5.12, in the light of Exam- 
ples 5.6. 

Examples 5.13. For m > 2 and G — T , the subspace arrangements of the discrete 
complex V and the non-flag complex d{m) are given by 

\ Zj = Zk = 0} : 1 < j < k < m] and {0} 
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respectively; the corresponding complements are 

{z : Zj = 0 ^ Zk ^ 0 for all k ^ j} and \ 0. 

We conjecture that the former is homotopy equivalent to a wedge of spheres; the 
latter, of course, is equivalent to 



6. Flag complexes and connectivity 

In this section, we examine the homotopy fibre Zg{K, L) more closely. The results 
form the basis of our model for f2DJ{K) when K is fiag, and enable us to measure 
the extent of its failure for general K. 

We consider a fiag complex K, and substitute K = L into Corollary 5.4 
to deduce that Zg{K) is the homotopy fibre of the cofibration fK' DJ{K) 
Bcolim™^^ . It is helpful to abbreviate R(ct|cat(X)) to B{cf) throughout the 
following argument. 

Proposition 6.1. The cofibration fx is a homotopy equivalence whenever K is flag. 

Proof We prove that Zg{K) is contractible. 

For any face a e K, the space (colim™^ inherits an increasing filtra- 
tion by subspaces (colim^^^^ , consisting of those cosets wG^ for which a 

representing element satisfies l{w) < i. We may therefore define a CAT(RT)-diagram 
Ki/K, which assigns (colim™^ to each face a and the corresponding 

inclusion to each inclusion a C r. By construction, Zg{K) is filtered by the sub- 
spaces h.oco\\m Ki / K and each inclusion hocoYim Ki-\ / K C hocolim /R" is a 
cofibration. We proceed by induction on i. 

For the base case i = 0, we observe that (colim^^^ G^)o / G^ is the single point 
eG^ for all values of a. Thus hocolimKo/^ is homeomorphic to B(0), and is con- 
tractible. To make the inductive step, we assume that hocolim Ki/K is contractible 
for all i < n, and write the quotient space (hocolim /^)/ (hocolim as 

Qn- It then sufiices to prove that Qn is contractible. 

Every point of Qn has the form (x, wG^), for some x e B{a) and some w of 
length n. If the final letter of vu lies in G^ , then {x,wG"^) is the basepoint of Qn- 
Otherwise, we rewrite w as w' s by (4.5), where s contains the maximum possible 
number of mutually commuting letters. These determine a subset x C V, and 
Lemma 4.6 confirms that contains the complete graph on vertices x- Since 
K is fiag, we deduce that 2^ G K, and therefore that (x, w'G^) is the basepoint of 
Qn- To describe a contraction of Qn, we may find a canonical path p in CAT0{K), 
starting at x and finishing at some x' in B{x)] of course p must vary continuously 
with {x^wG"^), and lift to a corresponding path in Qn- If x is a vertex of B{a), 
we choose p to run at constant speed along the edge from x to the cone point 0, 
and again from 0 to the vertex x ^ ^(x)- If ^ is an interior point of B{a), we 
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extend the construction by linearity. Then p lifts to the path through {p{t)^w) for 
all 0 < t < 1, as required. □ 

We expect Proposition 6.1 to hold for more general topological groups F. 
The Proposition also leads to the study of /k,l • DJ{K) B colim^^^ for 
any subcomplex K C L. We consider the missing faces of K with three or more 
vertices and write c{K) > 2 for their minimal dimension. We let d{K) denote 
c{K) - 1 when G = C 2 or G, and 2c{K) when G = T‘, thus K is flag if and only 
if c{K) (and therefore d{K)) is inflnite. Finally, we deflne 

I 1 otherwise, 

and let d{K, L) be given by c{K^ L) — 1 or 2c(X, L) as before. 

Theorem 6.2. For any subcomplex K F L, the cofibration /k,l 'Is an equivalence 
in dimensions < d{K^L). 



Proof. We may factorise /x,l as 

DJ{K) — ^ DJ{Fl{K)) — ^ DJ{Fl{L)) — > Bcolim™'" 

The first map is induced by flagification, and is a d( AT) -equivalence by construction. 
The second is the identity if L C Fl{K); otherwise, it is 0-connected when G = C 2 
or G, and 2-connected when G = T. The third map is and an equivalence 

by Proposition 6.1. □ 

Theorem 6.2 suggests our first model for QDJ{K). 



Proposition 6.3. For any complex K , there is a homotopy homomorphism and 
(d{K) — 1)- equivalence hK • f2DJ{K) colim™*^ G^ ; in particular, it is an equiv- 
alence when K is flag. 

Proof We deduce that : f2DJ{K) G^ is a {d{K) - l)-equiv- 

alence by applying Theorem 6.2 with K = L. The result follows by composing 
with the canonical homotopy homomorphism QBH H, which exists for any 
topological group H. □ 

When L = 2^ , the missing faces of (2^, K) are precisely the non- faces of K. 
In this case only, we write their minimal dimension as c'{K). 

It is instructive to consider the homotopy commutative diagram 

Zg{K,L) Zg{K,L) . * 



i i 

(6-4) Zg{K,2^) ^ DJ{K) bG^ 



7 



fK,L 



Ba 



id 



B[G,L] 



Bcolim™o G^ 



BG'^ 
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of fibrations, where a is the abelianisation homomorphism and [G, L] denotes the 
commutator subgroup of colim™^ G^. By Theorem 6.2, Zg{K, L) and Zg{K, 2^) 
are {d{K,L) — 1)- and {d'{K) — l)-connected respectively, where d{K,L) > d'{K) 
by definition. In fact Zg{K, 2^) is -connected, by considering the homotopy 
exact sequence of /x,2^ • 

Corollary 5.8 confirms that 

(6.5) [G,L] Zg{K,L) Zg{K,2^) 

is a principal [G, L] -bundle, classified by 7. This bundle encodes a wealth of ge- 
ometrical information on the pair (L,K). Its total space measures the failure of 
Ik,l to be a homotopy equivalence, and its base space is the complement of the 
coordinate subspace arrangement A^{K) by Corollary 5.12. Moreover, Theorem 
6.2 implies that 7 is also a d{K, L) -equivalence, and so sheds some light on the 
homotopy type of Uw{K). 

Looping (6.4) gives a homotopy commutative diagram of fibrations 



( 6 . 6 ) 



QZg{K,L) QZg{K,L) > 1 

Qp 

nUr{K) — ^ QDJ{K) 



i?7 



[G,L\ 



^Ik,l 

colim^“« G^ 



id 






in TMONH, which offers an alternative perspective on f2DJ{K). 



Lemma 6.7. The loop space f2DJ{K) splits as G^ x f2Uw{K) for any simplicial 
complex K ; the splitting is not multiplicative. 



Proof. The vertex groups Gj embed in QDJ{K) via homotopy homomorphisms, 
whose product j : G^ QDJ{K) is left inverse to 2^ (but not a homotopy 
homomorphism). The product of the maps i and j is the required homeomorphism. 

□ 



The following examples continue the theme of Examples 5.6 and 5.13. They 
refer to the second horizontal fibration of the diagram (6.6), which is homotopy 
equivalent to the third whenever K = L is flag, by Proposition 6.1. The second 
examples also appeal to James’s Theorem [19], which identifies the loop space QS'^ 
with the free monoid for any n > 1. 

Examples 6.8. If K is the discrete flag complex V , then QUy{K) is homotopy 
equivalent to the commutator subgroup of the free product Gj. If K is the 
non-flag complex d{m), then QU^{K) is homotopy equivalent to for 

G = Z/2, and ^^+(52771-2^ q _ ^ identifies the inclusion of the 

generating sphere with the higher Samelson product (of order m) in 7T^{f2DJ{K)). 
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Of course, both examples split topologically according to Lemma 6.7. The 
appearance of higher products in f2DJ{d{m)) shows that commutators alone can- 
not model QDJ{K) when K is not flag. More subtle structures are required, based 
on higher homotopy commutativity; they are related to Samelson and Whitehead 
products, as we explain elsewhere [27]. 



7. Homotopy colimits of topological monoids 

We now turn to the loop space QDJ{K) for a general simplicial complex A, 
appealing to the theory of homotopy colimits. Although the resulting models are 
necessarily more complicated, they are homotopy equivalent to colim^^^ when 
K is flag. The constructions depend fundamentally on the categorical ideas of 
Section 2, and apply to more general spaces than DJ{K). We therefore work with 
an arbitrary diagram D : A ^ TMG for most of the section, and write BD : A ^ 
TOP+ for its classifying diagram. Our applications follow by substituting for D. 

We implement proposals of earlier authors (as in [36] , for example) by form- 
ing the homotopy colimit hocolim^^*^ D in TMG, rather than TOP+. This is made 
possible by the observation of Section 2 that the categories TMG are T-cocomplete, 
and therefore have sufficient structure for the creation of internal homotopy colim- 
its. We confirm that hocolim^^*^ D is a model for the loop space i? hocolim“^ BD 
by proving that B commutes with homotopy colimits in the relevant sense. As 
usual, we work in TMG, but find it convenient to describe certain details in terms 
of topological monoids; whenever these monoids are topological groups, so is the 
output. 

We recall the standard extension of the 2-sided bar construction to the based 
setting, with reference to (2.19). We write B ^ (*, A, D) for the diagram x 
TOP+ given by 

(6,(n))^ V D{ao,b) A A„(ao,a„)+, 

Q'O tCLn 

where D is a diagram axb^^ ^ top+. Following Examples 2.21, we define the 
homotopy TOP + -colimit as 

hocolim“^ D = 5~^(*,A,D), 

and note the equivalent expressions 5“^(*, A, A+) D = D Ap^op B+{*,a,A+). 

For TMG, we proceed by categorical analogy. We replace the TOP-coproduct 
in (2.19) by its counterpart in TMG, and the internal cartesian product in TOP 
by the tensored structure of TMG over TOP+. For any diagram D : A TMG, the 
simplicial topological monoid A, D) is therefore given by 

(7.1) (n) I — ^ * D{ao) ® An{ao,an)^, 

ao,an 

where * denotes the free product of topological monoids. The face and degeneracy 
operators are defined as before, but are now homomorphisms. When A is of the 
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form CAt{K), the n-simplices (7.1) may be rewritten as the finite free product 
B™^{*,cat{K),D)= * D{ao), 

CTn 3 --OcTo 

where there is one factor for each n-chain of simplices in K. 

Definition 7.2. The homotopy TUG -colimit of D is given by 
hocolim™^ D = A, D)|tmg 

in TMG, for any diagram D : A ^ TMG. □ 

So hocolim^^*^ D is an object of TMG. Following Construction 2.11, it may be 
described in terms of generators and relations as a quotient monoid of the form 

( / {{dl,{b),s) = {b,Sl,{s)), (5^(6), i) = (6,<(t))) , 

for all b e Rn(*, A, D), and all s e A{n — 1) and t e A{n + 1). Here and are 
the standard face and degeneracy maps of geometric simplices. 

Example 7.3. Suppose that A is the category ' ^ , with a single non-identity. 

Then an A- diagram is a homomorphism M ^ N in TMG, and hocolim^^^ D is its 
TMG mapping cylinder. It may be identified with the TMG -pushout of the diagram 

M®A{1)+ ^ M — >N, 
where j{m) = (m,0) in M ® ^(1)+ for all m G M . 

An alternative expression for the simplicial topological monoid A, D) 

arises by analogy with the equivalences (2.20). 

Proposition 7.4. There is an isomorphism D 

of simplicial topological monoids, for any diagram D: A— ^ TMG. 

Proof. By (2.17), the functor D0 a°p • [A^^x A^^,TOP+] — ^ [A^^,TMG] is left TOP+- 
adjoint to tmg{D, ), and therefore preserves coproducts. So we may write 

D ®A°p '^•^(*5 ^5 ^+) — * -D ®A°p (a( , u)-|- A A»(a, 6)-i-) 

a,b 

= * D{a) 0 A,(a, 6)+ 

a,b 

as required, using the isomorphism D 0a°p a( ,a) = D{a) of (2.16). □ 

We must decide when the simplicial topological monoids B™‘^(*,a,D) are 
proper simplicial spaces (in the sense of [25]) because we are interested in the 
homotopy type of their realisations. This is achieved in Proposition 7.8, and leads 
on to the analogue of the Homotopy Lemma for TMG. These are two of the more 
memorable of the following sequence of six preliminaries, which precede the proof of 
our main result. On several occasions we insist that objects of TMG are well pointed, 
and even that they have the homotopy type of a CW-complex. Such conditions 
certainly hold for our exponential diagrams, and do not affect the applications. 

We consider families of monoids indexed by the elements s of an arbitrary 
set S. 
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Lemma 7.5. Let fs'^ Ms Ng he a family of homomorphisms of well-pointed 
topological monoids, which are homotopy equivalences; then the coproduct homo- 
morphism 

* /s : ^ Ms — > ^ Ns 

s s s 

is also a homotopy equivalence. 

Proof Let f:M-^N denote the homomorphism in question, and write FkM 
for the subspace of M of elements representable by words of length < k. Hence 
Fq = {e}, and is the pushout 

\Ji,Wk{M) MkPk{M) 

(7.6) I 

FkM Fk+iM 

in TOP+, where K runs through all {k + l)-tuples (si, . . . , s^+i) € such that 
Si+i ^ Si, and Wk{M) C Pk{M) is the fat wedge subspace of x • • • x 
Each Ms is well pointed, so Wk{M) C Pk{M) is a closed cofibration, and therefore 
so is j/e. Since M = colim^ FkM in TOP+, it remains to confirm that the restriction 
fk'. FkM FkN is a homotopy equivalence for all k. We proceed by induction, 
based on the trivial case k = 0. 

The map / induces a homotopy equivalence Wk{M) — > Wk{N) because Ms 
and Ns are well pointed, and a further homotopy equivalence Pk{M) Pk{N) by 
construction. So the inductive hypothesis combines with Brown’s Gluing Lemma 
[37, 2.4] to complete the proof. □ 

Lemma 7.7. For any subset R C S, the inclusion ^rMr ^sMs is a closed 
cofibration; in particular, *sMs is well pointed. 

Proof. Let B ^ M he the inclusion in question, with FkM as in the proof of 
Lemma 7.5 and F^.M = BUFkM. Then M is obtained from Fl^M by attaching 
spaces Pk{M), where K runs through all (si, . . . , s^+i) in 5^+^ \ such that 
Si^i 7 ^ Si. Thus B Fj^M is a cofibration for all k, implying the result. □ 

Proposition 7.8. Given any small category A, and any diagram D : A ^ TMG of 
well-pointed topological monoids, the simplicial space A, D) is proper, and 

its realisation is well pointed. 

Proof By Lemma 7.7, each degeneracy map B™^{^,A,D) A, D) is a 

closed cofibration. The first result then follows from Lillig’s Union Theorem [23] 
for cofibrations. So C |B™^(*,a,D)| is a closed cofibration and 

A, D) is well pointed, yielding the second result. □ 

As described in Examples 2.14, every simplicial object M. in TMG has two 
possible realisations. We now confirm that they agree, and identify their classifying 
space. 
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Lemma 7.9. The realisations |M«|tmg cind |M.| are naturally isomorphic objects 
of TUG, whose classifying space is naturally homeomorphic to \B{M^)\. 

Proof We apply the techniques of [14, VII §3] and [26, §4] to the functors | |tmg 
and the restriction of | | to [A^^,TMG] . Both are left TOP+-adjoint to Sin: TMG ^ 
[^op,TMG] , and so are naturally equivalent. The homeomorphism B\M.\ = \B{M.)\ 
arises by considering the bisimplicial object (A:,n) (M^)^ in TOP+, and forming 

its realisation in either order. □ 

We may now establish our promised Homotopy Lemma. 

Proposition 7.10. Given diagrams Di, D 2 . A TMG of well-pointed topological 
monoids, and a map f : D\ ^ D 2 such that f{a): Di{a) D 2 {a) is a homotopy 
equivalence of underlying spaces for each object a of A, the induced map 

hocolim^^^^^ Di — ^ hocolim^^^ D 2 

is a homotopy equivalence. 

Proof This follows directly from Lemmas 7.5 and 7.9, and Proposition 7.8. □ 

We need one more technical result concerning homotopy limits of simplicial 
objects. We work with diagrams V. : A x TOP+ of simplicial spaces, and 

: A X TMG of simplicial topological monoids. 

Proposition 7.11. With X* and D. as above, there are natural isomorphisms 

hocolim^ |X,| = I hocolim“^ X.| and hocolim™^^ |D.| = | hocolim™*^ D,| 

in TOP+ and TMG respectively. 

Proof. The isomorphisms arise from realising the bisimplicial objects 

(k,n)^ B+{*,A,Xn) and (fc,n) ^ 

in either order. In the case of D*, we must also apply the first statement of Lemma 
7.9. □ 

Parts of the proofs above may be rephrased using variants of the equivalences 
(2.16). They lead to our first general result, which states that the formation of 
classifying spaces commutes with homotopy colimits in an appropriate sense. 

Theorem 7.12. For any diagram D : A TMG of well-pointed topological monoids 
with the homotopy types of CW- complexes, there is a natural map 

go : hocolim“^ BD — > B hocolim^^^ D 

which is a homotopy equivalence. 

Proof. For each object a of A, let D*(a) be the singular simplicial monoid of D{a). 
The natural map \D.{a)\ D{a) is a homomorphism of well-pointed monoids 
and a homotopy equivalence, so it passes to a homotopy equivalence B\D^{a)\ 
BD{a) under the formation of classifying spaces. By Proposition 7.10 and the 
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corresponding Homotopy Lemma for TOP+, it therefore suffices to prove our result 
for diagrams of realisations of simplicial monoids. 

Let : A X TMG be a diagram of simplicial monoids. By Lemma 7.9 

and Proposition 7.11, we must exhibit a natural homotopy equivalence 

I hocolim^ BD. \ — \B hocolim^^^ D. | . 

Since both simplicial spaces are proper, it suffices to find a natural map 

hocolim^ BD^ — > B hocolim^^*^ D. 

which is a homotopy equivalence in each dimension n. But hocolim'^ BDn is the 
realisation of the proper simplicial space B^ (*, A, BD^)^ and Lemma 7.9 confirms 
that B hocolim^^^ Dn is naturally homeomorphic to the realisation of the proper 
simplicial space A, Dn))] so go may be specified by a sequence of maps 

B^{^, A, BDn) B{B™^{^,A,Dn), where k>0. They are most easily described 
as maps 

(7.13) \J BDniao) — > B{ * D„(ao)), 

V ^ao— ^ >ak 

0,0— » >ak 

and are induced by including each of the D^(ao) into the free product. Since 
(7.13) is a homotopy equivalence by a theorem of Fiedorowicz [15, 4.1], the proof 
is complete. □ 

Various steps in the proof of Theorem 7.12 may be adapted to verify the 
following, which answers a natural question about tensored monoids. 

Proposition 7.14. For any well-pointed topological monoid M and based space Y , 
the natural map 

BM AY — >B{M®Y) 

is a homotopy equivalence if M and Y have the homotopy type of CW-complexes. 

Proof As in Theorem 7.12, we need only work with the realisations |M.| and 
|y*| of the total singular complexes. Since B|M*| A |y*| ^ B(|M. [ ® |V*|) is the 
realisation of the natural map BMnAYn ® Vi), it suffices to assume that 

Y is discrete; in this case, 

BM AY — > B{^My) 

is a homotopy equivalence by the same result of Fiedorowicz [15]. □ 

We apply Theorem 7.12 to construct our general model for f2DJ{K), but 
require a commutative diagram to clarify its relationship with the special case hx 
of Proposition 6.3. We deal with A^p x A^^-diagrams X* in TOP+, and certain 
of their morphisms. These include 6: ^ toP-^{BD, B{D ®a^p ^•))7 defined 

for any X* by 6{x) = B{d d ® x), and the projection tt: B^ (*+)•? where 
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and (*+). denote a, A) and the trivial diagram respectively. Under the 

homeomorphism 

[^op,TOp^] (^BD V*, B(^D ®js^op 

^ [a^pxa^p,top+] {X.,top+{BD,B{D ®Aop X.))) 

of (2.17), 6 corresponds to a map </>: BD Aa°p X. ^ B{D ®aop X.) of simplicial 
spaces. 

Proposition 7.15. For any diagram D : A ^ TMG, there is a commutative square 
hocolim+5D J5hocolim™^U) 



|p+ |bp™g ^ 

colim+B£) ) Bcolim™°£» 

where and p™^ are the natural projections. 

Proof. By construction, the diagram 

B+ — ^ TOP+ {BD,B{D ®A°P B+)) 






(*+), — - — > TOP+ {BD,B{D ®A°P (* + )•)) 
is commutative in [A^^x A°^,TOP+] , and has adjoint 



(7.16) 



BD Aaop B+ — ^ B{D ®Aop B+) 



IAtt 



jB(l®7r) 



BD A^op (*+). B{D ®A^P (*+)•) 

in [A^^,TOP+]. By Proposition 7.4, the upper cf) is the map B+(*,A, BD) 

B A, D)) obtained by applying the relevant map (7.13) in each dimension. 

By Examples 2.14, the lower 0 is given by the canonical map fn ‘ colim"^ BD 
Bcolim™^ D in each dimension. Since realisation commutes with B, the topo- 
logical realisation of (7.16) is the diagram we seek; for Lemma 7.9 identifies the 
upper right-hand space with B hocolim^^^ D, and Examples 2.21 confirms that 
the vertical maps are the natural projections. □ 



Theorem 7.17. There is a homotopy commutative square 



l?hocolim+(BG)^ — hocolim™° 



iipK 



QK 



QDJ(K) — ^ colim™^ 



of homotopy homomorphisms, where px CLud hx cltc homotopy equivalences for 
any simplicial complex K . 
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Proof. We apply Proposition 7.15 with D = G^, and loop the corresponding 
square; the projection pk • hocolim^(^G)^ DJ{K) is a homotopy equivalence, 
as explained in (5.3). The result follows by composing the horizontal maps with 
the canonical homotopy homomorphism f2BH iL, where H = hocolim^^^^^ 
and colim'^^^^ respectively. □ 

It is an interesting challenge to describe good geometrical models for homo- 
topy homomorphisms which are inverse to Hk and 
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Maps to Spaces in the Genus of 
Infinite Quaternionic Projective Space 

Donald Yau 



Abstract. Spaces in the genus of infinite quaternionic projective space which 
admit essential maps from infinite complex projective space are classified. In 
these cases the sets of homotopy classes of maps are described explicitly. These 
results strengthen the classical theorem of McGibbon and Rector on maximal 
torus admissibility for spaces in the genus of infinite quaternionic projective 
space. An interpretation of these results in the context of Adams- Wilkerson 
embedding in integral K-theory is also given. 



1. Introduction and statement of results 

In an attempt to understand Lie groups through their classifying spaces, Rector 
[9] classified the genus of HP"^, the infinite projective space over the quaternions, 
considered as a model for the classifying space BS^. The homotopy type of a 
space X is said to be in the genus of HP"^, denoted X G Genus(HP'^), if the 
p-localizations of X and HP^ are homotopy equivalent for each prime p. One 
often speaks of a space rather than its homotopy type when considering genus. 
Rector’s classification [9] of the genus of HP"^ is as follows. 

Theorem 1.1 (Rector). Let X he a space in the genus of . Then for each 
prime p there exists a homotopy invariant (X/p) G {±1} such that the following 
statements hold. 

1. The {X/p) for p primes provide a complete list of homotopy classification 
invariants for the genus of HP^ . 

2. Any combination of values of the {X/p) can occur. In particular, the genus 
o/HP- is uncountable. 

3. The invariant {PLP^ /p) is 1 for all primes p. 

4. The space X has a maximal torus if and only if X is homotopy equivalent 

to HP^. 

The invariant {X/p) is now known as the Rector invariant at the prime p. 
Actually, for the last statement about the maximal torus. Rector only proved it 
for the odd primes. That is, if X has a maximal torus, then {X/p) is equal to 1 
for all odd primes p. Then McGibbon [6] proved it for the prime 2 as well. Here 
X is said to have a maximal torus if there exists a map from CP^, the infinite 
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complex projective space, to X whose homotopy theoretic fiber has the homotopy 
type of a finite complex. 

For a space X in the genus of which is not homotopy equivalent to 

HP^, the nonexistence of a maximal torus does not rule out the possibility that 
there could be some essential (that is, non-nullhomotopic) maps from CP^ to X. 
The main purposes of this paper are (1) to describe spaces in the genus of HP^ 
for which this can happen (Theorem 1.2) and (2) to compute the maps in these 
cases (Theorem 1.7). 

The following is our first main result, which classifies spaces in the genus of 
HP^ which admit essential maps from CP^. 

Theorem 1.2. Let X he a space in the genus o/HP^. Then the following state- 
ments are equivalent. 

1. There exists an essential map from CP^ to X . 

2. There exists a nonzero integer k such that (X/p) = {k/p) for all hut finitely 
many primes p. 

3. There exists a cofinite set of primes L such that HP®^ and X become homo- 
topy equivalent after localization at L. 

Here {k/p) is the Legendre symbol of A:, which is defined whenever p does 
not divide k. If p is odd and if p does not divide /c, then {k/p) = 1 (resp. —1) if 
A: is a quadratic residue (resp. non-residue) mod p. If p = 2 and if k is odd, then 
(A:/2) = 1 (resp. —1) if A: is a quadratic residue (resp. non-residue) mod 8. 

Before discussing related issues, let us first record the following immediate 
consequence of Theorem 1.2. 

Corollary 1.3. There exist only countably many homotopically distinct spaces in 
the genus of HP^ which admit essential maps from CP^ . 

Indeed, each nonzero integer k can determine only countably many homo- 
topically distinct spaces X in the genus of HP^ satisfying the second condition 
in Theorem 1.2. 

The second condition of Theorem 1.2 gives an arithmetic description of spaces 
in the genus of HP^ which occur as the target of essential maps from CP®°. Since 
it involves Rector invariants, it is specific to the genus of HP^ and is not very 
convenient for generalizations. The last condition of Theorem 1.2, on the other 
hand, is geometric and is more suitable for possible generalizations of the theorem. 

Having characterized spaces in the genus of HP"^ which admit nontrivial 
maps from CP^, we proceed to compute the maps themselves. Now for any space 
X in the genus of HP®®, the i^-theory X(Y) of X, as a filtered ring, is a power 
series ring Z[[6^i^x]] (see Proposition 2.1), where ux is some element in K^{X) and 
h is the Bott element in X“^(pt). Here, and throughout the rest of the paper, K{—) 
denotes complex X-theory with coefficients over the integers Z. So if / : CP®® ^ X 
is any map, then its induced map in X-theory defines an integer deg(/), called the 
degree of /, by the equation 

(1.4) f*{b^ux) = deg{f){b^)^ -h higher terms in 6^, 
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where is the ring generator in the power series ring K(CP^) = Z[[6^]]. Note 
that deg(/) is, up to a sign, simply the degree of the induced map of / in integral 
homology in dimension 4. According to a result of Dehon and Lannes [4], the 
homotopy class of such a map / is determined by its degree. We will therefore 
identify such a map with its degree in the sequel. The degrees of a self- map of A, 
a self-map of the p- localization of HP"^, or a map from CP^ to HP^^ 

can be defined similarly. 

To describe the maps from CP^ to A G Genus(HP°^) up to homotopy, 
we need only describe the possible degrees of such maps. Let’s first consider the 
classical case. There is a maximal torus inclusion i: CP°^ — ^ HP"^ of degree 1, 
and any other map / : CP°^ — > HP°^ factors through i up to homotopy. A special 
case of a theorem of Ishiguro, Mpller, and Notbohm [5, Thm. 1] says that for any 
space A in the genus of HP^, the degrees of essential self-maps of A consist 
of precisely the squares of odd numbers. For the classical case, A = HP^, this 
result is due to Sullivan [10, p. 58-59]. Therefore, the degrees of essential maps 
from CP'^ to HP"^ also consist of precisely the odd squares. 

The situation in general is quite similar. Recall that any space A in the genus 
of HP^ can be obtained as a homotopy inverse limit [3] 

(1.5) X = holim, {hP^) ^ HP^) ^ HP^)} . 

Here q runs through all primes, Vq is the natural map from the ^-localization to 
the rationalization of HP^, and riq is an integer relatively prime to g, satisfying 
(riq/q) = (A/g). The integer U 2 also satisfies n 2 = 1 (mod 4). 

Now if A admits an essential map from CP^, and thus satisfies the condition 
in Theorem 1.2 for some nonzero integer /c, then the integers riq can be chosen so 
that the set {riq : g primes} contains only finitely many distinct integers. So it 
makes sense to talk about the least common multiple of the integers n^, denoted 
LCM(nq). Now we define an integer Tx as 

(1.6) Tx = min{LCM(ng) : A = holim^ (n^ o r^)}. 

That is, choose the integers riq as in (1.5) so as to minimize their least common 
multiple, and Tx is defined to be LCM(ng). 

We are now ready for the second main result of this paper, which describes 
the maps from CP"^ to A G Genus(HP^). 

Theorem 1.7. Let X be a space in the genus of HP^ which admits an essential 
map from CP^ . Then the following statements hold. 

1. There exists a map ix ' CP^ ^ X of degree Tx- 

2. The map • CP~ ^ HP“ is the maximal torus inclusion. 

3. Given any map f: CP"^ X, there exists a self-map g of X such that f is 
homotopic to g oix. 

4. The degrees of essential maps from CP^ to X are precisely the odd squares 
multiples ofTx- 
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It should be noted that the integer Tx does not determine the homotopy 
type of X. For example, consider the spaces X and Y in the genus of with 

Rector invariants 



( 1 . 8 ) 



{X/P) 



1 if p 7^ 3 
— 1 if p = 3 ’ 



{y/p) 



1 if p 7^ 5 

— 1 if p = 5. 



Then, of course, X is not homotopy equivalent to Y because their Rector invariants 
at the prime 3 are distinct. But it is easy to see that Tx = 2 — Ty- 

Theorems 1.2 and 1.7 are closely related to the (non) existence of Adams- 
Wilkerson type embeddings of finite i7-spaces in integral IT-theory. As mentioned 
before, a map /: — > X G Genus(HP'^) is essential if and only if deg(/) is 

nonzero. Thus, if there exists an essential map from CP^ to X G Genus(HP'^), 
then K[X) can be embedded into X(CP'^) as a sub-A-ring. The converse is also 
true. Indeed, a theorem of Notbohm and Smith [8, Thm. 5.2] says that the function 

a:[CP^,X] ^ HomA(X(X),X(CP^)) 

which sends (the homotopy class of) a map to its induced map in X- theory, is 
a bijection. (Here ] and HomA(— ,— ) denote, respectively, sets of homotopy 
classes of maps between spaces and of A-ring homomorphisms.) So a A-ring em- 
bedding K{X) K{CP^) must be induced by an essential map from CP^ to 
X. Therefore, Theorem 1.2 and Gorollary 1.3 can be restated in this context as 
follows. 



Theorem 1.9. Let X be a space in the genus o/HP"^. Then K{X) can be embedded 
into ) as a sub-X-ring if, and only if, there exists a nonzero integer k such 

that (X/p) == {k/p) for all but finitely many primes p. This is true if, and only if, 
there exists a cofinite set of primes L such that HP"^ and X become homotopy 
equivalent after localization at L. 

In particular, there exist only countably many homotopically distinct spaces 
X in the genus of HP®° whose K -theory X-rings can be embedded into that of 
CP^ as a sub-X-ring. 

Before Theorem 1.9, there is at least one space in the genus of HP^ whose K- 
theory A-ring was known to be non-embedable into the X-theory A-ring of CP"^. 
This example was due to Adams [1, p. 79]. 

Remark 1.10. Theorems 1.2 and 1.7 can also be regarded as an attempt to under- 
stand the set of homotopy classes of maps from X to Y, where X G Genus(BG) 
and Y G Genus(BX) with G and X some connected compact Lie groups. This 
problem, especially the case G = K = x • — x , was studied extensively by 
Ishiguro, Mpller, and Notbohm [5]. 

This finishes the presentation of our main results. The rest of this paper is 
organized as follows. Theorems 1.2 and 1.7 are proved in §3 and §4, respectively. 
For use in §3, we recall in §2 some results from [12], with sketches of proofs, about 
X- theory filtered rings. 
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2. K-theory filtered ring 

In preparation for the proof of Theorem 1.2 in §3, a result from [12] about K-theory 
filtered ring is reviewed in this section. 

To begin with, a filtered ring is a pair (i?, {1^}) consisting of: 

1. A commutative ring R with unit; 

2. A decreasing filtration R = D D - • • of ideals of R such that C 

for all i,j>0. 

A map between two filtered rings is a ring homomorphism which preserves the 
nitrations. With these maps as morphisms, the filtered rings form a category. 

Every space Z of the homotopy type of a CW complex gives rise naturally 
to an object {K{Z)^ {Kn{Z)}), which is usually abbreviated to K{Z)^ in this cat- 
egory. Here K{Z) and Kn{Z) denote, respectively, the complex K-theory ring of 
Z and the kernel of the restriction map K{Z) K{Zn-i), where Zn-i denotes 
the (n — l)-skeleton of Z. Using a different CW structure of Z will not change the 
filtered ring isomorphism type of K{Z), as can be easily seen by using the cellu- 
lar approximation theorem. The symbol Kl{Z) denotes the subgroup of K^{Z) 
consisting of elements whose restrictions to K^{Zs-i) are equal to 0. 

The following result, which is proved in [12], will be needed in §3. For the 
reader’s convenience we include here a sketch of the proof. In what follows b G 
K~^{pt) will denote the Bott element. 

Proposition 2.1. Let X be a space in the genus o/HP®^. Then the following state- 
ments hold. 

1. There exists an element ux ^ ~ ^[[^^'^x]] cls a 

filtered ring. 

2. For any odd prime p, the Adams operation satisfies 

(2.2) ipP (b^ux) = {b'^uxY + 2{X/p)p{b^uxY^^^^^‘^ +pw+p^z, 

where w and z are some elements in K 2 p^‘^{X) and K^{X), respectively. In 
particular, we have 

(2.3) PjP {bW) = 2 {Xlp)p{b^uxT^^'^'^ {mod and p^) . 

Sketch of the proof of Proposition 2.1. For the first assertion, Wilkerson’s proof of 
the classification theorem [11, Thm. I] of spaces of the same n-type for all n can 
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be easily adapted to show the following. There is a bijection between the following 
two pointed sets: 

1. The pointed set of isomorphism classes of filtered rings {R,{I^}) with the 

properties: 

(a) The natural map R Im R/I^ is an isomorphism, and 

(b) R/I^ and K'(HP^)/Kn(HP'^) are isomorphic as filtered rings for all 
n > 0. 

2. The pointed set W Aut(i^(HP^)/i^^^(HP^)). 

Here Aut(— ) denotes the group of filtered ring automorphisms, and the lim^ 
of a tower of not- necessarily abelian groups is as defined in [3]. It is not diffi- 
cult to check that the hypothesis on X implies that the filtered ring K{X) has 
the above two properties, (a) and (b). Moreover, by analyzing the subquotients 
i^n(HP^)/JTn+i(HP'^), one can show that the map 

Aut(A'(HP^)/A^^+i(HP^)) Aut(K(HP^)/A^^(HP^)) 

is surjective for each integer n greater than 4. 

The point is that any automorphism of K / KnCHP^) can be lifted to 
an endomorphism of X(HP'^)/X^+i(HP^) without any difficulty. Then, since 
the quotient A"(HP^)/K^+i(HP^) is a finitely generated abelian group, one 
only has to observe that the chosen lift is surjective. Thus, the above lim^ is the 
one-point set, and hence K{X) and are isomorphic as filtered rings. This 

establishes the first assertion. 

The second assertion concerning the Adams operations is an easy conse- 
quence of the first assertion, Atiyah’s theorem [2, Prop. 5.6], and the definition of 
the Rector invariants (X/p) [9]. □ 



3. Proof of Theorem 1.2 

In this section the proof of Theorem 1.2 is given. 

Recall that the complex K- theory of CP'^ as a filtered A-ring is given by 
^(Cpoo) _ Z[[6^j] for some ^ G KKCP'^), where b G K~‘^{pt) is the Bott 
element. The Adams operations on the generator are given by 

(3.1) rm = (r = i, 2 ,...). 

Fix a space X in the genus of HP^ and write for its JT- theory 

filtered ring (cf. Proposition 2.1). 

We will prove Theorem 1.2 by proving the implications (1) => (2) (3) ^ 

(1). Each implication is contained in one subsection below. 

3.1. Proof of (1) implies (2) 

This part of Theorem 1.2 is contained in the next Lemma. 

Lemma 3.2. Let p be an odd prime and k be a nonzero integer relatively prime to 
p. If there exists an essential map f: CP"^ X of degree k, then {X/p) = {k/p). 
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Proof. We will compare the coefficients of equation 

(3.3) f*ipP {h^ux) = {b^ux) (mod A' 2 p+ 3 (CP°°) and p^) . 

Working modulo K 2 p_^^{CP^) and it follows from (1.4) and (2.3) that 

rr {b^ux) = 2 (X/p)p (fc62^2)^P+i)/2 

= 2{X/p)pk^P+^'>/^{bO^+\ 

Similarly, still working modulo X 2 p+ 3 (CP®^) and p^, it follows from (1.4) and 
(3.1) that 

ipPf* (b'^ux) = kipP{b^^^) 

= ki)P{bif 
= 2pk{b^Y+^. 

Thus, we obtain the congruence relation 

(3.4) 2 (X/p) p = 2pk (mod p^). 

Since {k/p) is congruent to (mod p) (see, for example, [7, Thm. 3.12]) 

and since p is odd and relatively prime to /c, (3.4) is equivalent to the congruence 
relation 

(3.5) {X/p){k/p) = 1 (modp). 

Hence (X/p) = {k/p), as desired. 

This finishes the proof of Lemma 3.2. □ 

This shows that (1) implies (2) in Theorem 1.2. 

3.2. Proof of (2) implies (3) 

Suppose that there exists a nonzero integer k such that (X/p) = {k/p) for all 
primes p, except possibly pi, . . . ,ps. The prime factors of k are among the pi. Let 
L be the set consisting of all primes except the Pi, 1 < i < s. We will show that 
HP^ and X become homotopy equivalent after localization at L. 

First note that for any space Y in the genus of HP^ and for any subset I 
of primes, the /-localization of Y can be obtained as 

(3.6) F(,) = holim^e, {hP^, HP^)} . 

In particular, we have 

(3.7) = holim^eL |hP^) ^HP^)| 
and 

(3.8) HP^) = holim,ez. (hP^) ^ HP^)} . 
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Now for each prime q ^ L, let fq be a self-map of of degree k Since k 

is a g- local unit (because q does not divide k), it is easy to see that each fq is a 
homotopy equivalence. Moreover, the two maps 

(3.9) 

coincide. Therefore, the maps fq {q G L) glue together to yield a map 

(3.10) 

which is a homotopy equivalence, since each fq is. 

This shows that (2) implies (3) in Theorem 1.2. 

3.3. Proof of (3) implies (1) 

Suppose that there exists a cofinite set of primes L such that HP^^ and are 
homotopy equivalent. Write pi, . . . ,ps for the primes not in L, and write tl for 
the natural map from to HP^^. 

To construct an essential map from CP^ to X, first note that X can be 
constructed as the homotopy inverse limit of the diagram 

(3.11) ^ HP^) ^ ^ 

in which i runs from 1 to s. 

For each i, 1 < i < s, let fp. be a map from CP"^ to HP^.^ of degree Mjup., 
where M = 11^=1 Also, let /l denote a map from CP^ to X(^q of degree M, 
which exists because X(^q has the same homotopy type as HP^^. It is then easy 
to see that the two maps 

(3.12) tl o /l, Up. o rp. o fp. : CP°° ^ HP^) 

coincide for any 1 < i < s. Therefore, the maps fp^ {1 < i < s) and /l glue 
together to yield an essential map 

(3.13) /:CP^-^X 

through which all the maps fp. and /l factor. 

This shows that (3) implies (1) in Theorem 1.2. 

The proof of Theorem 1.2 is complete. 

4. Proof of Theorem 1.7 

In this section we prove Theorem 1.7. 

Fix a space X in the genus of HP"^ which admits an essential map from CP^. 

First we note that part (2) follows from the discussion preceding Theorem 
1.7, since it is obvious that the integer Thp oo is 1 . 

Since any essential self-map of X is a rational equivalence, part (4) is an 
immediate consequence of parts (1) and (3) and a result of Ishiguro, Mpller, and 
Notbohm [5, Thm. 1] which says that the degrees of essential self-maps of X are 
precisely the odd squares. 
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Now we consider part (1). Suppose that the integers Uq as in (1.5) are chosen 
so that there are only finitely many distinct integers in the set {riq : q primes} 
and that Tx is their least common multiple (see (1.6) for the definition of Tx). 
Denote by Iq : HP^ ^ g'-localization map and by i : CP^ HP®^ 

the maximal torus inclusion. A self- map of CP^ of degree m on i/^(CP^; Z) is 
simply denoted by m. Now for each prime q define a map fq \ CP®^ — » HP^^ to 
be the composition 

(4.1) CP~ 4hP°° 

It is then easy to see that the two maps 

(4.2) riqOTqO fq^ Tlq> O Tq> O fq> \ CP"^ HP^^ 

coincide for any two primes q and q' . Therefore, the maps fq glue together to yield 
an essential map 

(4.3) /:CP^-^A 

through which every map fq factors. The map / has degree Tx because its induced 
map in rational cohomology in dimension 4 does. 

Finally, for part (3), suppose that / : CP®^ ^ X is a map. Write fp : CP"^ ^ 
HP^^ for the component map of / corresponding to the prime p. That is, fp is 
the composition 

(4.4) CP°° 4 X ^ HP^) 

where the second map is the natural map arising from the construction of X. Then 
for any prime p we have the equality 

(4.5) deg(/) = rip deg(/p). 

Since each rip divides deg(/), so does their least common multiple Tx- Moreover, 
by writing {ix)p for the component map of ix corresponding to the prime p, (4.5) 
implies that for any prime p we have the equalities 

deg(/p) ^ deg(/)/wp ^ deg(/) 
deg(ix)p Tx/rip Tx 

Since there are self- maps of HP^^ {q any prime) and HP^^ of degree deg(/)/Tx, 
one can construct a self-map g oi X such that deg(p) is equal to deg(/)/Tx and 
that / is homotopic to g oix. This proves part (3). 

The proof of Theorem 1.7 is complete. 
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